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PKEFACE  TO  PAST  II. 

The  delay  in  the  appearance  of  this  volume  finds  an  apology 
partly  in  circumstances  of  a  private  character,  partly  in 
public  engagements  that  could  not  he  declined,  hut  most  of 
all  in  the  growth  of  the  work  itself  as  it  prt^ressed  in  my 
hands.  I  have  not,  as  some  one  prophesied,  reached  ten 
volumes ;  but  the  present  concluding  volume  is  somewhat 
larger  and  has  cost  me  infinitely  more  trouble  than  I 
expected. 

The  main  object  of  Part  II.  is  to  deal  as  thoroughly  as 
possible  with  those  parts  of  Algebra  which  form,  to  use 
Euler's  title,  an  Tntroductio  in  Analyain  InfinUomm.  A 
practice  has  sprung  up  of  late  (encouraged  by  demands  for 
premature  knowledge  in  certain  examinations)  of  hurrying 
young  students  into  the  manipulation  of  the  machinery  of 
the  Differential  and  Integral  Calculus  before  they  have 
grasped  the  preliminary  notions  of  a  LimU  and  of  an 
Infinite  Series,  on  which  all  the  meaning  and  all  the  uses 
of  the  Infinitesimal  Calculus  are  based.  Besides  being  to 
a  large  extent  an  educational  sham,  this  course  is  a  sin 
against  the  spirit  of  mathematical  prepress.  The  methods 
of  the  Difiereatial  and  Integral  Calculus  which  were  once 
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an  outwork  in  the  progress  of  pure  mathematics  threatened 
for  a  time  to  become  its  grava  Mathematicians  had  fallen 
into  a  habit  of  covering  their  inability  to  solve  majiy 
particular  problems  by  a  vague  wave  of  the  hand  towards 
some  generality,  like  Taylor's  Theorem,  which  was  sup- 
posed to  give  "  an  account  of  all  such  things,"  subject  only 
to  the  awkwardness  of  practical  inapplicability.  Mnch 
has  happened  to  remove  this  danger  and  to  reduce  djdx 
and  fdx  to  their  proper  place  as  servants  of  the  pure 
mathematician.  In  particular,  the  brilliant  progress  on  the 
continent  of  Function-Theory  in  the  hands  of  Cauchy, 
Riemanu,  Weierstrass,  and  their  followers  has  opened  for  us 
a  prospect  in  which  the  symbolism  of  the  Differential  and 
Integral  Calculus  is  but  a  minor  object  For  the  proper 
understanding  of  this  important  branch  of  modem  mathe- 
matics a  firm  grasp  of  the  Doctrine  of  Limits  and  of  the 
Convergence  and  Continuity  of  an  Infinite  Series  is  of  much 
greater  moment  than  familiarity  with  the  symbols  in  which 
these  ideas  may  be  clothed.  It  is  hoped  that  the  chapters 
on  Inequalities,  Limits,  and  Convergence  of  Series  will  help 
to  give  the  student  all  that  is  required  both  for  entering 
on  the  study  of  the  Theory  of  Functions  and  for  rapidly 
acqoiring  intelligent  command  of  the  Infinitesimal  Calculus. 
In  the  chapters  in  question,  I  have  avoided  trenching  on 
tie  ground  already  occupied  by  standard  treatises :  the 
subjects  taken  up,  although  they  are  all  important,  are 
either  not  treated  at  all  or  else  treated  very  perfunctorily 
in  other  English  text-books. 

Chapters   xxix.    and   xxjt,    may    be    regarded    as    an 
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elementary  illustration  of  the  appKcatioQ  of  the  modem 
Theory  of  Functions.  They  are  intended  to  pave  the  way 
for  the  study  of  the  recent  works  of  continental  mathe- 
maticians on  the  same  subject  Incidentally  they  contain 
all  that  is  usually  given  in  English  works  under  the  title  of 
Analytical  Trigonometry,  If  any  one  should  be  scandalised 
at  this  traversing  of  the  boundaries  of  English  examination 
subjects,  I  must  ask  hhn  to  recollect  that  the  boundaries  in 
question  were  never  traced  in  accordance  with  the  principles 
of  modem  science,  and  sometimes  break  the  canon  of 
common  sense.  One  of  the  results  of  the  old  arrangement 
has  been  that  treatises  on  Trigonometry,  which  is  a  geometri- 
cal application  of  Algebra,  have  been  gradually  growing  into 
fragments  more  or  less  extensive  of  Algebra  itself :  so  that 
Algebra  has  been  disorganised  to  the  detriment  of  Trigono- 
metry ;  and  a  consecutive  theory  of  the  elementary  functions 
has  been  impossible.  The  timid  way,  oscillating  between  ill- 
founded  trust  and  unreasonable  fear,  in  which  functions  of  a 
complex  variable  have  been  treated  in  some  of  these  manuals 
is  a  little  discreditable  to  our  intellectual  culture.  Some 
expounders  of  the  theory  of  the  exponential  function  of  an 
imaginary  ailment  seem  even  to  have  forgotten  the  obvious 
truism  that  one  can  prove  no  property  of  a  function  which 
has  not  been  defined.  I  have  concluded  chapter  xxx  with 
a  careful  discussion  of  the  Eeversion  of  Series  and  of  the 
Expansion  in  Power-Series  of  an  Algebraic  Function — 
subjects  which  have  never  been  fuUy  treated  before  in  an 
English  text-book,  although  we  have  in  Frost's  Curat  Tracing 
an  admirable  collection  of  examples  of  their  use. 
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The  other  ioaovattous  call  for  little  explanation,  as  they 
aim  merely  at  greater  completenesa  on  the  old  lines.  In 
the  chapter  on  Probability,  for  instance,  I  have  omitted 
certain  matter  of  doubtful  soundness  and  of  questionable 
utility ;  and  filled  its  place  by  what  I  hope  will  prove  a 
useful  exposition  of  the  principles  of  actuarial  calculation. 

I  may  here  give  a  word  of  advice  to  young  students 
reading  my  second  voliune.  The  matter  is  arranged  to 
facilitate  reference  and  to  secure  brevity  and  logical 
sequence ;  but  it  by  no  means  follows  that  the  volume 
should  be  read  straight  through  at  a  first  reading.  Such 
an  attempt  would  probably  sicken  the  reader  both  of 
the  author  and  of  the  subject.  Every  mathematical  book 
that  is  worth  anything  must  be  read  "  backwards  and 
forwards,"  if  I  may  use  the  expression.  I  would  modify 
Lagrange's  advice  a  little  and  say,  "  Go  on,  but  often  return 
to  strengthen  your  faith."  When  you  come  on  a  hard  or 
dreary  passf^,  pass  it  over ;  and  come  back  to  it  after  you 
have  seen  its  importance  or  found  the  need  for  it  further  on. 
To  facilitate  this  skimming  process,  I  have  given,  after  the 
table  of  contents,  a  suggestion  for  the  course  of  a  first 
reading. 

The  index  of  proper  names  at  the  end  of  the  work  will 
show  at  a  glance  the  main  sources  from  which  I  have  drawn 
my  materials  for  Part  II.  Wherever  I  have  consciously 
boiTowed  the  actual  words  or  the  ideas  of  another  writer 
I  have  given  a  reference.  There  are,  however,  several 
works  to  which  I  am  more  indebted  than  appears  in  the 
bond.      Among   these    I    may  mention,  besides    Cauchy's 
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Analyse  Algihrigue,  Seiret'a  Algibre  SwpSrieure,  and  Schlo- 
milcb's  Alg^mmche  Analysis,  wMch  bare  become  classical, 
the  more  recent  work  of  Stolz,  to  which  I  owe  many  indica- 
tions of  the  sources  of  original  information — a  kind  of  help 
that  cannot  be  acknowledged  in  footnotes. 

I  am  under  personal  obligations  for  useful  criticism,  for 
proof-reading,  and  for  help  in  working  exercises,  to  my 
assistant,  Mr,  R  E.  Allardicb,  to  Mr.  G.  A.  Gibson,  to 
Mr.  A.  Y.  Fraser,  and  to  my  present  or  former  pupils — 
Messrs.  B.  B.  P.  Brandfokd,  J.  W.  Botteks,  J.  Crockett, 

J.  GOODWILUE,  C.  TWEEDIE. 

In  taking  leave  of  this  work,  which  has  occupied  moat 
of  the  spare  time  of  five  somewhat  bu^y  yeara,  I  may  be 
allowed  to  express  the  hope  that  it  will  do  a  little  in  a 
cause  that  I  have  much  at  heart,  namely,  the  advancement 
of  mathematical  learning  among  English-speaking  students 
of  the  rising  generation.  It  is  for  them  that  I  have  worked, 
remembering  the  scarcity  of  aids  when  I  was  myself  a 
student ;  and  it  is  in  their  profit  that  I  shall  look  for  my 
reward. 

G.  CHRYSTAL. 

Edinbobgh,  1>(  November  1889. 
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CHAPTEK   XXIII. 
Pramutations  and  Oombinatious. 

g  I.]  We  have  already  seen  the  importaacB  of  the  statistic  of 
combinations  in  the  elementary  theory  of  integral  functiouH.  It 
was  found,  for  example,  that  the  problem  of  finding  the  co- 
efficients in  the  expaoaioa  of  a  binomial  is  identical  with  the 
problem  of  finding  the  numbers  of  combinations  of  a  certain 
number  of  things  taken  1,  2,  3,  &c.,  at  a  time.  Besides  its 
theoretical  use,  the  theory  of  permutations  and  combinations 
has  important  practical  applications ;  for  example,  to  economic 
statistics,  to  the  calculus  of  probabilities,  to  fire  and  life  assur- 
ance, and  to  the  theory  of  voting. 

Beginners  usually  find  the  subject  somewhat  difficult  This 
uisea  in  part  from  the  fineness  of  the  distinctions  between  the 
different  problems,  distinctions  which  are  not  always  easy  to 
express  clearly  in  ordinary  language.  Close  attention  should 
therefore  be  paid  to  the  terminology  we  are  now  to  introduce. 

§  2.]  For  our  present  purpose  we  may  represent  individual 
things  by  lettera 

By  an  r-permutation  of  n  letters  we  mean  r  of  those  letters 
arranged  in  a  certain  order,  in  a  straight  line.  An  n-permuta- 
tion,  which  means  all  the  letters  in  a  certain  order,  is  sometimes 
called  a  penrniiatim  simply. 

Eiample.  The  2-permaUtioiis  of  the  three  letters  a,b,eaxebc,d>;ac,ea; 
ob,  ba.    The  pennutstiong  of  the  three  letters  ore  abc,  act ;  bac,  bca ;  eab,  da. 

By  an  T-combiiuUion  of  n  letters  we  mean  r  of  those  letters 
considered  without  reference  to  order. 
.     Ex&Tuple.  The  S-combiiiatioiu  of  a,  b,  c  are  be,  ac,  ab. 

VOL.  II.  B 
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2  MODES  OF  PBOOF  OHAT. 

I  .  Unless  the  contraiy  ia  stated,  the  aame  letter  is  not  snppos^ 
to  occur  more  than  once  in  each  combination  or  pennutation. 
In  other  words,  if  the  n  letters  were  printed  on  n  separate 
counters  each  pennutation  or  combination  could  be  actually 
selected  and  set  down  before  our  eyes. 

Another  point  to  be  attended  to  is  that  in  some  problems 
certain  sets  of  the  given  letters  may  be  all  alike  or  indifierent ; 
that  is  to  say,  it  may  be  supposed  that  no  alteration  in  any 
permutation  or  combination  is  produced  by  interchanging  them. 

%  3.]  The  fundamental  part  of  every  demonstration  of  a 
theorem  in  the  theoiy  of  permutations  and  combinations  is  an 
enumeration.  It  is  necessary  that  this  enumeration  be  systematic 
and  exhaustive.  If  possible  it  should  also  be  simplex,  that  is, 
each  permutation  or  combination  should  occur  only  once ;  but  it 
may  be  multiplex,  provided  the  degree  of  multiplicity  be  ascer- 
tained (see  §  8,  below). 

Along  with  the  enumeration  theoe  often  occurs  the  process 
of  reasoning  step  by  step,  called  mathemtUicai  ifidticUon. 

The  results  of  the  law  of  distribution,  as  applied  both  to 
closed  functions  and  to  infinite  series,  ai'e  often  used  (after  the 
manner  of  chap,  iv.,  §§  6,  11,  and  exerciae  vi  30)  to  lighten 
the  labour  of  enumeration. 

All  these  methods  of  proof  will  be  found  illustrated  belov. 
We  have  called  attention  to  them  here  in  order  that  the  student 
may  know  what  tools  are  at  his  disposal. 


PERHUTATIONS. 

§  i.]  The  numher  of  r^ermvtationa  of  n  Utters  (nPr)  « 
n(»-l)(«-2)...(»-r+l). 

ist  Proof, — Suppose  that  we  have  r  blank  spaces,  the  problem 
ia  to  find  in  how  many  different  ways  we  can  fill  these  with  n 
letters  all  different 

We  can  fill  the  first  blank  in  n  different  ways,  namely,  by 
putting  into  it  any  one  of  the  n  letters.  Having  put  any  one  letter 
into  the  first  blank,  we  have  n  ~  1  to  choose  from  in  filling  the 
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Xxill  r-PBRMDTATIOHa  3 

second  blank.  Hence  we  can  fill  the  second  blank  in  fi  -  1  differ- 
ent ways  for  each  way  we  can  fill  the  first.  Hence  we  can  fill 
the  two  first  in  n(n  -  I)  ways. 

When  any  two  particular  letters  have  been  put  into  the  first 
two  blanks,  there  are  n  -  3  left  to  choose  from  in  filling  the  third. 
Hence  we  can  fill  the  first  three  blanks  in  n(n-  1)  times  (n-  2) 
ways. 

Beasoning  in  this  way,  we  see  that  we  can  fill  the  r  blanks  in 
n(n_l)(„_2).  .  .  (n-r+l)way8. 

Hence  „Pr  =  n{n-l)  .  .  .  <n-r+l). 

Znd  Proof. — We  may  enumerate,  exhaustively  and  without 
repetition,  the  „Pr  r-pennntations  as  follows : — 

Ist  All  those  in  which  the  first  letter  a,  stands  first ; 

2nd  AH  those  in  which  a,  stands  first :  and  so  on. 

There  are  as  many  permutations  in  which  a,  stands  first  as 
there  are  (r  -  I)-permutationB  of  the  remaining  n  -  1  letters,  that 
is,  there  are  n-iPr-i  permutations  in  the  first  class.  The  same 
is  tme  of  each  of  the  other  n  classes. 

Hence  n^r  =  %  -  i^'r-  ,■ 

Now  this  relation  is  true  for  any  positive  integral  values  of 
n  and  r,  so  long,  of  course,  as  r:^n.     Hence  we  may  write 

rely 

„.,P,..  =  (n-l)„_.P,.., 


If  now  we  multiply  all  these  equations  together,  and  observe 
that  all  the  F's  cancel  each  other  except  „Pr  and  „-r+iPi,  and 
observe  further  that  the  value  of  n-r+iP|  is  obviously  n  -  r  +  1, 
we  see  that 

J,.>.(»-1)...  (»-r+2)(»-r+l)  (1). 

The  second  proof  is  not  so  simple  as  the  first,  but  it  illustrates 
a  kind  of  reasoning  which  is  veiy  useful  in  questions  regarding 
pennatations  and  combinations. 
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i  UNEAB  AND  CIBCUUB  FBBHUTATI0N3  chap. 

Cor.  1.  The  mttnier  of  different  ways  in  vihieh  a  sdofn  Idlers 
eon  be  arranged  m  linear  order  is 

B<n-1)  .  .  .  S.2.1, 
that  is,  the  product  of  the  first  n  integral  numbers. 

Thia  foUowB  at  once  from  (1),  for  the  number  required  is  the 
niimlMr  of  n -permutations  of  the  n  letters.  Putting  r  =  n  in 
(1),  we  have 

„P„  =  n(n-l)  ...  2.1  (2). 

The  product  of  the  first  n  consecutive  integers  may  be  re- 
garded as  a  fuDcdoQ  of  the  integral  variable  n.  It  is  called 
fadorial-n,  and  is  denoted  by  n!  .* 

Cor.  2.  „Pr  =  n!/(n-r)I. 
For  ,P,  =  n{fl-l)  .  .  .  (»-r+l), 

n{n-\)  .  .  .  (>.-rtl)(»-r)  ...  2.1 
(n-r)...2.1 

Cor.  3.  The  number  of  ways  of  arranging  n  letters  in  cii-cuiar 
order  is  (n-  1)!,  or  (n-  l)!/2,  according  as  clock-order  and  ayunter- 
dock-order  are  or  are  not  distinguished. 

Since  the  circular  order  merely,  and  not  actual  position,  is 
in  question,  we  may  select  any  one  letter  and  keep  it  fixed.  We 
have  thus  as  many  difierent  arrangements  as  there  are  (n-  l)-per- 
mutatione  of  the  remaining  n-  1  letters,  that  is  (n-  1)1. 

If,  however,  the  letters  written  in  any  circular  order  clock- 
wise be  not  distinguished  from  the  lettei«  written  in  the  same 
order  counter-clock-wise,  it  is  clear  that  each  arrangement  will 
be  counted  twice  over.  Hence  the  number  in  this  case  is 
(—l)!/2. 

g  5,]  f^ken  each  of  then  letters  may  be  repealed,  Ike  rmmier  of 
r-permnlations  is  n^. 

*  TbU  is  Entup's  uotation.  Fonnerly  |n  wti  used  in  English  works,  but 
this  is  DOW  being  •bondoned  on  accoDnt  of  the  difficulty  in  printing  ths  |_. 
The  value  of  1 1  is  of  course  1.  Strictly  spetking,  0 1  has  no  taeaning.  It  is 
convenient,  however,  to  use  it,  with  the  nnderstuiding  that  its  vslne  is  1  ;  by 
so  doing  we  avoid  the  exoeption»1  tTeatment  of  initial  tenus  in  many  serin. 
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xzni  CASE  WHERE  LETTERS  ARE  ALIKE  6 

Suppose  that  we  have  r  blanks  before  UB.  We  may  fill  the 
first  in  n  ways ;  the  second  also  in  n  ways,  since  there  is  now  no 
r«8trictiOD  on  tha  choice  of  the  letter.  Hence  the  first  two  may 
be  filled  in  n  X  n,  that  is,  n'  ways.  With  each  of  these  n'  ways 
of  filling  the  first  two  blanks  we  may  combine  any  one  of  the  n 
ways  of  filling  the  third ;  hence  we  may  fill  the  first  three  blanks 
in  n*  X  n,  that  is,  n*  ways,  and  so  on.  Hence  we  can  fill  the  r 
blanks  in  n''  ways. 

§  6,]  The  nwnier  of  permittaivms  of  n  letters  of  which  a  group 
of  a  are  all  alike,  a  ^roup  of  ft  all  alike,  a  group  of  y  all  tdike, 
dx.,  u 

»!/.!/)i7!  .  .  . 

Let  US  suppose  that  x  denotes  the  number  in  question.  If 
we  take  any  one  of  the  z  permutations  and  keep  all  the  rest  of 
the  letters  fixed  in  their  places,  but  make  the  a  letters  anlike 
and  permntate  them  in  every  possible  way  among  themsBlves, 
we  shall  derive  a!  permutations  in  which  the  a  letters  are  all 
unlike.  Hence  the  effect  of  making  the  a  letters  unlike  is  to 
derive  aMi!  permutations  from  the  x  permutations. 

If  we  now  make  all  the  /3  letters  unlike,  we  derive  xa!^!  per^ 
mutations  from  the  zaX. 

Hence,  if  we  make  all  the  letters  unlike,  we  derive  xa !  ^ !  7 ! .  .  . 
permutations.  But  these  must  be  exactly  all  possible  permuta- 
tions of  n  letters  all  unlike,  that  is,  we  must  have 

Za.\^\y\  .  .  ,  =nl. 
Hence  2i  =  ii!/a!^ly!  .  .  . 

Cor.  Thx  ramher  of  viayi  m  whuh  n  /Atn^s  eon  he  pat  tnto  r 
pigeon-holes,  to  that  a  shall  go  into  the  first,  ji  inio  the  second,  y  itUo 
the  third,  taid  so  on,  is 

n!/o!j8!y!  .  .  . 

N.R — The  order  of  the  pigeonholes  is  fixed,  and  must  be  attended 
to,  but  the  order  of  the  things  inside  the  holes  is  indifferent. 

Putting  the  things  into  the  holes  u  evidently  the  same  as 
allowing  them  to  stand  in  a  line  and  affixing  to  them  labels 
marked  wiUi  ^e  names  of  the  holes.     There  will  thus  he  a 
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labele  each  marked  I,  ^  e&ch  marked  2,  y  each  marked  3,  and 
so  on. 

The  problem  is  now  to  find  in  how  many  ways  n  labek,  a  of 
which  are  alike,  j8  alike,  y  alike,  &&,  can  be  distributed  among 
n  things  standii^  in  a  g^ven  order.  The  number  in  question  is 
n\ja\^\y\  .  .  ,,  by  the  above  proposition, 

ExunpU  I.  Id  urnDgiiig  the  crew  of  sa  eigbt-OM«d  boat  the  e^ittin  haa 
four  men  that  can  row  onlj  on  the  stroke-mde  and  fonr  that  can  tow  only  on 
the  bov'iida.  In  how  many  different  ways  can  he  arrange  hie  boat — let, 
when  the  stroke  ie  not  fixed ;  2nd,  when  the  stroke  u  fixed  t 

In  the  first  oue,  the  captain  may  arrange  hie  ttroke-eide  in  aa  many  ways 
aa  there  are  4  ■permntatious  of  4  thinge,  that  i^  in  41  ways,  and  he  may 
tmuge  the  bow-dde  in  juat  as  many  ways.  Since  the  arrangementa  of  the 
two  BideB  are  independent,  he  has,  therefore,  4tx4t(  =  57fl)  diOerent  wayiof 
arranging  the  whole  crew. 

In  the  aecond  case,  since  stroke  ia  fixed,  there  are  only  3 1  waya  of  arrang- 
ing the  stroka-dde.  Hence,  in  this  caae,  there  are  31x4I(  =  144)  different 
ways  of  arranging  the  crew. 

Example  2.  Find  the  nnmber  of  pennatationa  that  cad  he  nude  with  the 
letters  of  the  word  tranialpine. 

The  letters  are  traannilpie,  there  being  two  sets,  each  cont&ining 
two  like  lottets.  The  number  required  is  therefore  (bj  %  6)  Ilt/2121™ 
II.  10.  9.  8.  7.  6.  6.  3.2=9878200. 

Example  3.  In  how  many  diSerant  ways  can  n  different  beads  be  formed 
into  a  bracelet  T 

Since  merely  taming  the  bracelet  over  turns  a  eiock.Bmngement  of  the 
stones  int«  the  corresponding  counter-clock-arrangement,  it  follows,  by  §  4, 
that  the  number  required  is  (n  - 1}  1  /  2. 


COMBINATIONa 

§  7.]  The  nvmber  of  ways  t»  wAiek  s  things  can  be  aeltcled  by 
tahng  one  out  of  a  set  of  n,,  one  out  of  a  sd  of  n„  &c.,  is  nifi, .  .  .  n. 

The  first  thing  can  be  selected  in  n,  wa.ya ;  the  second  in  n, 
ways;  and  so  on.  Hence,  since  the  selection  of  each  of  the 
thin^  does  not  depend  in  any  way  on  the  selection  of  the 
others,  the  number  of  ways  in  which  the  s  things  can  be  selected 
ia  n,  X  f^i  X  •  •  •  X  tr 

g  8.]  The  Koimher  of  r-com^naffOTU  of  «  leUers  („Cr)  « 

n(n-l)  .  .  .  (»-r  +  I)/1.2  .  .  .  r. 
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xxm  r-COMBINATIONS  7 

Id  Proof. — We  may  enumerate   the   combinations  as  fol- 
lows : — 

1st.  All  thoae  that  contain  the  letter  a, ; 
2nd.  „  „  tt         0,; 


nth.  n  It  »        <^ 

In  each  of  these  classes  there  is  the  same  nnmber  of  com- 
biaatioiiB ;  namely,  as  many  combinations  as  there  are  (r  - 1)- 
combinatioiiB  of  n  -  1  letters ;  for  we  obviously  form  all  the  r- 
combinations  in  which  a,  occurs  by  forming  all  possible  (r  -  1)- 
combinations  ot  a^a^  .  .  .,  a^  and  adding  a,  to  each  of  them. 

This  enameration,  though  exhaustive,  is  not  simplex;  for 
each  r-combination  will  be  counted  once  for  every  letter  it 
contains,  that  is,  r  times.     Hence 

r,C,  =  »..,0,-,  (!)■ 

This  relation  holds  for  all  values  of  n  and  r,  so  long  as  r:^n. 
Hence  we  have  Buccessively — 


.0, 

r" 

-,c. 

-,. 

.-,0,-, 

r- 

■1 
■1»- 

..Or. 

-. 

.-A- 

=  "" 

■2 
2"- 

.0,. 

- 

_»-r+2 

If  we  multiply  these  r  -  1  equations  together,  and  observe  that 
the  C's  cancel,  except  „Cr  and  „.r+fi„  and  that  the  value  of 
»_r+iC,  is  obviously  n  -  r  +  I,  we  have 

_n<n-l)  .  ■  .(n-r+l)  ,  , 

1 . 2  .  .  .  r  ^  '■ 

2vd  Proof. — Since  every  r-combination  of  n  letters,  if  permu- 

tated  in  every  possible  way,  would  give  r  I  r-permatations,  and 

all  the  r-permutations  of  the  n  letters  can  be  got  once  and  only 

once  by  dealing  in  this  way  with  all  the  r-combinations,  it  follows 
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8  PROPEHTIES  OF  „Cr  CHAT. 

that  „C^ !  =  „P^     Hone*  „Cr  =  „Pr/r  <.  =  n{n~\) .  .  .  (n-r-^l)/ 
1.2  ...  r. 

Cor.  1,  If  we  multiply  both  numerator  and  denominator  of 
the  expression  for  „C,  by  (n  -  r){n  -  r  -  1)  .  .  .  2 . 1,  we  deduce 
„Cr  =  nl/r[(n-r}\  (3). 

Cor.  2.  nCr  =  „C„_r 

This  follows  at  once  from  (3).  It  may  also  be  proved  by 
enumeration;  for  it  is  obvious  that  for  every r-combination  of 
the  n  things  we  select  we  leave  behind  an  {n  -  r)-combinatioii ; 
there  are,  therefore,  just  as  many  of  the  latter  as  of  the  former. 

Cor.  3.  BC,  =  „-.C,  +  n-.C,.,  (4). 

This  can  be  proved  by  using  the  expressions  for  nCn  n-iCr, 
n.iCr.i,  and  this  is  important,  because  it  shows  that  the  pro- 
perty holds  for  functions  of  »  having  the  form  (2)  irrespective  of 
any  restriction  on  the  value  of  n. 

The  theorem  (when  n  is  a  positive  integer)  also  follows  at 
once  by  classifying  the  r-ttombinations  of  n  letters  a„  a^  .  .  .,  a^ 
into,  lat,  those  that  contain  a,,  „_iCr_,  in  number,  and,  2nd, 
those  that  do  not  contain  a„  „_,€,  in  number. 

Cor.  4.  „_,C,  +  „_,C,  +  n-.C,  +  -  ■  .+.C,  =  „C,+,        (5). 

Since  the  order  of  letters  in  any  combination  is  indifferent,  we 
may  arrange  them  in  alphabetical  order,  and  enumerate  the 
(s+ l)-combLnation3  of  n  letters  by  counting,  1st,  those  in 
which  a,  stands  first ;  2nd,  those  in  which  a,* stands  first,  &c 
This  enumeration  is  clearly  both  exhaustive  and  simplex ;  and 
we  observe  that  a,  cannot  occur  in  any  of  the  combinations  of 
the  2nd  class,  neither  a,  nor  a,  in  any  of  the  3rd  cbss,  and  so  on. 
Hence  the  number  of  combinations  in  the  1st  class  is  n-iC,;  in 
the  2nd,n-iC,;  in  the3rd,n-iG,i  andaoon.  Thus  the  theorem 
follows. 

Cor.  5.  pC,  +  pC,.,jC,+pC,.,,C,  +  .  .  . +pC,5C...  +  ,C, 
=  r+,C.  (6). 

If  we  divide  p  +  q  letters  into  two  groups  of  p  and  g  respect- 
ively, the  ji+gC,  s-combinations  of  the  p  +  q  letters  may  be 
classified  exhaustively  and  simplexly  as  follows  :— 
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zxiii  TAHDERHOHD^S  THEOHEU  9 

1st.  All  the  5-combinatioDB  of  the  p  letters.  The  number 
of  theae  is  ,C, 

Snd.  All  the  combinationB  found  by  taking  every  one  of  the 
(s- l)-combiiiationB  of  they  tbinge  with  every  one  of  the  1- 
combinatioDB  of  the  q  things.     The  number  of  these  is 

3rd.  All  the  combinations  found  by  taking  every  one  of  the 
(s  -  2)-combinationa  of  the  p  things  with  every  one  of  the  2- 
combinations  of  the  q  things.     The  nnmber  of  these  is 

,C,_,  X  ,0, 
And  so  on.     Thus  the  theorem  foUows. 

It  should  be  noticed  tbat  Cor.  4  and  Cor.  6  famish  proposi- 
tiolis  in  the  summation  of  series.  For  example,  we  may  write 
Cor.  5  thus — 


Xp-D-. 

■  (p-'+l>,f<f-l)- 

.(y-,t2)     5 

1.2 

.  .  s            '        1.2  . 

,K?-i). 

■  (>-l)       ■  1 
.(P-.  +  3)     !(«-l) 

'         1.2. 

.(.-2)        •      1.2 

p    gfe-l)  .  .  .  (g-i  +  2) 
I'        1.2  ..  .  (j-1) 
ig(g-l).  .  •_(!JLI±1) 
1.2  ...  s 
_ (P<-?)()H-;-l)  .  .  .  (pt;-«4-l) 
1.2  ...  s 


(')■ 


It  is  obvious  that  (7)  is  an  algebraical  identity  which  could 
be  proved  by  actually  transforming  the  left-hand  side  into  the 
right  (see  chap,  v.,  §  16).  If  we  take  this  view,  it  is  clear  that 
the  only  restriction  upon  p,  q,  s  is  that  i  shall  be  a  positive  integer. 
Thus  generalised,  (7)  becomes  of  importance  in  the  establishment 
c£  the  Binomial  Theorem  for  fractional  and  negative  indices. 

Cor.  6.  If  we  multiply  both  sides  of  (7)  by  1 .  2  ...  ^ 
and  denote  j>(p- 1)  .  .  .  (j»  -  a  +  1)  by  y„  we  deduce 

(p  +  2)i=i'.  +  Ai'.-.2i  +  .C,p._.j,  +  .  .  .  +  q,  (8), 

which  is  often  called  Fandenrumde's  theorem,  although  the  result 
waa  known  before  Vandermonde's  day. 


10  JJ  L^^EBS  ALIKE  OHJlf. 

g  9.]  To  find  Sie  nwn^  of  r-eombiTuUtoni  of  p  +  q  letters  p 
of  which  are  alike. 

1st.  With  the  q  onlike  letters  we  can  form  gCr  r-combina- 

tioQS. 

Snd.  liking  one  of  the  p  letters,  and  r  - 1  of  the  q,  we  can 
form  ^r-i  r-combmations. 

3nl.  Taking  two  of  the  p,  and  r  -  2  of  the  9,  we  can  fonn 
^r->  r-combinations ;  and  ao  on,  till  at  last  we  take  r  of  the 
p  (supposing  j»r),  and  form  one  r-combination. 

We  thus  find  for  the  number  required 
5C,  +  jC,..,+,C,.,  +  .  .  .  +  ,C,  +  1 

J     1  1  1       1^1 

-S-lr!{9-r)!"'(r-l)!(j~r  +  l)!"*'---  ""  1!(«- 1)! ''"g! /' 
Cor.  The  number  of  r-jienmilatumt  of  p  +  q  Ihinga  p  of  uAtcA 
are  aiih  is  ^  ^  '  ' 

,     <        1  1  1 

«-"t  rl(j-r)!  *  11(1- l)!(j-r+ 1)1*  2!(r-2)l(j-r  +  2)l  * 
1  1     I 

•■  •*(r-l)!l!(?-l)l*'-ljir 
For,  witb  the  JCr  combinations  of  the  I  st  cloae  above  we  can  form 
fir ''!  permutations ; 

With  the  ,Cr-i  combinationa  of  the  2nd  cla^s,  ,0,.,  rl  permu- 
tations ; 

With  the  ,Cr-i  combinations  of  the  3rd  class  (in  each  of 
which  two  letters  are  alike),  ,Cr.)r!/SI  permutations:  and  so 
on. 

Hence  the  whole  number  of  permutations  is 
,Crr!  +  ,C,.,r!/l!  +  ,C,..r!/2!  +  .  .  .  +  ^,r!/(r- 1)!  +  1, 
whence  the  result  follows. 

A  similar  process  will  give  the  number  of  r-combinations, 
or  of  r-permutations,  when  we  have  more  than  one  group  of 
like  letters ;  but  the  general  formula  is  very  complicated. 

§  10.]  The  number  of  r-combinaiums  of  n  htlera  („HrX  wften 
each  letter  may  be  rtpeaied  any  number  of  times  up  tor,  is 

n(n  +  1)  (»  +  2)  .  .  .  (n  +  r  -  1)/1 . 2 .  3  .  .  .  r     (1). 
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In  the  first  place,  we  remark  that  the  number  of  (r+  l)-com- 
binations,  in  each  of  which  the  letter  a,  occurs  at  least  once,  is 
the  same  as  the  number  of  r-combinations  not  subject  to  this 
restriction.  This  is  obvious  if  we  reflect  that  every  (r  +  1)- 
Gombination  of  the  kind  described  leaves  an  r-combination  when 
a,  is  removed,  and,  conversely,  every  r-combination  of  the  n 
letters  gives,  when  a,  u  added  to  it,  an  (r+  l)-combinatioD  of 
the  kind  described. 

It  follows,  then,  that  if  we  add  to  each  of  the  r-combina- 
tions of  the  theorem  all  the  n  letters,  we  get  ail  the  (n  +  r)-coin- 
binations  of  the  n  letters,  in  each  of  which  each  letter  appears  at 
least  once,  and  not  more  than  r  +  1  times.  We  may  therefore 
enumerate  the  latter  instead  of  the  fonuer. 

This  new  problem  may  he  reduced  to  a  question  of  permuta- 
tions as  follows.  Instead  of  writing  down  all  the  repeated  letters, 
we  may  write  down  each  letter  once,  and  write  after  it  the  letter 
s  (initial  of  same)  as  often  as  the  letter  is  repeated.  Thus, 
we  write  assesses  .  .  .  instead  of  aaaabhbce  .  .  .  With  this 
notation  there  will  occur  in  each  of  the  (n  +  r)-combinationB 
the  n  letters  a,,  a,,  .  .  .,  a„  along  with  r  t's.  The  problem  now 
is  to  find  in  how  many  ways  we  can  arrange  these  n  -i-  r  letters. 
It  must  be  remembered  that  there  is  no  meaning  in  the  occur- 
rence of  t  at  the  beginning  of  the  series ;  hence,  since  the  order 
of  the  letters  a,,  a,,  .  .  .,  a„  is  indifferent,  we  may  fix  a,  in  the 
first  place.  We  have  now  to  consider  the  different  arrange- 
ments of  the  n  -  1  letters  iz,,  a,,  .  .  .,  a„  along  with  r  s's.  In  so 
doing  we  must  observe  that  nothing  depends  on  the  order  of 
a,,  a,,  .  .  .,  a„  inter  se ;  so  that  in  counting  the  permutations 
they  must  be  regarded  as  all  alike.  We  have,  therefore,  to  find 
the  number  of  permutations  of  n  -  1  +  r  things,  n  -  1  of  which 
are  alike,  and  r  of  which  are  alike.     Hence  we  have 


(«->r-l)! 
"  (n-l)lrl 

«<»-H).. 


(2), 
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Cor.  1.  jar  =  «+r-,o^ 

This  follows  at  once  from  (2). 

Cor.  2.  „H,  =  „_,Hr  +  »H^-.. 

For  the  r-combinations  consist,  Ist,  of  those  in  which  a,  occun 
at  least  once,  the  number  of  which  we  have  seen  to  be  aHr-i ; 
2nd,  of  those  in  which  a,  does  not  occur  at  all,  the  number  of 

which  is  n-iHr- 

Cor.  3.  „H,  =  „.,H,.  +  „.,H,_,  +  „.,H,.,+ .  .  .+,.,H,  +  1. 
This  follows  from  the  consideration  that  we  ma.y  classifj  the 
r-combinations  into 

1st  Those  in  which  a,  does  not  occur  at  all,  h-jHt  in 
number ; 

2nd.  Those  in  which  o,  occurs  once,  „.,Hr-i  in  number; 

3rd,  Those  in  which  a,  occurs  twice,  ,_,Hr-,  in  number: 
and  so  on. 

.  Cor.  i.  The  number  of  different  r-ary  prodtuls  that  can  be  made 
with  n  different  letters  is  n<TO+l)  .  .  .  (n  +  r-l)/1.2  ...*■; 
and  the  number  of  terms  in  a  ampUte  integral  JwtdUm  o/lherth 
degree  in  n  variailes  ia  (n  +  1) (n  +  2)  .  .  ,  (n  +  r)/l  .2  .  .  .  r. 

The  first  part  of  the  corollary  ia  of  course  obvious.  The 
second  follows  from  the  consideration  that  the  complete  in- 
tegral function  is  the  sum  of  all  possible  terms  of  the  degrees- 
0,  1,  2,  .  .  .,  r  respectively.     Hence  the  number  of  its  terms  is 

1  +  „H,+„H.  +  .  .  .+„H,.. 
But,  by  Cor.  3,  this  sum  is  „+,Hr. 

We  have  thus  obtaioed  t,  gener&l  solotion  of  the  problems  anf^^ted  in 
clitp.  It.,  %  17,  16.  As  a  verification,  if  we  put  n=2,  we  hsve  for  the 
number  of  terms  in  the  general  integral  fimction  of  the  rth  d^ree  in  two 
varisbles  3.4  ..  .  (r  +  2)/1.2  .  .  .  r,  which  reduces  to  (r  +  l)(r+2)/a,  in 
•greement  with  our  former  result 

E^naciBBB  I. 
Combinationa  and  PtrmulatioTU. 

(1.)  How  many  different  nnmbera  con  b«  made  with  the  digits 
1112Z3334G0 1 

(2.)  How  man;  different  permatatians  can  be  made  of  the  letter*  of  the 
senteace  Ut  tmeio  tie  via  t 
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(8.)  How  many  difierent  nomberaof  4  digits  con  be  formed  with  012S1GS  t 

(4. )  Hoir  maiij  odd  nmnbera  can  be  formed  with  the  digits  3661 1 

(S.)  Uk,(V-iyk.-iC,=I3SyS6,  fiudn. 

(6.)  Ifm=,A>BhoiTtbat„Cg=S^iC4- 

(7.)  In  anj  «et  of  n  Utters,  if  tbe  number  of  r-pennntations  which  con- 
tain a  ba  eqiul  to  the  number  of  thoie  that  do  not  contain  a,  prove  that  tbe 
Mine  holdi  of  r-cambinationB. 

(8.)  In  how  man;  waj'i  can  the  miijor  pieces  of  a  set  of  chesa-men  ba 
arranged  in  a  line  on  the  board  I 

If  the  pawns  be  iDclnded,  in  how  many  ways  can  the  pieces  be  arranged 

(0.)  OntoflS  men,  in  how  many  waja  may  a  guard  of  6  be  formsd  in  liae, 
the  order  of  the  men  to  be  attended  to  t 

(ID.)  Id  bow  many  ways  con  12  men  be  selected  out  of  17 — 1st,  if  there  be 
no  restriction  on  the  choice ;  2nd,  if  2  particular  men  be  always  incladed  ; 
3rd,  if  2  particular  men  never  be  ehosea  together  I 

(II.)  In  how  many  waja  con  a  bracelet  ba  mode  by  stringing  together  5 
like  pearls,  6  like  rubies,  and  7  like  diamonds  I 

How  many  diSerent  settings  of  3  stones  for  a  ring  could  be  selected 
from  the  above  ! 

What  modification  of  the  solution  of  the  first  part  of  the  above  problem 
is  necenory  when  two,  or  all  three,  of  the  given  nnmbers  ate  even  t 

{12.)  In  how  many  ways  can  an  eight-oared  boat  be  manned  out  of  SI 
men,  10  of  whom  can  row  on  the  stroke  side  only,  12  on  the  bow  side  only, 
and  the  mt  on  either  aide ) 

(13.)  In  a  regiment  there  are  10  captains,  20  lientenanta,  30  sergeants, 
and  60  corporals.  In  how  many  ways  can  a  party  be  selected,  consisting  of 
2  captains,  6  lieutenants,  10  sergeants,  and  20  corporals  t 

(14.)  Three  persons  have  4  coats,  &  vests,  and  S  hats  between  them;  in 
how  many  difierent  ways  con  they  dress  T 

(15.)  A  man  has  12  relations,  7  ladies  and  5  gentlemen  ;  his  wife  has  12 
relations,  6  ladies  and  7  gentlemen.  In  bow  many  ways  can  they  invito  a 
dinner  party  of  S  ladies  and  S  gentlemen  so  that  there  may  be  S  of  the  man's 
relations  and  6  of  the  wife's  1 

(IS.)  In  how  many  ways  can  7  ladies  and  7  gentlemen  be  seated  at  a 
round  table  so  that  no  2  ladies  sit  together! 

(17.)  At  a  dinner-table  the  host  and  hoatess  sit  opposite  each  other.  In 
how  many  ways  can  2n  guests  be  arranged  so  that  2  particular  guests  do 
not  sit  together  t 

(18. )  In  how  many  ways  can  a  team  of  6  horsea  be  selected  out  of  a  stnd 
of  IS,  so  that  there  shall  always  be  3  out  of  tbe  6  ABCA'B'C,  but  never  AA', 
Bff,  or  CC  together  I 

[19. )  With  9  consonants  and  7  vowels,  how  many  words  can  be  made,  each 
containing  4  consonants  and  3  vowels-^Ist,  when  there  is  no  restriction  on  the 
arrangement  of  tbe  letters ;  2nd,  when  two  consonants  are  never  allowed  to 
coma  together  t 

(20.)  In  how  many  ways  can  S2  cords,  all  different,  be  dealt  into  4  eqnal 
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handi,  the  order  of  the  bonds,  but  not  of  the  carda  in  the  hands,  to  bs 

attended  t«  1 

In  how  many  caaea  will  IS  particnlar  carde  bU  in  one  band  1 

(21. )  In  how  many  ways  can  a  set  of  IS  black  and  IS  white  dl«iietit-in«i 

be  placed  on  the  black  eqaaies  of  a  draught-boaid  t 

(22. )  In  how  many  ways  can  a  set  of  chesa-taen  be  placed  on  a  cheaa-board  t 
(23.)  How  many  S-combinatians  and  how  many  S-pormntAtiona  can  be 

made  with  the  letters  ot  parabola  t 

(21.)  With  on  nnlimitsd  number  of  red,  white,  blue,  and  blade  b«lli  kt 

dilpoial,  in  bow  many  ways  can  a  bagful  of  10  be  selectMl  T 

In  how  many  of  these  selection*  will  all  the  colours  be  rapreaented  f 
(2S.)  In  an  election  under  the  cnmnUtJTe  eyetem  there  were  ^  candidates 

for  q  seat* ;  (1)  in  how  many  ways  can  an  elector  giTc  hU  votea ;  (2)  if  there 

be  r  Totora,  how  many  di&erent  states  of  the  poll  are  there  I 

If  there  be  IS  candidates  and  10  aeats,  and  a  voter  give  one  minute  to  the 

consideratioD  of  each  way  of  giving  his  rote,  how  long  would  it  take  him  to 

make  up  his  mind  how  to  vote  t 


BINOUUL   AND   MULTINOMIAL   THEOREMS. 

§  11.]  It  has  already  been  shown,  in  chap,  it.,  §  11,  that 
(o  +  6)"  =  <i"  +  „C,a"-'6  +  .  .  .  +  „C,o"-'6'-  +  .  .  .+J", 

where  „C,,  „C ,  nC,  .  .  .  denote  the  numberE  of  1-,  2-, 

.  .  .,  r- combinations  of  n  things.     Using  the  expressions  just 
found  for  ,C,,  »C„  &c.,  we  now  have 


«(.-l)...<«-r-.l)^, 
1.2  ...  r 


(1)- 


This  ia  the  Binomial  Theorem  as  Newton  discovered  it,  proved, 
of  course,  as  yet  for  positive  integral  indic«e  only. 

§  12.]  We  may  establish  the  Binomial  Theorem  by  a  some- 
what different  process  of  reasoning,  which  has  the  advantage  of 
being  applicable  to  the  expansion  of  an  integral  power  of  any 
multinomiaL 

Consider 

(«.  +  a.  +  .  .  .  +  aj*  <2). 

We  have  to  distribute  the  product  of  n  factors,  namely, 
{a,+a,  +  ...  +  a^{a,  +  a,  +  ...+a^...(a,  +  a,  +  ...+a^    (3); 
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and  the  problem  is  to  find  tbe  coefficient  of  aay  giren  term,  eay 

<!,»>  a,".  .  .  .  ffl„«-  {4), 

where  of  course  a,  +  <i,...+a„  =  fl.  In  other  words,  we  have 
to  find  how  often  the  partial  product  (4)  occurs  in  the  distribu- 
tion of  (3). 

We  may  write  out  (4)  in  a  variety  of  ways,  such  as 

a,a,afifi,a,a/it  .  .  .  (5), 

there  being  always  a,  a/B,  a,  a,'B,  &c. 

Written  as  in  (5)  we  may  regard  the  partial  product  as 
formed  by  taking  a,  from  the  1st  and  2nd  brackets  in  (3) ;  a, 
from  the  3rd,  4th,  and  5th ;  a,  from  the  6tb ;  and  so  on.  It 
appears,  therefore,  that  tbe  partial  product  (4)  will  occur  just  as 
often  as  we  can  make  different  permutations  of  the  n  letters,  such 
as  (6).  Now,  since  a,  of  the  letters  are  all  alike,  a,  all  alike,  &c., 
the  number  of  different  permutations  is,  by  §  6,  nijaila,'. .  .  .  o„t. 
Hence  we  have 

(a,+a,  +  ...  +fl,H)"=S    I    ,"' ,a,"'a,"'.  .  ■  a™"-      (6)i 

o,la,!  .  .  .  On'. 

wherein  a,,  o^  .  .  .  og,  assume  aU  positive  iutegral  values  con- 
sistent with  the  relation 

a,  +  a,  +  ,   .   .  +  a„  =  n  (7). 

This  is  the  MuUinimtial  Theorem  for  a  pontive  integral  index. 

Tbe  Binomial  Theorem  is  merely  the  particular  case  where 
flt  =  2.     We  then  have,  since  a,  +  a,  =  n^  and  therefore  n,  =  n  —  a,, 

=  3"("-l)-.-(»-''.  +  l)„ai  ^«-«,^ 

which  agrees  with  (1). 

Cor.  To  find  the  co^dent  of  ^  in  the  ex^msion  of 

(6,  +  6^+  .  .  .  -t-bt^-^f  (8) 

we  have  simply  to  pick  out  all  the  terms  which  contain  jf.  The 
general  term  is 

— 6,"'  i,°» . . .  t_,'^r^+*"»+'  ■  ■+(™-i)<u 

o,!o,l  .  .  .  ti„! 
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Hence  ws  have  to  take  all  the  terms  wluch  are  each  ttuU; 

a,  +  2a,  +  ,  .  .  +  (m  -  l)a^  =  r  (9). 

The  coefScient  of  of  in  the  expansion  of  (8)  is  therefore 


a,!a,!   .   .   .    <l„\  '      ' 


.    ■    K' 


(lox 


where  a,,  n,,  .  .  .,  «„  have  all  positive  integral  values  subject 
to  the  restrictions  (7)  and  (9). 

Eiainpls  1.  The  coeffideot  of  o'f  in  ths  eipanMOn  otla+b+e+df  u 


61 


=  10. 


312<0!OI 

Example  2.  To  find  die  coefficient  of  z>  in  (l  +  23:+x*]*. 
Here  we  must  have  ai +03+03=4, 

Hence  o,  =  a,-l,     aa  =  S-2a,. 

Since  O]  and  oi  most  both  be  positive,  the  only  two  admissible  values  of  at 

are  1  and  2.    We  have  therefore  the  foUowing  table  of  values  1 — 


ai  »        I       Of 

0  3  1 

1  1  2 


The  required  coefficient  is  therefore 

The  correctness  of  the  resnlt  may  be  easily  verified  in  the  present  case  for 
{i+2z+a!')'=(l  +!i:A  the  coefficient  of  rf  in  which  is  a<%=66. 

Example  S.  To  find  the  greatest  coefficient,  or  coeffideuts,  in  the  eipanaion 
of{in  +  Oi  +  ,  .  .  +am'r. 

Tbis  amounts  to  determining x,  y,  z,  .  .  .  so  that  nl/z!^!:!  .  .  .  shall 
m,  \Fhere  ie  +  if  +  x+  .  .  .  =n.     This,  again,  amounts  to  deter- 


muung  X,  y,  z,  . 


10  that 


mom,  subject  to  the  condition 


(1) 


(2). 


Let  OB  first  consider  the  case  where  there  are  onlj  two  variables,  z  and  y. 
We  obtain  all  possible  values  of  zl^l  by  giving  y  successively  the  valnea 
0,  1,  2,  .  .  ,,  n,  z  taking  in  consequence  the  values  n,  n-l,  n-  S,  .  ,  .,  0. 
The  consecntive  value  tozly!  is  (x-I)!(^  +  l]l,  and  the  ratio  of  the  latter 
to  the  former  is  (y  +  iyx;  that  is  (since  x  +  y=n),  (n  +  l-x)lr,   that   is. 
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(n+l)lx-l.  This  ratio  ia  lasa  than  nnity  bo  long  as  {«  +  l)/a!<2,  that  U,  bo 
laiigux>(n  +  I)/2.  UntU  z  falla  b«low  tliia  toIus  the  terma  in  tlie  seriea 
■boTe  mentioQed  vill  decrease ;  and  after  x  Ciila  belon  this  limit  th«f  will 
begin  to  increaae. 

Ifnbaodd,  =al!+l  wy.then  (n  +  I}/2  =  J;+l,  Hence,  if  W6in»kBiE=t+l, 
the  ratio  {»+l)/a:- 1  =  1,  and  two  consecutive  values  of  a:lpl,  m.(i  +  l)!tl 
and:tl(^  +  l)l>  are  equal  and  leaa  than  anj  of  the  othera. 

If  nbe  even,  =ik  say,  thon  (fl.+l)/2=*  +  i.  Hence,  if  weinakea>=jfc,  we 
obtain  a  single  term  of  the  series,  viz.  hik'.,  which  is  less  tban  any  of  the 

*  Betoming  now  to  the  general  case,  we  see  that,  if  u  be  a  minimum  for  all 
Taloea  of  a^  y,  t,  ...  subject  to  the  restriction  (2),  it  will  also  be  a  minimum 
toi  Taloee  such  that  z  and  y  alone  are  variable,  x,  .  .  .  being  all  constant. 
In  otber  words,  the  valaea  of  x  and  y  for  which  x  !v  1: 1  .  .  .  is  a  minimum 
most  be  soch  ai  render  xlyl  a  minimum.  Hence,  b;  what  has  just  been 
proved,  z  and  y  most  either  be  equal  or  diCTer  only  hj  unit;.  The  like  follows 
for  every  pair  of  the  variables  x,y,x,  ...  Let  us  therefore  suppase  that  p  of 
theae  are  each  equal  to  f ;  then  the  remaining  la-p  must  each  be  equal  to 
f  + 1.  Fnrther,  let  $  be  the  quotient  and  r  the  remainder  when  n  is  divided 
by  m;  so  that  n  =  i7ig  +  r.    We  thus  have 

Hence  mf +  (m-ji)  =  m?  +  r ; 

so  that  {  +  (m-j>)/'n  =  J+''/'n- 

Vow  (tn-ji)/m  and  r/nt  are  proper  fractions ;  hence  we  must  have 

It  follows,  therefore,  that  f  of  the  variables  are  each  equal  toj  +  l,  andthe 
teat  are  each  equal  to  q.    The  maximum  coefficient  is  tberefore 

«!/(?!)""{(,+ 1)1)'; 
thatis,  «I/(j!)~(?  +  l)'  Cn 

This  coefficient  is,  of  course,  common  to  all  terms  of  the  type  ai'a-f  .  .  . 
«_  /n,  „htH  .  ,  .  a„r+i. 

As  a  special  case,  consider  (ai  +  oj  +  it])*.  Here  4  =  Sxl-t-l  ;  j=l,  r=l. 
Hence  the  terms  that  have  the  greatest  coefficient  are  those  of  the  type  aiota^, 
and  the  ooefficient  in  question  U  4 1/(1 !  }*2i  =  12.  This  is  right ;  for  we  find 
by  distributing  that 

(fli  +  m  +  a»)*= 2oi*+ 42((i'oi  +  62aiW+ I22oi'a*i». 
Example  4.  Show  that 

»l+x     «(n-l)    1-V2g      n(n-l)(^t-2)    l  +  to    . 
1  I  +  nas       1,2     (T+B^ 


1.2.S 

"    .'     .i."<"~^)      ^         «(n-l)(n~2)      te 
""il+nas'*"    1.2    (l+nz)""      1.2.8       (l+na)*     ■"" 
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ix}"^         1.2         (l  +  ra)*" 

ll+naj       l+nztl  +  nz/      ■ 

=  0. 
g  13]  The  Binomial  Theorem  can  be  used  in  its  turn  to 
establish  identities  in  the  theory  of  combinations;  as  the  tvo 
following  examples  will  show : — 
Example  1.  We  have 

On  ihe  right-hand  side  of  this  identity  the  coefficient  of  every  power  otx 
tnnst  Taniab.    Hence,  i  being  any  positive  integer  leas  than  r,  we  have 

Example  2.  To  find  the  sum  of  the  squares  of  the  binomial  coeffioieota. 
We  have  (l+x)»-=(l+i)"x(a!+l)" 

={l+,0,»;+.(V+...+.Cw>?') 

x{fl!-+,Cz»-'+,C,i--»-(- .  .  .  +,C). 
If  we  imagine  the  product  on  the  right  to  be  distributed,  we  see  that  the 
coefficient  of  x*  i*  1*-*-hCi'  +  ,Ci'+  .  ,  .  +■0,';  the  coefficient  of  le"  on  the 
left  i*  toC.,    Hence 

l'+.Ci'+,C,'+  .  .  .  +,C.'=».C.=2n!/»!»l. 

2nl  =  2i!(2n-l)(2n-2)  .  .  .  1 . 8. 2 .  l  =  2".l .  2  .  ,  .  nxl.3  .  .  .  (2n-l), 
we  have      l'  +  ,Ci'  +  ,C+ .  .  .  +.C„'=2-.1.8  .  .  .  (2n-l)/)i1. 

A  great  variet;  of  resatte  can  be  obtained  b;  the  above  process  of  equating 
coefficients  in  identities  derived  from  the  binomial  theorem ;  some  specimeits 


EXKRCIfiBS  II. 

(1.)  Find  the  third  term  in  the  eipanaion  of  (2-t-3x)**. 

(2.)  Find  the  coefficient  of  a;' in  the  expansion  of  (1 +»  +  *•)(! -a)"*. 

(3.)  Find  the  term  which  is  independent  of  z  in  the  eipansioD  of 

(*+1/k}«". 
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(4. }  Find  the  coeffident  of  it^  in  the  eipanuon  of  {x  -  l/xf. 

(6.)  Find  the  ratio  of  the  coeffidents  of  a?"  in  (l+xf*  sod  {!+«)*■. 

(S.)  Fiiid  tha  middls  term  in  the  ezpanrion  of  (2 +  ][«}". 

(7.)  The  product  of  the  coefficients  in  (I  +  ^)»^';  the  product  of  the  co- 
efficients in  (l+a)"=(n+l)-:nl . 

(8.)  The  coefficient  of  If  in  {(r-2>i?  +  nx-r}(i  +  l)"  is  «.CV-». 

(9.)  If  I  denote  the  integml  part  and  F  the  proper  Pactional  part  of 
(3  +  V5)"i  and  if  p  denote  the  rational  part  and  r  the  irrational  part  of  the 
•una,  ihow  that 

I  =  2{3"  +  ,C3"-».6  +  ,C,3"-*.6*+.  .  .[-1, 
F=l-(3-VB)". 

p=i(i+i). 

»=i(I  +  2F-l). 

(10.)  If  («v'2  +  l)*^'=I  +  ?>  where  Fia  a  poHitive  proper  fraction  and  I 
ii  integral,  abov  that  F(I+F)=1. 

(11.)  Find  the  integral  parts  of  (2^/8  +  8)*-,  and  of  (2V8  +  3)»-+', 

(12.)  Show  that  tlie  greatest  term  in  the  expansion  of  (a+z)*  ia  the 
(r  +  l)th.  where  r  is  the  integral  part  of  (n  +  l)/(o/3;  +  I). 

Exemplify  with  (S-f-S)""  and  with  (2  +  t)». 

(13.)  Find  the  condition  that  the  greatsat  term  in  (a  +  z)"  shall  have  the 
greataat  coefficient     Find  the  limits  for  x  in  order  that  thia  maj  be  so  in 

(14.)  If  tliepth  term  be  the  greatest  in  (a  +  x)",  and  the  gth  the  greatest 
in  (o+x)",  then  either  the  {p  +  q}tli  or  the  {p  +  q-iytii  u  the  greatest  In 
(«+«)-+-. 

(IG. )  Snm  the  series 


H-2„Ci  +  3,Ci  +  4,Ci+.  .  . 
(17.)  Itpr  denote  the  coefficient  of  :if  in  (1  +x)',  prove  the  following  tsla- 

1*.  Pi-2;li  +  3p,-.  .  . +n(-l)'-^pn=0. 

( -  1  wi  - 

2°.  iPi-iPt       +.  ■  ■  +  ■^1'   ^=^?1* 

3.  l  +  g  +  g      +■  ■  ■+n+i  n+1    . 

(IS.)  If  jv  have  the  same  meaning  as  in  last  question,  show  that 

yi-ipi+ip.-  •  •+'-^^P-=^+^+i+-  ■  -+1 

(19.)  Show  that 

,Cxl+,-l(VlK,A+r-»C,.lx/!,  +  .    .    .+,.^iClXA-l  +  l)',C.=  rC.2'. 

(20.)  Show  that 

(1-,C,+,C4-.  .  .)»+UCi-»Q+.  .  .)'=l+«Oi  +  ,C  +  .  .  .      , 
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(21.)  Sbow  that 

]x,C+,Cx„C  +  .  .  ,+«C,-ix-C.=(2n)I/(n  +  2)l(«-2)I. 

odd,  and  =(-l)-'*{n+2){«  +  4)  ■  •  ■  2m/2.*  .  .  .  nifnbeeven. 
{23.)  Show  thftt 

+  .  .  .=2(2«  +  l)!An  +  2)1(n-l)!. 
(2*.)  If  u,  fltaod  for  ar-H/if,  show  that 
iVti  +  ^,Ci«,^i  +  H.iCaUr-«  +  .  .   .=tti(«,  +  rCit(,-i  +  rCitt,^  +  .   .  .  ). 

(2B.)  If  o^  denote  the  coefficient  of  x'  in  (1  +i)«"-l(l  -  z)*".  show  th»t 
ao-„Ciai  +  »Co]-.  .  .  =OfocallT«lueBofpBiGeptp=n,  in  which  case  the 
right-hand  side  of  the  equation  ia  i". 

(2S.]  Show  that 

I    -c.  ^  -c        ■  |(-i)".c- «' 

S"iTT"^iT2"-  ■  -"^     i>:  +  »i     "*(a  +  l)  .  .  .  («  +  n) 

(27.)  Findthecoefficiant  ofaf  in(l+K-l-3?  +  .  .  .  )*. 

(28.)  Find  the  coefficient  of  »"  in  (l+a'+i^+a?)', 

(29.)  Findthecoe£adentof3!"in(l  +  iB+2i^  +  83:'  +  .  •  . )'. 

(30.)  If  do.  Hi,  .  .  .>  o*.  he  the  coefficients  of  the  powen  of  x  in 
(l  +  2«  +  2a^)",  show  that  <ioaj,-«ia».-i+-  ■  - +a*iOo  =  0  if  n  be  odd, 
=2"n!/{(in)!}'  if  «  he  even. 

(31.)  If  o,  he  the  coefficient  ot  nf  ia  {l+x  +  3?  +  .  .  .+xr)',  show  that 
ar-„Ciii^i  +  »Cja,-i--  ■  ,=0,UDlea»nbeamultipleof  p  +  1.  What  does 
the  equation  become  in  the  latter  caaa  I 

(82.)  Find  the  coefficient  of  x"  in  {l+2i;-)-33!»-i-i[^)". 

(33.)  Write  ontU»eexpanBionof{a  +  6-l-i:-frf)'. 

(84.)  Showthat  »      ,    ,   ,       „. 

where  r,  ),  .  .  .,  *  have  all  valueB  between  0  and  y,  both  inclnsive,  autgect 
to  thet«atrictionr  +  «  +  .  .  .+>:=p. 

(35.)  If  ,H,  have  the  meaning  of  §10. above,  prove  that 

1'.  »t^,=»H,+„H,-ix.Hi+„H^,x,H,+.  .  .+„Hix.Hr_i. 
2°.  l-,C,x^i  +  .C,x,JI,-„C,x.H,+.  .  .■f(-l)",C.^,=0. 
.  (88.)  Ifier=iK»!  +  l)  .  ■  .  (x  +  r-l),  showthat 

(ii:  +  y),  =  K,+rCi;<^iI'i  +  rCi!iV-»ys  +  .  .  .+Vr-  ■■■ 
(37.)  Find  the  largest  coefficient  in  the  expansion  of  (o+6+e-K(+«)*. 
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SZAMFLE8  OF  THE  APPLICATION   OF  THE  LAW  OF 

DISTRIBUTION, 

§  14.]  If  we  have  r  sets,  amsisting  of  n„  n„  .  .  .,  n,  different 

letters  rapectiedy,  the  whole  nitmber  of  different  ways  of  making  cem- 

biwUioTU  by  taking  I,  2,  3,  ...  up  to  r  of  the  Itlltrs  at  a  time,  hut 

nener  more  than  otu  from  each  set,  is 

{"i +  !)(»,+ I)  ...(«,+  !) -1. 
Consider  the  product 

(1  +  a,  +  6i  +  .  .  . «!  letters) 
x{l+a,  +  b,+  .  .  .  n,  letters) 


X  (1 -i-(i,+  (,+  .  .  .nrlettere). 
Id  the  dbtributed  product  there  will  occur  every  possible  com- 
bination of  the  letters  taken  1,  3,  3,  .  .  .,  r  at  a  time,  with  the 
term  1  in  addition.  If  we  replace  each  letter  by  unity,  each 
term  in  the  distribnted  product  will  become  unity,  and  the  sum 
of  these  terms  will  exceed  the  whole  number  of  combinations  by 
unity.     Hence  the  number  required  ia 

(l+n,)(l+»t.)  .  .  .  (l+nr)-l 

=  Sn,  +  2n,n,  + .  .  .  +  «,«,  .  .  .  n,. 
This  result  might  have  been  obtained  l^  repeated  use  of  g  7. 
§  Id.]  If  we  haee  r  Bets  of  eoaniers,  marked  with  the  fdlomng 


the  number  of  counters  not  being  necessarily  the  same  for  each  set,  and 
the  inserihed  numbers  not  necessarily  all  different,  then  the  number  of 
different  ways  in  which  r  e/mnters  can  be  drawn,  one  from  each  set,  so 
that  the  turn  of  the  inscribed  numbers  thail  ben,istht  coeffiaent  of  if* 
M  the  diatr&uHon  of  the  product 
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(j«i  +  a^  +  .   ,   .  +  a^) 

X  (i^  +  aft  4  .  .  .  +  a;*') 

X  (z^  +  aft  +  .  .  .  +  z*'). 
This  theorem  is  an  obvious  result  of  the  principles  laid  down 
in  chap.  iv. 

Cor.  1.  If  in  Ike  first  set  there  be  a,  counters  marked  with  the 
number  a,,  fi,  marked  with  /3,,  d^.,  in  the  second  a,  marked  v»ih  a,, 
i,  marked  wiih  /J^  t&c,  the  nutter  of  ways  in  whieh  r  coanlert  eon 
be  drawn  so  that  the  sum  of  the  numbers  on  them  is  n,  is  the  co^dent 
of  3f*  in  the  distriimtion  of 

{a,3f^'-  +  h,3P'+  .  .  .  +A,z*') 
X  (o,3f»  +.  J,aft  +  .  ■ .  .  +  k,xf*)  - 


x(a^  +  6^+  ,  .  .  +k^'). 
Cor.  2.  In  a  box  there  are  a  amrUers  market  a,  b  marked  P,  dc 
A  counter  is  drawn  r  times,  and  each  time  replaced.     The  number  of 
wags  in  which  the  sum  of  the  drawings  can  amowtt  to  n  is  the  eo- 
^ident  of  a?'  in  the  distribution  <^ 

{aaf^  +  biP  +  .  .  .y. 

DISTRIBUTIOMS  AND  DBRANQEUBNTS. 

§  16.]  The  variety  of  problems  that  arise  in  connection  with 
the  subject  of  the  present  chapter  is  endless,  and  it  would  be 
difficult  within  the  limits  of  a  text-book  to  indicate  all  the 
methods  that  have  been  used  in  solving  such  of  these  problems 
BB  mathematicians  have  already  discussed.  The  following  have 
been  selected  as  types  of  problems  which  are  not,  very  readily 
at  least,  reducible  to  the  elementary  cases  above  discussed.* 

§  1 7.]  To  find  the  number  of  ways  in  which  n  different  Idlers  can 
be  distribuled  among  r  pigeon-holes,  attention  being  paid  to  the  order 
of  the  pigeon-holes,  but  not  to  the  order  of  the  Utters  in  any  one 
pigeon-hole,  and  no  hole  to  contain  less  than  one  letter. 

Let  Dr  denote  the  number  in  question. 

*  For  farther  mfDrmfttioii  tee  Whitworth's  CA«fos  and  Ckmia. 
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If  we  leave  s  specified  holes  vacant  &ad  diBtribute  the  letters 
among  the  remaining  r-s  holes  under  the  conditions  of  the 
queetion,  we  should  thua  get  D,.,  distributions.  Hence,  if  ,0, 
have  its  usual  meaning,  the  number  of  distributions  when  s  of 
the  holes  are  blank  is  ,C,  Dr-r 

Again,  the  whole  number  of  distribations  when  none,  one, 
two,  &C.,  of  the  holes  may  be  blank  is  evidently  r",  for  we  can 
distribute  the  n  letters  separately  among  the  r  holes  in  r"  ways. 

Hence 

D,  +  ,C.D,_,  +  ,C,Dr-.+  .  .  -  +A-.I>.  =  r"     (A). 
The  equation  (A)  contains  the  solution  of  our  problem,  for,  by 
putting  r=2,T=Z,  &c.,  successively,  we  could  calculate  D,  D^ 
&a,  and  Di  is  known,  being  simply  1. 

We  can,  however,  deduce  an  expression  for  D^  in  terms  of  n 
and  r,  as  follows.     Writing  r  -  1  in  place  of  r  we  have 

D,._.  +  ,..AI>r-.+  ■  .  .  +r-,C,.,D,  =  {r-l)''      (B). 

From  (A)  and  (B),  by  subtraction,  remembering  (§  8,  Cor.  3) 
that 

we  derive 

D,  +  ,.,0,D,.,  +  ,.,C,D,.,+  .  .  .  +,.,C,.,D, 

.r--(r-l)»  (1). 

From  (1),  putting  r  -  1  in  place  of  r,  we  derive 

D,-,  +  ,.,C, D,.,  +  .  .  .  +,.,C,-,D. 

=  (,_l)._(r_2).  (!■). 

From  (1)  and  (!'),  by  subtraction,  we  derive 

D,.  +  r..C,I>r-i  +  r-.C,Dr-.+  ■  ■    ■  +r-A-.D. 

=  ^_2(r-l)«  +  (r-2)»  (2). 

Treating  now  (2)  exactly  aa  we  treated  (1)  we  derive 
D,  +  ,..C.D^..+,.,C.D,-,+  .  .  .  +,-.C,..D, 

=  T«  -  3{r  -  1)»  +  3(r  -  2)-  ~{r~  3)»  (3). 

The  law  of  formation  of  the  right-hand  side  is  obvious,  the 
coefficients  being  formed  by  the  addition  rule  peculiar  to  the 
binomial  coefficients  (see  chap,  iv.,  g  14).-  We  shall  therefore 
finally  obtain 


D,a,l,zc.bvG00gIe 


DEEANGBUENTS 


Cor.  If  the  order  of  the  pigam-hMes  be  mdifferetd,  ike  laimhtr 
ofdislribtUumsisT>rlT].  In  other  words,  the  nuwber  of  partitions  of 
n  diffa-eai  letters  into  r  lots,  no  vacant  lots  being  alhaed,  is  Dr/r  I . 

We  shall  diacuss  the  closely -allied  problem  to  find  th« 
number  of  r-paitibioiis  of  n — that  is,  to  find  the  number  of 
ways  in  which  n  letters,  all  alike,  may  be  distributed  among 
r  pigeon-holes,  the  order  of  the  holes  being  indifferent,  and  no 
hole  to  be  empty — when  we  take  up  the  Theory  of  the  PartitJon 
of  Numbers. 

§  18.]  Given,  a  series  of  n  letters,  to  find  in  how  many  uags  the 
order  may  be  deranged  so  that  no  one  out  of  r  assigned  letters  shall 
occupy  its  original  potHion. 

Let  „ir  denote  the  number  in  question. 
The  number  of  different  derangements  in  which  the  r  assigned 
letters  do  all  occupy  their  original  places  is  (n-r)I.  Hence  the 
number  of  derangements  in  which  the  r  assigned  letters  do  wA 
all  occupy  their  ori^nal  places  is  fs!~(»i-r)!.  Now,  this  last 
number  is  made  up  of — 

Ist.  The  number  of  derangements  in  which  no  one  of  the  r 
letters  occupies  its  original  place  ;  that  is,  hA,. 

2nd.  The  number  of  derangements  in  which  any  one  of  the  r 
letters  occupies  its  original  place,  and  no  one  of  the  remaining 
r-l  does  so;  that  is,  ,Ci  „_iAr_,, 

3rd.  The  number  of  derangements  in  which  any  two  of  the  r 
letters  occupy  their  original  places,  and  no  one  of  the  remaining 
r  -  2  does  so ;  that  is,  rC,  „_ A'-i-     -^d  so  on. 

Hence 
K!-(»-r)t  =  ,A,  +  ,Cif,-A-i+TC,«-A-.  +  -  •  • 

+  ,C,.-.n-r+A  (A). 

If  we  write  in  this  equation  «  -  1  for  n,  and  r  -  1  for  r,  and 
subtract  the  new  equation  thus  derived  from  (A),  we  deduce 

„!_(n-I)!  =  ^  +  ,..iC,„-A-.  +  r-iC.«-A-.  +  -  ■  - 

+  ,.A-,«-r+A  (!)■ 
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We  can  now  treat  this  equation  exactly  aa  we  treated  equa- 
tion (1)  of  §  16.     We  tfaue  deduce 

„A,  =  «!-r(n-l)!  +  r^\„,2)--...(-r{«-r)l       (2). 

If  we  remember  that  (n  -  r) !,  above,  atanda  for  the  number 
of  derangements  ia  which  the  r  letters  all  occupy  their  original 
poBitionB,  we  see  that,  when  r  =  n,  (n  -  r)  I  must  be  replaced  by  1 . 
Hence 

Cor.  The  number  of  derangements  of  a  series  of  n  liters  in 
rohich  no  one  of  the  ori^iuU  n  occupies  its  oriffinai  position  is 

The  expression  (3)  may  be  written 

«(.  .  .(4(3(2(1-1)  +  1)-1)+I).  .  .-(-l).)  +  (-l).. 

Hence  it  may  be  formed  as  follows : — Set  down  I,  subtract  1 ; 
multiply  by  2  and  add  1  ;  multiply  by  3  and  subtract  1 ;  and 
so  on.  The  function  thus  formed  is  of  considerable  importance 
in  the  present  branch  of  mathematics,  and  has  been  called  by 
Whitworth  eabfadorial  n.  He  denotes  it  by  ||n.  A  more  con- 
venient notation  would  be  n  [. 

SUBSTITUTIONa. 

§  19.]  Hitherto  we  have  merely  counted  the  permutations  of 
a  group  of  letters.  If  we  direct  our  attention  to  the  actual  per- 
mutations, and  in  particular  to  the  process  by  which  these  per- 
mutations are  derived  from  each  other,  we  are  led  to  an  order  of 
ideas  which  forms  the  foundation  of  that  important  branch  of 
modem  algebra  which  is  called  the  Theory  of  Substitutions. 

Consider  any  two  permutations,  becda,  bcade,  of  the  five  letters 
a,  b,  c,  d,  e.  The  latter  is  derived  from  the  former  by  replacing 
a  hj  e,  h  \)j  h,  c  \iy  a,  d  \>j  d,  e  hj  e.     This  process  may  be 

represented  by  the  operator  (^  j.)  j  and  we  may  write 

(ehadc\. 


\abcdej 
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or,  omitting  the  letters  that  are  unaltered,  and  thus  reducing  the 
operator  to  ite  simphst  form, 

(       ]becda  =  lKade. 
\(KeJ 

The  operator  I      j,  and  the  operation  which  it  effects,  are  called 

a  Stthsti^^on ;  and  the  operator  is  ofton  denoted  by  a  single 
capital  letter,  S,  T,  &c. 

Since  the  number  of  different  permutations  of  a  group  of  n 
letters  ia  n!,  it  is  obvious  that  th^  number  of  different  substitu- 
tions is  also  n!,  if  we  include  among  them  the  identical  suisU- 

tuium  (^u.j,  *       )t  (denoted  by  S'  or  by  1),  in  which  no  letter 
is  altered. 

We  may  effect  two  Bubstitutiona  in  succession  upon  the  same 
permutation,  and  represent  the  result  by  writing  the  two  symbols 
representing  the  substitutions  before  the  permutation  in  order 
from  right  to  left.     Thus,  if  S=  ^^),  T=  T^), 

STaebcd^ecaM. 
We  may  also  effect  the  same  substitution  twice  or  three  times 
over,  and  denote  SS  by  S',  SSS  by  S',  &c     Thua,  S  being  as 
before, 

S*aebed  =  Sceaid  =  hecad. 

It  should  be  observed  that  the  multiplication  of  substitution 
symbols  is  not  in  general  commutative.  For  example,  S  and  T 
being  as  above,  STadxd  =  eeaM,  but  T&a^bcd  =  ca^>d.  If,  when 
reduced  to  their  simplest  form,  the  symbols  S  and  T  have  no 
letter  in  common,  they  are  obviously  commntative.  This  condi- 
tion, although  sufGcient,  is  not  necessary ;  for  we  have 
/■dcab\  (badc\  ,  ,  J,  (badc\  fdcah\  ,  , 
[abed)  [abcd)"'^'  =  '^=  {aicdj  Wj"^^ 

$  20.]  Since  the  number  of  permutations  of  n  letters  is 
limited,  it  is  obvious  that  if  we  repeat  the  same  substitution,  S, 
sufficiently  often  we  shall  ultimately  reproduce  the  permutation 
that  we  started  with.  The  smatlest  number,  /i,  of  repetitions 
for  which  this  happens  is  called  the  order  of  the  substUution  S. 
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Hence  we  haye  S**  =  1,  and  SW=  1,  where  p  is  any  positive 
int^er. 

We  may  define  a  negative  index  in  the  theory  of  subetitu- 
tioDB  by  means  of  the  equation  S"'  =  S'''^,  /x  being  the  order  of 
S,  and  p  Buch  that  pii>q.  From  this  definition  we  see  that 
S<S-<  =  SBSP**-*  =  SP**  =  1.  In  other  words,  &  and  S"^  are  inverse 
to  ea^h  other ;  in  particokr,  if 

«-(S).''»«--(£)-(S)- 

A  set  of  substitutions  which  are  such  that  the  product  of 
any  number  of  them  is  always  one  of  the  set  is  caUed  a  ^oi^ ; 
and  the  number  of  distinct  substitutions  in  the  group  is  called 
the  order  of  the  group.  The  number  of  letters  operated  on  is 
called  the  degree  of  the  ffroup. 

It  is  obvious  from  what  has  been  shown  that  all  the  powers 
of  a  single  substitution,  S,  form  a  group  whose  order  is  the 
order  of  S. 

§21.]  A  substitution  such  as  {^J,f)i  where   each  letter 

is  replaced  by  the  one  that  follows  it,  and  the  last  by  the  first,  is 
called  a,  Cyclic  SubstUtUUm,  and  is  usually  denoted  by  the  symbol 
{ai>cdef).' 

The  cyclic  substitution  (a),  couBisting  of  one  letter,  is  an 
identical  substitution ;  it  may  be  held  to  mean  that  a  passes  into 
itself. 

The  cyclic  substitution  of  two  letters  (ab),  or  what  is  the 
same  thing  (ba),  is  spoken  of  as  a  TransposUion. 

The  effect  of  a  cyclic  substitution  may  be  represented  by 
writing  the  n  letters  at  equal  intervals  round  the  circumference 
of  a  circle,  and  shifting  each  through  1/nth  of  the  circumference. 
Thus,  or  otherwise,  it  is  obvious  that  the  order  of  a  cyclic  sub- 
stitution is  equal  to  the  number  of  the  letters  which  it  involves. 

g  22.]  Every  nb^iiutum  either  ia  eydic  or  is  tlu  product  of  a 
number  of  indqmident  cyclic  tubitiliiiifmi  {cycles). 

Condder,  for  example,  the  substAtution 

*  Or,  of  courw,  by  {bedtfa),  (edtfab),  kc. 
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s= 


fhfdcgaeh\ 
\dbcdefgh) ' 


This  replaces  a  hj  b,bhy  f,f  hy  a;  these  together  constitute 
the  cyclic  substitution  (abf).  Next,  c  ie  replEtced  by  d,  and  d  by 
c ;  this  is  equivalent  to  the  cycle  (ed).  Again,  e  is  replaced  by 
if,  and  ^  by  « ;  this  gives  the  cycle  (eg).  Finally,  h  is  unaltered. 
Hence  we  have  the  following  decompoaition  of  the  substitution 
S  into  cycles — 

S.(»Sfl<rf)(«l,)(i). 

The  decompositJon  is  obviously  unique ;  and  the  reasoning 
by  which  we  have  arrived  at  it  is  perfectly  general  It  should 
be  noticed  that,  since  the  cycles  are  independent,  that  is,  have 
no  letters  in  common,  they  are  commutative,  and  it  is  indifferent 
in  what  order  we  write  them. 

g  23.]  Evof/  cydie  suhsliiiUion  of  n  letters  can  be  decomposed  into 
the prodtid  of  n-1  transpositums. 

For  example,  we  have  {abed)  =  {t^){bc){cd) ;  and  the  process 
is  general. 

Cor.  Every  substUuiuHi  can  be  dtcomposed  into  n-r  transposi- 
Uoae,  where  n  is  the  matter  of  letters  lehieh  it  displaces,  and  r  the 
number  of  its  pn^er  cycles. 


This  decomposition  into  transpositions  is  not  unique,  as  will 
be  seen  presently,  but  the  above  gives  the  minimum  number. 

g  24.]  The  following  properties  of  a  product  of  two  trans- 
positions are  of  fundamental  importanca 

I.  The  product  of  two  franymitiona  which  have  two  letters  in 
common  is  an  ideiUicai  substilidion. 

This  is  obvious  from  the  meaning  of  (o^). 

n.  In  the  product  of  lieo  transposUums,  TT',  which  have  a  letter 
in  common,  Y  may  be  placed  first,  provided  we  replace  the  common 
letter  in  Thy  the  other  Utter  in  T. 
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therefore  (oi}(M  =  {bc){ac). 

Cor.  1.  {«/X»/) -(«)(«/)■ 

Cor.  2.  (ae){a/)  =  {af){ef). 

m.  If  lvn>  trampotitioni,  T  artd  T',  Aam  no  Utter  in  common,  Ikey 


This  is  a  mere  particular  case  of  a  lemark  already  made 
regarding  two  independent  substitutions. 

g  26.]  The  deamposUum  of  a  given  suislitulion  into  iransposir 
tiea$  u  not  wtique. 

For  we  can  always  introduce  a  pair  of  factors  (ab){ab),  and 
then  commutate  one  or  both  of  them  with  the  others,  in  accord- 
ance with  the  rules  of  g  24. 

In  this  way  we  always  increase  the  number  of  transpositions 
by  aa  even  number.  In  fact,  we  can  prove  the  following  im- 
portant theorem — 

The  number  of  the  Iransporitions  which  represaU  a  given  substUn- 
turn  is  dwaps  odd  or  always  even. 

We  nuiy  prove  this  by  reducing  the  product  of  transpositions 
to  a  standard  form  as  follows — 

Select  any  one  of  the  letters  involved,  say  a  \  take  the  last 
transposition,  T,  on  the  right  that  involves  a,  and  proceed  to 
commutate  this  transposition  successively  with  those  to  the  left 
of  it;  So  long  as  we  come  across  transpositions  that  have  no 
letter  in  common  with  T,  neither  T  nor  the  others  are  affected. 
If  we  come  to  one  that  has  a  letter  in  common  with  T  which  is 
not  a,  we  see  (§  24,  H,  Cor.  1)  that  the  a  in  T  remains,  the  other 
letter  being  altered,  and  the  transpoaition  passed  over  remains 
unaltered.  If  we  come  to  a  transposition  that  has  a,  and  a  only, 
in  common  with  T,  by  §  24,  IL,  Cor.  2,  T  passes  to  the  left  un- 
altered, and  the  transpoaition  passed  over  loses  its  a.  Lastly,  if 
we  come  to  a  transpoeition  that  has  both  a  and  its  other  letter 
in  common  with  T,  then  both  it  and  T  may  be  removed.  If 
this  last  happen,  we  must  now  take  that  remaining  transposition 
containing  a  which  is  farthest  to  the  right,  and  proceed  as 
before. 
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The  result  of  this  process,  so  &r  as  a  is  concerned,  will  be, 
either  that  all  the  transpositions  cont&ining  a  will  have  dis- 
appeared, or  that  some  even  niunber  (including  0)  will  have  done 
so,  and  one  only,  say  (ah),  will  remain  on  the  extreme  left. 

Consider  now  h.  If  among  the  remaining  factors  b  does  not 
occur,  then  we  have  ohtained  a  cycle  (a5)  of  the  substitution ; 
and  we  now  proceed  to  consider  some  other  letter. 

If,  however,  h  does  occur  again,  we  take  the  factor  fejthest 
to  the  right  in  which  it  occurs,  and  conunntate  as  before ;  the 
result  being,  either  that  all  the  transpositions  (even  in  number) 
containing  b  disappear,  or  that  an  even  number  of  them  do,  and 
we  are  left  with,  say  (6c),  in  the  second  place.  We  now  deal 
with  c  in  like  manner ;  and  obtain  in  the  third  place,  say  (ci). 
This  goes  on  antil  all  the  letters  are  exhausted,  or  until  we 
come  to  a  letter,  say/,  that  disappears  from  the  factors  not  yet 
finally  arranged.  We  thus  arrive  at  a  product  (ab){bc)(ed)(de){ef) 
on  the  left. 

Now  («6)(6'^){«i)(^)(«/)B(2}) 

=  {abcdef). 
We  have,  in  fact,  arrived  at  one  of  the  independent  cycles  of 
the  substitution.  If  we  now  take  any  other  lettor  that  occurs  in 
one  of  the  remaining  substitutions  on  the  right,  we  shall  in  like 
manner  arrive  at  the  cycle  to  which  it  belongs,  after  losing  an 
even  number,  if  any,  of  the  transpositions ;  and  so  on,  until  all 
the  letters  are  exhausted,  and  all  the  cyclea  arrived  at.  Since 
the  whole  number  of  transpositions  lost  is  even,  the  truth  of  the 
theorem  is  now  obvious ;  and  our  proof  fumiahes  a  method  for 
reducing  to  the  minimum  number  of  transpositions. 

It  appears,  therefore,  that  we  may  divide  all  the  substitutions 
of  a  set  of  n  letters  into  two  classes — namely,  even  substUviiona, 
which  are  equivalent  to  an  even  number  of  transpositions,  and 
odd  subslihiiums,  which  are  equivalent  to  an  odd  number  of 
transpositions. 

Cor.  1.  If  n  be  the  number  of  tetters  altered  6y  a  subdi^tim,  r 
the  number  of  Us  cycles,  attd  2s  an  arbitrary  even  integer,  the  ntimber 
offadcrt  in  an  equivalent  product  of  trampositione  is  n-r  + 2s. 
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Cor.  2.  The  numher  of  the  even  is  equal  to  the  numier  of  the 
odd  subs^tiUioTu  of  a  set  of  n  leifers. 

For  any  one  trampoBition,  applied  in  successioD  to  all  the 
different  odd  substitutions,  vrill  giro  as  many  even  substitutions, 
all  differenL  Hence  there  are  at  least  as  many  even  as  there 
are  odd  substitutiona  In  like  manner  we  see  that  there  are  at 
least  as  many  odd  as  there  are  even.  Hence  the  number  of  the 
even  is  equal  to  the  number  of  the  odd  substitutions. 

Cor,  3.  A  a/clic  auhditutum  is  eeen  or  odd  according  as  the  num- 
ber of  the  tetta-s  which  it  involves  is  odd  or  even, 

For  example,  (abc)  =  (oi)  (6c)  is  even. 

Cor.  4.  The  product  of  any  number  of  suistUutions  is  even  or  odd 
according  as  the  number  of  odd  factors  is  even  or  odd.  In  parHeidar, 
any  power  vdiatever  of  an  even  substitution^  and  any  even  power  of  any 
substitution  whatever,  form  even  substitutions. 

Cor.  5.  All  the  even  substitutiims  of  a  set  of  n  letters  form  a 
group  ichose  order  is  nl/2. 

g  26.  If  we  select  arbitrarily  any  one,  say  P,  of  the  fl  I  per- 
mutations of  a  set  of  n  letters,  and  call  it  an  even  permutation, 
then  we  can  divide  all  the  n  !  permutations  into  two  classes — 
1st,  n!/2  even  permutations,  derived  by  applying  to  P  then!/2 
even  substitutions ;  2nd,  n !  /2  odd  permutations,  derived  by 
applying  to  P  all  the  n  !/2  odd  substitutions. 

The  student  who  is  familiar  with  the  theory  of  determinants 
vrill  observe  that  the  above  is  precisely  the  classification  of  the 
permutations  of  the  indices  (or  umbra)  which  is  adopted  in 
defining  the  signs  of  the  terms  in  a  determinant. 

It  is  farther  obvious,  from  the  definitions  given  in  chap, 
iv.,  §  20,  that  symmetric  functions  of  a  set  of  n  variables  are 
unaltered  in  value  by  any  subsMutioa  whatever  of  the  variaUes ;  or, 
as  the  phrase  is,  they  are  said  to  "admit  any  si^lilulion  whatever." 
Alternating  functions,  on  the  other  hand,  admit  only  even  substitutions 
of  their  variables,  the  result  of  any  odd  substitution  being  to  alter 
their  sign  without  otherwise  afiecting  their  valua 

g  27.]  The  limits  of  the  present  work  will  not  permit  us  to 
enter  brther  into  the  Theory  of  Substitutions,  or  to  discuss  its 
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applications  to  the  Theory  of  Equations.  The  reader  who  deaine 
to  pursue  this  subject  faxther  will  find  ioformation  in  the  follow- 
ing works:  Serret,  Cours  dMgibre  SupSrieure  {PariB,  1879); 
Jordan,  JVoiW  tUs  Svbitiiutiotu  (Paris,  1870);  Netto,  SvhsHttt- 
iionen^hwru  (Leipzig,  1882), 


III. 

(1.)  There  are  10  conntBH  in  a  box  maiked  1,  2,  .  .  .,  10  Kspectivel;. 
Three  drawings  are  mada,  tba  counter  drawn  being  replaced  each  time.  In 
howmany  wayscan  tbsBumof  the  nnmbers  drawn amonnt — lat,  to 9 exactly; 
2nd,  to  0  at  leant  t 

(2.)  Oat  of  the  integers  1,  2,  S,  .  .  .,  10  how  many  pain  cut  be  Belected 
■o  that  their  sum  shall  be  even  1 

(S. )  How  many  different  throwa  can  be  made  with  n  dice  T 

{4.}  In  how  many  waye  can  6  black,  G  white,  5  blue  balls  be  equally  dis- 
tribnted  among  thiee  bags,  the  order  of  the  bags  to  be  attended  to  T 

(5.)  A  selection  of  e  things  ii  to  be  made  -partly  from  a  gionp  of  a,  tha 
rest  from  a  grenp  of  b.  Prove  that  the  number  of  ways  in  which  such  a  set 
can  be  made  will  never  be  greater  than  when  the  number  of  things  taken 
ttom  the  group  of  a  is  next  less  than  (a+l)(c+]]/(a+ i+2}. 

(6.)  In  bow  many  ways  oui J]  +'s  and  n  -'s  be  placed  in  a  row  so  that  no 
two  -  's  coma  together  I 

(7.)  In  the  Morse  signalling  system  how  many  signak  can  be  made  with- 
out exceeding  G  movemanta  ! 

(8.)  In  bow  many  ways  can  3  pairs  of  snbscriben  be  sat  to  talk  in  a  tele- 
phone exchange  having  n  subscriberv  1 

(9.)  There  are  3  colours,  and  m  balls  of  each.  In  how  many  ways  can 
they  be  amuged  in  8  bags  each  containing  m,  the  order  of  the  bags  to  be 
attended  to  I 

(10. )  If  of  y  + 1  +  r  things  p  be  alike,  j  alike,  and  r  different,  the  totJ 
number  of  combination  b  will  be  {p  +  l){q  +  \)V-l. 

(11.)  In  how  many  ways  can  2n  things  be  divided  into  n  pairs  t 

(12.)  The  nnmber  of  combinations  of  Sit  things  (n  of  which  are  alike), 
taken  n  at  a  time,  is  the  coefficient  of  ^  in  (l  +  ie}^/(l  -x), 

(13.)  3^  boat  clnbs  have  a,  b,'c,  1,  I,  .  .  .,  1  boata  each.  In  bow  many 
ways  can  the  boats  be  arranged  sabject  to  the  restriction  that  the  1st  bo«t 
of  any  club  is  to  be  always  above  its  2Dd,  its  2nd  always  above  itaSrd,  ftcf 

(14.)  If  there  be  p  thinga  of  one  sort,  q  of  another,  r  of  another,  &c.,  tha 
number  of  combinatjona  of  the  p  +  q+r  +  ,  .  .  things,  taken  £  at  a  time,  ia 
the  coefficient  of  a:»  in  (l-W*')(l-iBH-")  .  .  . /(I -2){1 -z)  .  .  . 

(IG.)  In  how  many  ways  can  an  arrangement  of  n  thinga  in  a  row  be 
deranged  so  that — 1st,  each  thing  is  mored  one  place ;  2nd,  no  thing  mor« 
than  one  place  t 

(IS.)  Given  n  things  ananged  in  anccesdon,  tbe  nnmber  of  acts  of  3 
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wMch  can  be  formed  nnder  the  condition  that  no  set  Bhall  aoutain  two  thing! 
which  were  formerly  conligQaiu  ia  (n  ~  2)  (n  -  3)  (n  -  4),  the  order  inside  the 
aati  to  ba  atbrndad  to. 

(17.)  In  how  man;  ways  can  n  white  and  «  black  baUa  be  armnged  in  a 
row  so  that  there  aholl  be  2r- 1  contacts  between  white  and  black  helU ) 

(16-)  In  how  many  waya  can  an  uaminer  give  30  marke  to  8  qnestiOQi 
mthout  ^ving  less  than  2  to  any  one  ijaeetion  f 

*{1S.)  The  narober  of  ways  in  which  nlettencanbe  arranged  inrpigeoo' 
holee,  the  order  of  the  holes  and  of  the  letters  in  each  hole  to  be  attended  to 
and  empty  holeeadmitted,  is  r<r+l]  (r-)-2)  .  .  .  (r  +  n-1). 

(20.)  The  aams  as  lut,  no  empty  holw  beingadmittad,  n  ![ii- l)!/(n-r)1 
(r-l)l. 

(21.)  The  game  as  lEtst,  the  order  of  the  holes  not  being  attended  to, 
»!(»-l)l/(»-Olr!(r-l)!. 

(22.)  The  number  of  ways  in  which  n  letters,  all  alike,  can  be  distribated 
into  r  pigtton-ho]e4,  the  order  of  the  holea  to  be  stl«iided  to,  emp^  holes  to 
be  esolnded,  is  ._iC.^i. 

(23.)  Same  aa  Itat,  empty  holes  being  admitted,  „^r-iCr~i. 

(24.)  Same  as  last,  no  hole  to  contain  less  than  q  letters,  H-i-rlt-i|Ci~i. 

(25. }  The  number  of  ways  of  deranging  a  row  of  n  letters  so  that  no  letter 
may  be  followed  by  the  letter  which  originally  followed  it  ifini-f(n~])i . 

(26.)  The  number  of  waye  of  deranging  m  +  n  terms  so  that  m  ore  dis- 
placed and  n  not  displaced  isCm  +  n)  Imi/nt  !nl. 

(27.)  The  number  of  ways  in  which  t  different  thinge  con  b«  distribnted 
among  n+p  peraons  ao  that  certain  n  of  those  persoas  may  each  have  one  at 
lautU 

S,=(n+j')'-n(n+j.-l)'  +  ^i^»+y-2)'-.  .  . 
Hence  proTB  that 

8i=8.=  .  ..=8«-,=0,    3.=n!,    S^i=(|+p)(n+l)!. 

( WoUtaJuilTM.) 
(2B.)  Fifteen  school-girle  walk  out  arranged  in  threes.     How  many  times 
e*n  they  go  out  so  that  no  two  are  twice  together !    (See  Cayley's  Iforka,  vol. 

r.,  p.  «i.) 


a  IV. 

(1.)  The  mimber  of  sides  of  a  complete  n-point  is  }n{ti-l),  and  the 
Dumber  of  vertices  of  a  complete  n-side  is  the  same. 

(3. )  The  number  of  triangles  that  can  be  formed  with  2»  lines  of  lengths 
1,  2,  .  .  .,2»isn(«-l)(*»-6)/B. 

(3.)  There  are  n  points  in  a  plane,  uo  three  of  which  are  coUinear,  How 
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msiij  dowd  l^-ddtd  flgnms  eu>  be  fonnsd  by  joining  th«  pointi  by  otniglit 

liUMt 

(4.)  If  m  pointB  in  one  rtr&ight  Hue  be  joined  to  n  pointi  in  another  in 
•7017  poaiible  vftf,  show  that,  eiclnsire  of  the  m  +  n  given  pointa,  then  *n 
tnn(ni-l)(n-I)/2  pointi  of  intenwdion. 

(6.)  On  three  Btnight  lines,  A,  B,  0,  ore  taken  I,  m,  n  points  reepectiTely, 
no  one  of  which  is  a  point  of  intenection.  Show  that  the  nnmber  of  brianf^ea 
vliieh  can  be  formed  by  taking  three  of  tha  l  +  m  +  n  pointa  is  Km-f  n)(it  +  I) 
(I  +  m)  -  (wt  -  nl  -  i™. 

(0.)  There  are  n  points  in  a  plane,  no  three  of  which  are  collinear  and  no 
low  eoncyclic.  Thiongh  eyery  two  of  the  points  is  drawn  &  straight  line  and 
throngb  eTery  three  a  circle.  Aasuming  each  straight  line  to  cut  each  cirole 
in  two  distinct  points,  find  the  namber  of  the  inteiaectionB  of  straight  Unea 
with  drcles. 

(7. )  In  a  convex  polygon  of  «  aides  the  nnmber  of  exterior  inteiaeetiona  of 
diagonal*  ia^i^«-$)(n-4)(»-6),  and  the  nnmber  of  intetior  Intereectiona 
iiA-t'-iXw-aX^-S)- 

(S.)  Tbere  sro  n  pointa  in  space,  no  three  of  which  are  collinear,  and  no 
fonr  coplanar.  A  plane  is  dmwn  tOuongh  erer;  three.  Find,  1st,  the  nnm- 
ber of  diiUuet  lines  of  intersections  of  these  planes ;  2nd,  the  namber  of  theaa 
lines  of  intersectioQ  which  pass  throngh  one  of  the  given  ft  points ;  Sid,  Uie 
nnmber  of  distinct  points  of  intersection  eiclnsive  of  the  original »  points. 

(S.)  Oat  of  n  straight  lines  1,  2 n  inches  long  respectively,  four  can  be 

i!hoBentoformaperic]'clicqQsdril!tteralin{2n(ii-2)(2ii-G]-8  +  S(-l)*}/48 
iraya. 

(10.)  Show  that  N  straight  lines,  no  two  of  which  are  parallel  and  no  three 
concnrrent,  diride  a  plana  into  i(n'-l-n  +  2)  regions.  Hence,  or  otherwise, 
■bow  that  B  plane*  throngh  the  centre  of  a  sphere,  no  Uiree  of  whicli  are  co- 
axial, divide  Its  anrface  into»'-n  +  2  regions. 

(11. )  Show  that  two  pencils  of  straight  lines  lying  In  tie  aame  plane,  one 
containing  m  the  other  n,  divide  the  plane  into  mn  +  2in  -f  2*  - 1  regions,  it 
being  sapposed  that  no  two  of  the  lines  are  parallel  or  coincident. 

(12.)  If  any  nnmber  of  closed  corves  be  drawn  in  a  plane  each  cntting  sll 
the  others,  and  if  n^  be  the  nunbei  of  points  throngh  which  t  carves  pus, 
the  nnmber  of  distinct  closed  areas  formed  by  the  plexns  is 
l+llt  +  2?Ij+.  .  .  +™,4.i+.  .  . 
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CHAPTEB   XXrV. 

General  Theory  of  Inequalities. 
Maziina  and  MiTtima., 

§  1.]  The  subject  of  the  present  ch&pter  is  oi  importance  in 
many  brancliea  of  algebra.  We  have  already  met  with  special 
cases  of  inequalities  in  the  theory  of  Hatio  and  in  the  discussion 
of  the  Variation  of  Quadratic  Fonctions  of  a  single  variable ;  and 
much  of  what  follows  is  essential  as  a  foundation  for  the  theory 
of  Limite,  and  for  the  closely  allied  theory  of  Infinite  Series.  In 
fact,  the  theory  of  inequalities  fonns  the  best  introdnction  to  the 
theory  of  infinite  series,  and,  for  that  reason,  ought  to  be  set  as 
much  as  possible  on  an  independent  basis. 

§  2.]  We  are  here  concerned  with  real  algebraical  quantity 
merely.  As  we  have  already  explained,  no  comparison  of  com- 
plex numbers  as  to  relative  magnitude  in  the  ordinary  sense  can 
be  made,  because  any  such  number  is  expressed  in  terms  of  two 
absolutely  heterogeneous  units.  Strictly  speaking,  there  is  a 
similar  difficulty  in  comparing  real  algebraical  quantities  which 
have  not  the  same  sign ;  but  this  diflSculty  is  met  (see  chap, 
xiii.,  §  1)  by  an  extension  of  the  notion  of  inequality.  It 
will  be  remembered  that  a  is  defined  to  be  algebraically  greater 
or  less  than  b  according  as  the  reduced  value  of  a  -  5  is  positive 
or  negative.  An  immediate  consequence  of  this  definition  is 
that  a  positive  quantity  increases  algebraically  as  it  increases 
ntunerically,  bat  a  negative  quantity  decreases  algebraically  as 
it  increases  numerically.  The  neglect  of  this  consideration  is  a 
fniitiul  source  of  mistakes  in  the  thewy  of  inequalities. 

g  3.]  From  one  point  of  view  the  theory  of  inequalities  nuu 
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parallel  to  the  theory  of  conditiooal  equations.  In  fact,  the 
approziniate  numerical  solution  of  equationa  dependa,  as  we  have 
Been,  on  the  eatahlishment  of  a  series  of  inequalitiee.  * 

The  following  theorems  will  bring  out  the  analogies  between 
the  two  theories,  and  at  the  same  time  indicate  the  nature  of 
the  restrictions  that  arise  owing  to  the  fact  that  the  two  sides  of 
an  inequality  cannot,  like  the  two  sides  of  an  equation,  be  inter- 
changed without  altering  its  nature.  For  the  sake  of  brevity, 
we  shall,  for  the  most  part,  write  the  inequalities  so  that  the 
greater  quantity  is  on  the  left,  and  t^e  sign  >  alone  appears. 
The  modifications  necessary  when  the  other  sign  appears  are  in 
all  cases  obvious. 

t  .5fP>Q,Q>R,E>S,tt^P>S. 

iVw/.— (P  -  Q)  +  (Q  -  E)  +  {R  -  S)  =  P  -  S,henc6,8inceP  -  Q, 
Q-E,E-Sarea]l  positive,  F  -  S  is  positive,  that  is,  P  >  S. 
IL  7/P>Q,/A«iP±R>Q±R. 

For  (P  ±  E)  -  (Q  ±  R)  =  P  -  Q ;  hence  the  sign  of  the  former 
quantity  is  the  same  as  the  sign  of  the  latter. 
Cor.  1.  //P  +  Q>E  +  S,  (ft«s 

P  +  Q-E>S,     -R-S>-P-Q,      -P-Q<-K-S. 
It  thus  appears  that  tw  may  Iratts/er  a  term  from  one  side  of 
an  inequaiiiy  to  another,  provided  we  change  Us  sign ;    and  we  may 
change  the  signs  of  aU  the  terms  on  both  sides  of  an  inequality,  pro- 
vided we  reverse  the  symbol  of  inequality. 

Cor.  2.  Every  inequality  may  be  reduced  to  one  or  other  of  the 
forma  F>0  or  P<0. 

In  other  words,  every  problem  of  inequality  may  be  reduced 
to  the  determination  of  the  sign  of  a  certain  quantity. 

IIL  JrP,>Q.,  P,>Q.,  .  .  .,P„>Q«, 
then  P,  +  P,+  .  .  .  +Pn  >  Q,  +  Q,+  .  ■  ■  +Q«; 

for  (P,  +  P,+  .  .  .+P„)-{Q,  +  Q.+  .  .  .  +Qn) 

^(P.-Q,)  +  (P.-Q,)+..    .    +(Pn-Q„). 

whence  the  theorem  follows. 

It  should  be  noticed  that  it  does  not  follow  that,  if  P,  >  Q„ 
P,>Q„thenP,-P,>Q,-Q, 

*  See,  for  eiunpls,  tlie  proof  that  evwy  Equation  luu  a  root 
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IV.  IS  P>Q,  ifte»  PIt>QK,  aiid  P/R>Q/K,  piwWed  fi  6e 
jwsi/iM  :  ftid  PR  <  QR,  P/R  <  Q/R, »/  R  A«  neyafee. 

For  (P  -  Q)R  and  (P  -  Q)/R  have  both  the  awne  sign  as 
P  -  Q  if  R  be  podtive,  and  both  the  opposite  aign  if  R  be 
negative. 

Cor.  1.  //■P^QR,  wnd  R>S,  thm  P>QS,  fromded  Q  U 
positive. 

Cor  2.  Every  fractitmal  inequaltly  can  be  iniegralited. 

For  example,  if  P/Q  >  R^  then,  provided  Q^  be  positive, 
we  have,  after  mtiltiplying  by  QS,  PS  >  QS ;  but,  if  QS  be  nega- 
tive, PS  <  QR. 

If  there  be  any  doubt  about  the  sign  of  QS,  then  we  may 
multiply  by  (^S',  which   is   certainly  positive,  and  we   have 


QPS'»Q'ES. 

T.  //P,>Q„P,.Q., 

.  .  .,P„>(J.,  oiyJoJifl* 

jmnfifa  he 

posUke,  Ihen 

P,P,  .  .  . 

Pn>     Q,Q.  ■  . 

■   0.- 

For                   P,P,P,  .  .  . 

P..Q,PA  .  ■ 

•  P» 

ainee  P,  >  Q,  and  P.P,  .  .  . 

P„  is  positive ; 

>Q,<iP.  ■  ■ 

•  P« 

since  P,.Q,  »»d  Q,P.  .  . 

.  P„  ia  positive 

;  andao 

on.     Hence, 

finally,  we  have 

P.P.  ■  .  . 

P.>    0,0.  ■  . 

.0, 

Cor.  1.     1}  P>Q.  «m 

!  both  he  positive. 

ItaP»: 

>Q",«feiV 

any  positive  integer. 

Cor.  2.  If  T>Q,and  both  he  positive,  then  P^'''>Q^,  n  being 
any  positive  integer,  and  the  real  posiiive  value  of  the  nth  root  being 
taken  on  both  sides. 

For,  if  P^'"*Q^''',  then,  since  both  are  real  and  positive, 
(P"»)»f  (C^"')",  by  Cor.  1 ;  that  is,  P^Q,  which  contradicts  our 
hypothesis. 

Cor.  3.  ^  P  >  Q,  both  bang  positive,  and  n  be  any  positive  pwn- 
Oil/,  tlien  P'"  <  Q"",  where,  if  the  indices  are  fradvmal,  there  is  the 
usual  wtda-staTiding  as  to  the  root  to  be  taken. 

Remark. — The  necesaity  for  the  restrictions  regarding  the 
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sign  of  the  members  of  the  inequalities  in  the  present  theorem 
will  appear  if  we  consider  that,  although  -~2>  -  3,  and 
-3>  -4,  yet  it  is  not  true  that  (-2)  (-3)>(- 3)  (-4). 

These  restrictions  might  be  removed  in  certain  cases;  for 
example,  it  follows  from  -  3  >  -  4  that  {  -  3)'  >  ( -  4)',  in  otlier 
words,  that  -  27  >  -  64 :  but  the  importance  of  such  particular 
cases  does  not  justify  their  statement  at  length. 

Cor.  4.  An  iTiequaiiiy  may  be  nUimudiaed  if  due  attention  be  paid 
to  the  aix/ve-menUoned  restrictions  regarding  sign. 

§  4.]  By  means  of  the  theorems  just  stated  and  the  help  of 
the  fundamental  principle  that  the  product  of  two  real  quantities 
is  podtive  or  negative  according  as  these  quantities  have  the 
same  or  oppoute  sign,  and,  in  particular,  that  the  square  of  any 
real  quantity  is  positive,  we  can  solve  a  great  many  questions 
r^ardii^  inequalitiea 

The  following  are  some  examples  of  the  direct  investigation 
of  inequalities ;  the  first  four  are  chosen  to  illustrate  the  paral- 
lelism and  mutual  connection  between  inequalities  and  eqoa- 
tions: — 


Example  1.  Under  what  ci 

(te-l)/(a;-2)  +  (2ai-8)/(z-6)>or-=6I 

Isb  Let  lu  sappoBe  that  x  does  not  lis  between  2  and  6,  and  is  not  equal 
to  either  of  these  values.    Then  (a;-2)(a-6)  is  podtive,  and  we  may  multiply 
by  thia  factor  without  revening  the  sigua  of  inequality. 
Hence  F  =  (Sx-l)!{x-2)  +  l2x-3)l(x-B)><6, 

■eeordiDgaa 

according  as  6z'-23z  +  ll><fcc'-36a!+60, 


according  as  xxS}. 

Under  oar  present  supposition,  x  cannot  have  the  value  3J  ;  but  we  con- 
clude from  the  above  that  if  «>&,  F>C,  and  if  ii:<2,  F<5. 

2nd.  Suppose  2<z<:5.  In  this  caae  (x-2)(x-6)  ia  negative,  and  we 
must  revene  all  the  signs  of  inequality  after  multiplying  by  it 

We  therefore  infer  that  if  2-ca;-c3J,  Fs-S,  and  if  Sl-cz<G,  then 
F-=5. 

The  atndeDt  should  observe  that,  as  «  varies  from  -to  to  +»,  the  sign  of 
the  inequality  is  thrice  reverasd,  namely,  whenz=2,  wbena:=Sl,  and  when 
ic=6  ;  the  fint  and  last  revemls  occur  because  F  changes  aign  by  passage 
through  an  infinite  value ;   the  aecond  revenal  occurs  bewuse  F  paaaea 
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Multiplying  by  the  positive  qn4ntity(iB- 2)",  wa  hars 
(3x-4)/(j!-8)><I, 
according  as  (3a!-i)  (ie-2)=- <(a!-2)', 

according  as  l{Sx~i)-(x-%)}[x-2)><0, 

according  ai  2{z- 1)  (a;-  S)*  <0. 

Hance  F*l,  if  i*!  or  >2; 

F<1,  in<!i!<2. 
Examples.  Under  what  dicnmatancea  is  ^•(■2(ki:><8i^  +  2S ) 
a*+2Sx><.S3?  +  2«, 
aecordingsa  i^-8a?+26a-263- «0, 

according  a>  (z-SXa^-Sz  +  lSjxO, 

according  BB  {ai-2){{ai-8)»  +  *)  *<0. 

Now  {x-S)*+4ispo8ltiveforaUrealT»]ue9of  a:;  benoe 

iz*  +  2Bi><i8i?+2a, 
aeoording  as  «?■  <2. 

Example  i.  If  the  pssitive  vataes  of  ths  square  roots  be  taken  in  all 

Owing  to  the  reatriction  aa  to  sign,  we  may  sqnara  without  danger  of  re- 
Toning  the  inequality.    Hence 

V(2i>!  +  l)  +  V('=-l)*<V(Si), 
according  as  2a!+l+iB-l+2V{(2ie+l)(*-l)}  ^«3ai 
accordingas  VU^+^X^-M}  xO- 

Now,  proTided  x  is  aoch  that  the  value  of  V{{2ic-fl]  (x- 1))  is  ksI,  that  is, 
Iinirided«>l, 

2V{{2^  +  1)(^-1)1>0, 
therefore  '^i2x  +  l)-\-^{x--l)i'-^{&e),  itx^l. 

Negativo  values  of  a;  less  than  -J  would  also  make  'iJ{iSx  +  l){se-Vi) 
real ;  but  aach  values  would  make  ^J{23S  +  l),  's/ix-1),  and  V(8»:}  imaginary, 
and,  in  that  case,  the  oiiginsl  inequality  would  be  meaningless. 

Examples.  If  a^  ^,  s  .  .  .  ben  real  quantities  (n-l)IeB''42Zzy. 

Since  all  the  quantities  its  real,  2ix-y^<0. 

Hence,  since  x  will  appear  once  along  with  each  of  the  renuuning  n  - 1 
letters,  and  the  same  is  true  oty,»,  .  .  . ,  we  have 

thatia,  (n-l)Sz>'(22zy, 

*  The  gtaphical  stady  of  ineqnalitieB  involving  only  one  viriable  will  be 
foond  to  be  a  good  ezoTciBe. 
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In  the  owe  wbare  x=y=x=  ,  .  .  ve  Iuts  Zj^stuj*,  3X3^=2J0^ 

=  n(n"l)z*,  10  that  the  iaeqnality  just  becomes  an  equality. 
When  tt=2,  we  have  the  tbeonou 

or,  if  we  pnt  x=  \/a,  y=  -^/b,  a  and  b  being  real  and  positive, 

a  theorem  alreadj  eetabliehed,  of  vrhicb  tbe  preceding  may  be  reguded  as  a 
generaliaaUoii.  A.  mora  important  generalisation  of  another  kind  will  be 
given  presently. 

Enmple  6.  If  z,  y,  i,  .  .  .  be  s  real  positive  qnantitiet,  and;  and  g  anj 
two  real  qnantitdee  baring  the  same  sign,  then 

Wa  have  seen  that  x'^^  and  xf  -  y>  will  both  have  the  same  sign  ai 
x-y,<a  both  opposite  signs,  according  as  p  and  q  are  both  positive  or  both 
DegatiTG.  Hence,  in  either  case,  {.x'' -  j^)  (^  -  y>)  has  the  podttva  sign. 
Therafbre 

whene*  !e'+»  +  ^t«-ta!V+i«'y- 

If  we  write  down  the  aC,  inequalitdas  like  the  last,  obtained  by  talcing 
every  posrible  pair  of  the  n  qoantitiei  !c,y,z,  .  .  .,  and  add,  we  obtain  tlia 
follomng  lesult — 

If  we  now  add  2«^^  to  both  sides,  we  dednce 

K.B. — If  J)  and  q  have  opposite  sigoe,  then 

n2a:r^>  Harlan. 
These  theorems  contain  a  good  many  otheta  as  particnlar  cuea.     For 
example,  ifwepat  g=  -p,  wo  deduce 

Za;»Sa-*<B», 
which,  when  M  =  3,  j>  =  l,  gives 

whence  (x  +  y-Vz)(3/x  +  ai+xy)-4ixy»i 

and  K>  on. 

Example  7.  Ifz,  y,  z  be  real  and  notalleqnal,  thenZz'>  <^irgz,  accord- 
ing at  23;>  <0. 
For  1a*-&x)its1ai^^-'^), 

^i^Hx-yy. 

Hence  the  theorem,  since  ^{x  -  y)*  is  eaaentislly  positive. 
Example  8.  To  ihow  that 


I.8..  .  (2»-l)    V(n+1) 
2.1  ..  .  2»  2>t+l  ' 


where  n  is  any  poiritive  integer. 
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Prom  tliB  ineqa&lity  a-f  frs-SVC'*^)  '^  deduce 

whence  (2n-l)/2tt<V1(2«-l)/(2«  +  l)( 

■imiUrlr  (2B-8)/2(n-l)-cV{(2»-3)/(2n-l)f 


8/2.2<V|S/5| 
I/2.KV11W 

ttalu, 

1.3.6  ...  (2n-l)            1 
2.I.B..  .(2.)     =V(!»  +  1) 

n  +  (»  +  l).2VW"  +  l», 
2it+l>2VH«+l)}. 

Hence  v 

(2n  +  l)/2«>^/{(n+l)/nl 

(».-i)/2(..-i).VW("-i)l 

or. 

(2)', 


7/2.S>V(</!l  ("-!)'. 

B/2.2*Vi3/2}  («-l)'. 


l/2.1>Vi2/l|  (•)'. 

HaltiplTiiig  them  n  inequditifs  together,  tre  get 


1.8.5  .  .  .  (2m- 1) 


V<"+1). 


Hene.  1 .  i.  t  .  .  .  (2.- 1)^  V(.t  1) 

2.4.6  .  .  .  2n  2n  +  l 

(A)  and  (B)  together  esUblUh  the  theorem  in  question. 
Since  V(»+l)/(2'i  +  l)>  V(«  +  l)/{2"  +  2)>l/2V(''+5).  ' 
above  theorem  more  succinctly  thus, 

_  1 l.S  ■  .  .  (2n-l)     _  J 

V(2n  +  1)*     2.*  .  .  .  2»     '2v'ln  +  l)' 


DERIVED  THEOREMS. 

§  6,]  We  now  proceed  to  prove  sereral  theorems  regarding 
inequality  which  are  important  for  their  own  Bake,  and  will  be 
of  use  to  us  in  following  chaptera. 

IfhaW-  •  .,  h„  he  all  positive,  iheJraclion(ai+ Of +  .  .  .  +  «,)/ 
{b,■^■b,-^ .  .  .-t-b^is  not  Uss  than  the  least,  and  not  greater  than 
the  greaieit,  of  then  fradimu  a,lb„  ajb^  .  .  .,  a^/bn. 

Let  /  be  the  leasts  and  /'  the  greatest  of  the  »  fractions, 
then 
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Hence,  since  5„  6„  .  .  .,  6„  are  all  pOBitive, 

a,<fb„   a,<fl„   .  .  .,   a„-t/S„. 
Adding,  we  liave 

(a, +  (!,  +  .  .  .+ffl„)*t:/(6, +6.  +  .  .  ■  +  *»); 
whence 

<o,  +  o,  +  .  .  .+ 0,^/(6,  + J, +.  .  .+6,^-t/. 
In  like  manner,  it  may  be  shown  that 

(a,  +  a,+  .  .  .  +  a„)/<J,  +  J.  + .  .  .  +  K)>f'. 
Remark. — This  theorem  is  only  one  among  many  of  the  same 
kind.*     The  reader  will  find  no  difficulty  in  demonstratii^  the 
following : — 

If  a„a^  .  .  .,  a„  A|,  (»  .  ■  .,  habeas  before,  and  li,  l„  .  .  .,  /. 
benpositm  quanti^,  then  2{,a,/S2,i,  is  not  less  than  the  least,  and 
not  greater  than  the  greatest,  among  the  n  fractions  a,lb„  a,/h^ 

■  ■  .,  •JK 

If  au<hi  •  ■  •y'hu^abr,'  ■  -1  b„  l„  It  ■  •  ■,  Inbe  oil  positive, 
then  {a,a,"/2/,i,"}"»    and    {a,a,  .  .  .  a„jbA  ■  ■  ■  6«}""   are, 
each  of  them,  vat  less  Quin  the  least,  and  not  greater  than  the  greatest, 
among  the  nfradUms  a,/b„  ajb^  ■  •  ■,  Off/^n- 
Example,  to  prove  that 

Since  the  fiBctJona  1/2,  3/4,  ...  (2n  - 1)/2»  ire  obriondy  in  wceading 
order  of  msgnitude,  we  have,  in  the  second  part  of  the  last  of  the  theorema 

jmt  stetod, 

i-n - 

Now,  (2n-1}/2n=l-l/2n<l,  hence  the  theorem  follows ;  and  it  holds,  be  it 
ohserred,  however  great  n  may  be. 

^  &.]  If  x,  p,  q  be  all  positive,  and  p  and  q  be  integers,  then 
(arP-  l)/p>  <(i'-  \)lq  aceording  asp>  <q. 

Since  p  and  q  are  positive, 

{x^-l)lp><i^-l)lq. 
according  as  q{x^  -  1)  >  <p{^  ~  IX 

*  See  the  interesting  lemarka  on  Mean  Valaee  in  Cauchj'a  Analym 
AlgArigut. 


.  (2«-l)'l      2n- 
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{x-\)[q(xP~^+xP-^  +  .  ..  +  l)-p{^-^+3^-^+..  .  +  1)}><0. 
ltp>q,  va  have 

X  =  {x-l){s(xf^^  +  x'-^  +  .  ..  +  l)-Xa^"'  +  a^"'  +  -  ■■  +  !)}. 

={x -  IMx"-^  +  x^-'  +  ...+ifl)-{p- $){a^-'  +  a;9-»  + . . .  +  1)}. 
Now,  if  z  >  1, 

a-fl-i  +  ^s-i  +  ...  +  !<  gaS-^ ; 

therefore, 

^>(x-l){qip-qy>^-{p-q)q^-'], 
>q{p-q)^-i{z-l)\ 

>a 

Ag^n,  if  a:<'l, 

X>(x-l){q{p-q)xr-^-(p-q)q], 
>q{p-q){x-l)(x^~^-l). 
>  0.  (§3,  Th.  v.,  Cor.  1.) 

Hence,  in  both  cases, 

ixP-l)lp>(3^-\)jq. 

'By  the  same  reasoning,  ii  q>p, 

i3)''l)lq>{xP-l)lp, 
that  iB,Hp<q, 

ixP-l)lp<(3fl-l)lq. 

§  7,]  I/x  be  positive,  and  + 1,  then 

m3f^-\z-  1)>3?"-  l>m(!r-  1), 
wifess  m  /ie  between  0  and  +  1,  in  which  case 

m3f*-\x  -  1)  <  af  -  I  <  m(z  -  1). 
From  §  6,  we  have 

(£'-!)>  <W?)(?-1)  (1), 

according  assp>  <q,  where  £  is  any  positive  quantity  4>  1,  and 
p  and  }  positive  integers.  In  (1)  we  may  put  a^'^  for  £,  where  x 
is  any  podtive  quantity  +  1  (the  real  positive  value  of  the  gth 
root  to  be  taken),  and  we  may  put  m  for  pjq,  where  m  is  any 
posiUre  commensurable  quantity.    (1)  then  becomes 

a!«-l>  <m(x-l)  (2), 
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according   as  m>  <1,  irhich  is  part  of  the   theorem   to  be 
eetabliahed. 

In  (2)  we  may  replace  x  by  Ifx,  where  x  is  any  poaitive 
qoantity  +  1,  and  the  inequality  will  atill  hold. 
Hence  (!/«)"-  1  >  <m{ljx~  1)  (3), 

according  as  ]»><!. 

If  we  multiply  (3)  by  -  af",  we  deduce 

3:"-l<  >m3;^i(iE-l), 
thatis,  nK;"-i{a:-l)>  <x"-l, 

according  as  wi  >  <  1. 

We  bare  thus  established  the  theorem  for  positive  values 
ofm. 

Next,  let  m  =  -  fl  where  n  is  any  positive  commensurable 
quantity.     Then 

z-»-l>  <(-«)(a:-l), 
according  as  1  -  a?*  >  <  -  kc^{x  - 1), 

according  as  a?*  -  1  <  >  mf^x  -  1), 

na«+i-)ia«>  <a«-  1. 
Add  9^+^  -  IK"  to  both  sides,  and  we  see  that 

according  as 

(n  +  l)a"{z-l)>  <af'+i-l. 

Now,  since  n  is  positive,  Ji  + 1  >  1,  therefore,  by  what  we 
have  already  proved, 

(»+l)a!»(ii!-l)>a:M-i-l. 
Hence  aT""  -  1  >  ( -  w)  {je  -  1)  (4). 

In  (4)  we  may  write  J/z  for  x ;  and  then  we  have 

(1/.) l,(-»)(l/;.-l). 

If  we  multiply  by  -  a:"",  this  last  inequality  becomes 
«-»  -  1  <  ( -  r)x-'*-\z  -  I), 
that  is,  { -  n)x-"-i(a:  -  l)>a;-"-  1. 

Hence,  if  m  be  negative, 

ma?"-X(t  -  1)  >  a?»- 1  >  m(a;  -  1) ; 
which  completes  the  demonstration. 
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Cor.  If  z  and  y  be  any  two  uneqaal  positive  quantities,  we 
may  replace  x  in  the  above  theorem  by  xjy.  On  maltiplying 
throughout  by  i^,  we  thus  deduce  the  following — 

If  X  and  y  be  jxmtive  and  unequal,  thm 

unless  m  lie  helween  0  aiid  +  1,  tn  wkieh  case 

m3^'\x  -  y)  <  af  -  y™  <  my""^(3;  -  y). 
We  have  been  careful  to  state  and  prove  the  inequality  of 
the  present  section  in  its  most  general  form  because  of  its  great 
importance :  much  of  what  follows,  and  many  theorems  in  the 
following  chapter,  are  in  fact  consequences  of  it.* 

Example  1.  Shov  that,  if  x  be  positive,  (l4-z)~  always  lies  between 
l  +  mzand(l  +  2)/{l  +  (l-m)T|.  provided  ma:<l  +  3!. 

Suppose,  for  eiample,  that  m  ie  positive  and  <  1.  Then,  by  the  tbeorem 
of  the  present  Mction, 

m(l +i)~-'«  <  (1  +  a)"  - 1  <  nuc. 
Hence  {l+xy'-ci  +  mx. 

|l-m^(l  +  =:)}(l+x)~>l. 
If  nLC<l  +  x,  1-  inx/(l  -t-x)  is  positive,  nnd  we  deduce 
(l  +  a!)-:.l/ll-™:/(]+ir)|, 

Tbe  other  cmbs  may  be  established  in  like  mauaer. 
Remark. — It  abould  be  obnerred  that 

(l±ic)'-^<l±nw!, 
according  as  m  does  not  or  does  lie  betvreen  0  and  -(-1. 

Example  2.  Show  tha^  if  Ui ,  Us  .  .  . ,  u,  be  all  posiUve,  then 
(l  +  ui)[l+u,)  .  .  .   (H-u.)*l+i(i  +  i(»  +  . ..+«,; 
also  that,  if  Ui,  113  .  ■  ■ ,  u.  be  all  positive  and  each  less  thui  I,  then 
(l-Ui)(l-l^)  .  .  -  (l-u,)=-l'-iti-i:i-. ..-«„. 
The  first  part  of  the  tbeorem  is  obvious  from  the  identit; 

(1+Ui)(l+Uj)   .    .    ,    (l+U,)sl+Zlii+2«iltj+2UiU,Uj  +  .  .  .+WiUt.  .  ■  Ua. 

The  Utter  part  ma;  be  proved,  step  by  step,  thoa — 
(1  -  ui)  (1  -  «,)  =  !  -  Ui  -  «»  +  «i«i, 

*  Several  mathematical  writers  have  noticed  the  nnity  introdnced  into 
the  olementa  of  algebraical  analysis  by  the  use  of  this  inequality.  Sea  especi- 
ally Sohlomilch'a  HmKOnKh  der  Aigtbraiaehea  Analygia.  The  secret  of  its 
power  lies  in  the  fact  that  it  contains  as  a  particular  cam  the  fundamental 
limit  tbeorem  upon  which  depends  tbe  diOerentiatiou  of  an  algebraic  fiuction. 
The  nae  of  the  theorem  has  been  considerably  extended  in  the  prasent  Tolune. 
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Henoc^  aince  1  ~Vt  ia  potiUTa, 

(1  -  «,)  (1  -  «,)  (1  -  U,)  >  (1  -  U.)  (1  -  «I  -  M,), 

And  BO  on. 

These  ineqnalitiM  ue  a  generaUBation  of  (l±K)*>l±nx(x-':l  and  it  a 
poutiva  integer).     The;  ue  oseliil  in  the  theory  o!  inEnite  prodacts. 

§  8.]  7^  ajUhmetic  mean  of  n  posiHve  qtumtities  is  not  less  llion 
their  geometnc  mean. 

Let  us  suppose  Ibis  theorem  to  hold  for  «  quiuitides 
ti,b,c,  .  .  .,  k,  and  let  I  be  one  more  positive  quantity.  By 
hypothesis, 

(a  +  b  +  e  +  .  .  . +A)/w<t:(a6c  .  .  .  Jt)"» 
that  is, 

a +  &  +  (:  +  .  .  .  +  i<t:n{afe  .  .  .  i)'/". 
Therefore 

a  +  b  +  e  +  .  .  .  +k  +  /<tn{aftc  .  .  .  A)"»  + 1. 
Now, 

«<<ife  .  .  .  ky^  +  H(n-i-l){abc  .  .  .  a)^/("+»), 
provided 

n{ahc  .  .  .  *//"}"" +  l-=t(n  +  l){aic  .  .  .  W/^+»} '«■+!>, 
•^(n+l)  {ohc  .  .  .  A/f}i/t«+i), 
that  is,  provided 

where  !»(»+>)  =  aAc  .  .  ,  k/P*, 

that  is,  provided 

■(« +1)« -!)<£"+• -1,    ■ 
which  is  true  ty  §  7. 

Hence,  if  our  theorem  hold  for  n  quantities,  it  will  hold  for 
B+1.     Now  we  have  seen  that  (o  +  fc)/2*t{aS)*,  that  is,  the 
theorem  holds  for  2  quantities ;  therefore  it  holds  for  3 ;  there- 
fore for  4  ;  and  so  on.     Hence  we  have  in  general 
(o+6  +  e  +  .  .  .  +  A)/B<{afe  .  .  .  kf«. 

It  is,  of  course,  obvious  that  the  inequality  becomes  an 
equality  when  a  =  h  =  e  =  .  .  .=k. 
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There  ia  another  proof  of  thia  theorem  so  interesting  and 
fundamental  in  ite  character  that  it  deserres  mention  here.* 

Consider  the  geometric  mean  {abc  .  .  .  k)"^.  If  a,  6,  c,  ,  .  , 
be  not  all  equal,  replace  the  greatest  and  least  of  them,  say  a 
and  A,  by  (a  +  A)/2 ;  then,  dnce  {{a  +  k)l2]*>ak,  the  result  has 
been  to  increase  the  geometric  mean,  while  the  arithmetic  mean 
of  the  n  quantities  (a  +  k)/2,  b,  c, .  .  .,  (a  -H  /^)/2  is  evidentJy  the 
same  as  the  arithmetic  mean  oi  a,b,c,  .  .  .,k.  If  the  new  set 
of  n  quantities  be  not  all  equal,  replace  the  greatest  and  least  as 
before ;  and  so  on. 

By  repeating  thia  process  aufficiently  often,  we  can  make  all 
the  quantities  as  nearly  equal  as  we  please ;  and  then  the 
geometric  mean  becomes  equal  to  the  arithmetic  mean. 

But,  since  the  latter  has  remained  unaltered  throughout,  and 
the  fonner  has  been  increased  at  each  step,  it  follows  that  the 
first  geometric  mean,  namely,  (o^  .  .  .  it)"",  is  lese  than  the 
arithmetic  mean,  namely,  (a  +  &  -f  c  + .  .  .  +  it)/n. 

As  an  illustration  of  this  reasoning,  we  hare  (1.3.5.  9)^'^ 
<{5.3.5.6)l<(5.4.4.5)*<(4-6.4-5.4-5.4-5)U4-fi<(l  +  3 
+  5  +  9)/4. 

Cor,  If  a,b, .  .  .,  kben positive  jwanWies,  and p,q,  ■  ■  .,tbe 
n  positive  eommenmraUe  guanHtiea,  then 

pa*qb  +  .  .  .  +  tk     .^f^  _  _  _  mi/CP+9+  ...  +0. 
p  +  q*.  ■  .  +  t    ^^  ' 

It  is  obvious  that  we  are  only  concerned  with  the  ratios 
ptq:  ■  ■  .  -t.  Hence  we  may  replace  p,q,.  .  . i '  by  positive 
integral  numbers  proportional  to  them.  It  is,  therefore,  suffi- 
cient to  prove  the  theorem  on  the  hypothesis  that;,{, .  .  .,t 
are  positive  integers.  It  then  becomes  a  mere  particular  case  of 
the  theorem  of  the  present  paragraph,  namely,  that  the  arithmetic 
mean  oip  +  q  + .  .  .  +  t  positive  quantities,  p  of  which  are  equal 
toOf^toA, .  .  .,tU>k,Ss  not  less  than  their  geometric  mean, 

*  See  alio  the  ingenious  proof  of  the  theorem  given  by  Caachy  {AvalyM 
Alg&riqm,  p.  ilS7),  who  soems  to  have  been  the  tost  to  state  the  theorem  in 
tti  most  general  form. 
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Euunple  1.  Show  tbst,  if  o,  ^  ■  .  . ,  t  be  »  podtiTB  qnanlitiM, 
/g'+y-l-  ■■+f\»+t+.  -  ■+*^^„  u 

\a+b-^...*k)  '•-■I*  .  .  -  i* 

/ii  +  i  +  .   .  .  +  i:\n+H-.  -  .+». 

The  fint  put  of  tlie  propositioD  follom  from  the  aboTS  corolkrj  b;  taking 
p=ii,  5  =  6,  .  .  .,  t=c 

To  prove  the  eecond  part  let  oa  aasnme  that 

o'b*  .  .  .     t*-t   {{a  +  b  +  .  .  .+*)/»}»+»+■  ■  ■+*■ 
Then  tf»  .  .  .  i»P■ii'|(a  +  S^..  .  .  ^.^)/l.}"+^+   ■  ■+*■ 

Bnt 

P{{a+b  +  .  .  .+i}M"+»+---+*-({(o  +  i  +  .  .  .  +  i  +  fl/(»  +  l)l-+»+---+tH 
provided  m«(H-ir)/(n  +  l)H(l  +  l/i)/(n+l)l', 

thatia,  {(l  +  l/*)/(»  +  l)|'K«  +  l)/«<l  +  «), 

■wbanx=ll{a  +  b  +  .  .  . -i-it),  which  we  may  anppose  >  1,  aitice  there  ia  no  loaa 
of  generalitir  in  gnppoaing  a,b,,..,k,l  airanged  in  descending  order  of 
magnitude. 

Now,  by  S  7,  nnoe  x>  1, 

{(i  +  V«)/(«+i)}'t.i+«Ki  +  iW/(»+i)-i!. 

Alw,  {»  +  2-«x)/(n  +  l)K«  +  lVn(l+«), 

provided         ii(»+2-)«!){l+iB)>{»  +  l)', 

»•  +  2»+ 2iKE  -  »Vnt' +  2»+ 1, 

0..(«»-l)', 

Hence,  if  the  proposition  hold  for  n  qnantitiea,  it  will  hold  for  K  +  l. 
But,  obviooalf,  a*-4(a/l)*,  hence  &c. 

Example  2.  Prove  that  1.3  ..  .  {2n-  l)«ii". 
We  have         {1+8  +  .  .  .  +  (2n-l)l/m>  {1.8  .  .  .  (ai.-l)}>», 
thatis,  nV»>{l-3  ■  ■  ■  (2«-l)|»'". 

Hence  »">  1.3  ..  ,  {2n-l). 

%^.'\  If  a,b,  .  .  .,h  ben  poattive  quatUilia,  and  p,  q, .  .  .,t 
be  n  poative  qmniitUt,  th&n 

f+,+...+i    <>\i*t*...*i)  <■'■ 

according  as  m  does  not  or  does  lie  helween  0  and  +  I . 
If  we  denote 

pj{p  +  q  +  .  .  .  +  ().     9l(l>  +  S  +  -  •  .  +  0.  &C-. 
by  A,  /I,  .  .  ■,  T,  and 

ffl/(X(»  +  ^  +  .  .  ■+Tk),     b/(Xa  +  ijb  +  .  .  .  +  Tk),&c, 
hj  x,jf, .  .  .,  w,  80  that 

k    +p.    +.   .   .  +  T    =1  (2), 

Xx  +  liS  +  .  .  .  +  TW=1  (3X 
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then,  dividing  both  sides  of  (I)  by 

{(pa  +  36  + .  .  .  +  tk)j{p  +  2  + .  .  .  +  *)}", 
we  have  to  prove  that 

A««  +  ^y™  +  .  .  .  +  ric'-«|:>l  (4), 

accordii^  as  m  does  not  cm*  does  lie  between  0  and  +  1. 

Now,  by  §  7,  if  m  does  not  lie  between  0  and  +  1,  a?"-  1 
'iTa(x-  I),  y"-  l-<tm(y-  1),  &c.  Therefore,  since  A,/»,  &c.,  are 
positive, 

2A(af-l)^:2\m{a!-l), 

<m{l  - 1), 
by  (2)  and  (3),  thai  is, 

2AjE™-2A,«t;0. 
Hence  2Aa™-<l. 

In  like  manner,  we  show  that,  if  m  lies  between  0  and  +  1, 
SAfl?»>-l. 
Cor.  1/  we  make  p  =  q  =  .  ,  ,=t,ioe  have 

a™  +  J"'+.  .  .+A™../a  +  5-i-.  .  .+  k\"        ,..  , 

n -<  >  (—^ )  <"'' 

that  is  to  say,  the  arithmetical  mean  of  the  mth  powers  of  n  positive 
quantilies  is  not  less  or  not  grealer  than  the  ntih  power  of  their  arith- 
metical mean,  according  as  m  does  not  or  does  lie  between  0  and  4- 1 . 
Bemdrk. — It  is  obvious  that  each  of  the  inequalities  (1),  (4), 
(5)  becomes  an  equality  ifo  =  J  =  .  .  .=^ifm  =  0,  orifm  =1. 

Example.  Shoyr  that  Z^a->,  considered  as  a  fucction  of  tn,  inoreues  aa  m 
increases  whan   m3-+l,   and   decreoaes   as    m  incrsBSBS    wlien   n>  <  - 1, 

X,  fi,  V X,  y,  t,  .  .  .  being  as  above. 

lst>  Let  in>l.  We  bave  to  show  tliat  H>ijf^>XS3f,  wbers  r  U  very 
null  and  poutive,  tliftt  is. 

Now,  ZJui?-(iir-l)=-2^iB"'««^'(iB-l). 

*  The  earliest  notice  of  this  theorem  with  which  we  are  acquainted  is  in 
Beynaad  and  Dabunel's  Froblimei  «t  Divtlopm»a  tar.  Dittna  Farliet  da 
HaAittuUiqtui  (1823),  p.  IGG.  Its  surroandingt  leem  to  indicate  that  it 
Was  suggeated  by  Canchj'a  theorem  of  %  S.  The  original  proof  rests  on  a 
mux''"""'  oc  minimom  theorem,  established  by  meana  of  the  DiOerentiBl 
Colcalna ;  and  the  elemantarj  pcoofa  hitherto  given  have  ueuall;  involved 
the  oae  of  in&nite  aeries. 

VOL.  n  E 
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Sinoe  m>l,  ni+r>l,  therafon  (M+r))f*^\x-l)>lm+r)lx-l),  that 

is,  2f*^\x-l)>[x-l). 

>r(ZXz-£X), 

Thsrefora  Zyjf^  >  Hue", 

3iid.  Let  m<  -L 

2)a-(-E' - 1)  <r33uf^z  - 1). 
Now  (ni  +  l>))^tE~l)>(in-t-l)(x-I),   aincs  m  +  1  is  negative.      Hence, 
dividing  hj  the  negative  qoantity  m  + 1,  we  have 

!«-(a;-I)<(^-l). 
HoDce  Ifce^z'-l)-:r2X(a!-l), 

<0. 
TberefoTO,  ZXafH^'^zxa^. 


BxBRcisEa  v.* 

(1.)  Vot  vhttTiium ot x/y  i»{a+b)x)/Hax+lr]/)t[ax+bi/)l{a+b)1 

(2.)  If  X,  y,  z  be  any  real  qnandties,  and  x>y>2,  then  iE*y+y*i+i^> 

(8.)  If  X,  y,  (  be  any  real  qnantitiea,  than  Z(y~<](c-z):^0  and  Zyi/ 

(f.)  If  a^4-$*+«*+2zjn=l,  then  will  all  or  none  of  the  qnantitieaa^  y,  • 
lie  between  -  1  and  -f  1. 

(G.)  If  0  and  m  ba  poaitive  intQ;en,  show  that 

i<*^-=a(a:  +  l)(2a:  +  l)(3i^+3j!  +  I)"/2.3-<Ca:  +  l)*-+'. 

(7.)  If  zi.^Eg.  ■  ■  •(  3^  all  have  the  same  lign,  and].f-iEi,  l+xj, .  .  .,1-tXa 
be  all  potitive,  then 

n(H-iei)>l+2zi. 

(8.)  Prove  Uiat&Kjii>ri{y+«)t-JIic'. 

{(I.)  If  z,  y,  I,  .  .  .,  a,  t,  e  ,  .  .  ba  two  aeta,  each  containing  »  tmI 
quantities  positive  or  negative,  show  that 

also  that,  if  all  the  qnantitaes  be  poaitive, 

Zix}a)fXx  -i  Ix/lax ; 
and,  if£ii:=t,  Zl/x-tn* 

(10.)  If  xi,  Xt,  .  .  . ,  x,t  and  also  yi.  Vi,  .  .  .,  yx  ba  potntive  and  in 
aaceDding  or  in  deacendii^  order  of  magnitade,  then 

*  Vnleae  the  contrary  la  stated,  all  letters  in  thi*  aet  of  ezerdses  stand 

for  real  positive  qnantities. 
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(11.)  tta,b IbeiuA.F.,  show  that 

a*6'  .  .  .  Pxi^. 

(12.)  For  what  values  of  a:  ifl(:c-3)/(z'  +  3;  +  l)>(z-4)/(a?-j!-l-l)r 
(13.)  Find  the  limilB  of  z  and  y  in  order  that 
e>ax  +  bti>d, 
a>t!x+dy>bi 
when  ad-Sc+0. 

(14.)  a^-!i^  +  4a!V-2*V  +  *«V-«»'-t-»'>0.  foraU  wal  values  of 

(15.)  lil{te'  +  6v'+18i'>  =  <8iw  +  2*vf-18a!j 

(IB.)  Itp-t2~\/i,  then  s/{7?  +  j^+ps/{xy)>-x  +  y. 

(17.)  I«  V(o'  +  o*  +  'i')-\/(«'-'>4  +  S')>  =  <2V(«*)l 

(18.)  If  X  and  a  be  podtiTe,  between  what  limits  roust  x  lie  in  order  that 

(19.)  iriB<l,  then  {i+ V('^- 1)1*+ {':-VC>^-l)l*<2. 

(2D.)  If  all  the  three  qiuntitiea  VM^  +  c-a)},  V{i(e+a-&)},  Vl'<'*  + 
6-c)}  be  real,  then  the  Bnmof  any  two  is  greater  than  the  third. 

(21.)  If  the  sam  of  anj  two  of  the  three  x,  y,  zbe  greater  than  the  third, 
then  i2a!Sa?>j:x>  +  xys^ 

(22.)  Sl/z<t  Iz-ZaV^. 

(23.)  If  p,  denote  the  sum  of  the  products  r  at  a  time  of  a,  i,  c,  d  (each 
positive  and  <!),  thenA-)-2;4>2ji,. 

(24.)  Zx*-txyzZx. 

(2B.)  If»=o+6+e+.  ,   .  n  terms,  then  2»/i:»-a)-tnV("-l)- 

(26.)  Um^l,  Kl,  ftiidnia!<l+3!,  then  l/(lTmiE)>{l±i!r>l±'nai- 
If  m<l,  x<l,  mx<l+x,  then  (l+a!)/{l±(l-m>r} -e(l±j!)»< 
l±mx. 

(27.)  If  2"=a?+y",  tien  j^b-  ■eif'+y"  according  u  ms-  «:». 

(28.)  If  X  and  y  be  aoequal,  and  x  +  y -420,  then  ii^-<-^>2a'*,»t  being  a 

(29.)  «{(n  +  l)>'"-lHl  +  l/2+.  .  .  -!-l/n<:n{l-l/(«  +  l)'/-  +  l/(*  +  l)t. 
(SchlomUcb,  Zeiiachr./.  J£atA.,  voL  iiL  p.  25.) 

(80.)  IfiBiiK,  .  .  .  x.=]r,  n(l  +  z,)<t(l+y)". 

(81.)  Ifii,fr,  .  .  .,  jfc  b«  n  positive  quantities  arranged  in  ascending  order 
of  magnitude,  and  if  M,=  {So'/il'*.  N,=  {Sa"''i7«>  then 
(a*  .  .  .  i)>'»<M,«:Mj<.  .  .  <l, 
(ai  .  .  .  *)W«  .  .  .  <S,<:K,*K,. 

(Schldmilch,  Zalachr.f.  Math.,  voL  iii.  p.  301.) 
(82.)  Ify,  g,  r  be  all  luieqnal,  and  z  4=  1,  then  Zjw'-'^Sy. 
(38.)  If  n  be  integral,  andx  andn  each  >1,  then 

!»■  - 1  >«{a(**-1«  -  id-"^. 
(84.)  Prove  for  asj,  2  that  (2SjB-2j?)*'<(2z)*n(2«-ar)*. 
(86.)U.=a,+<.,+  .  .  .+a,„tliBnn(»/a,-J)«'Kft-l)'. 
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(88.)  8ni(S»H-l)'>i{3ml)'/~. 

(37.)  If  Sat  be  the  anm  of  the  nth  powers  ot  oi,  at,  .  .  .,  Ox,  and  pa  the 
Bum  of  their  products  m  at  a  time,  then  (ii-l)!f«-t(»-ni)lni1jw 

(38.)  If  Oi>ii,>  ,  ,  ,  >an,  then 

(o,-o,)--i>(»-l)"-»(a]-oa)(as-(i*)  .  .  .  (a«_,-<».). 

Hence,  orotbenrisa,  show  that  {(n-l)l}*>n'''. 

(88.)  Which  ia  the  greatest  of  the  nomben  1/2,   */i,  ^i,  .  .  .  1 

(40.)  If  tiiere  be  n  podtiTe  qtuntitjes  Xi,  sci itw>  each>],  and  if 

H,  it,  •  ■  .ifiibe  the  arithmetic  means,  or  the  geometric  means,  of  all  but 
an.allbntgsg,  .  .  .,  all  bat  z^,  then  IIzi^'4-II&''. 

(41.)  If  a,  b,  ebesach  Uut  the  sum  of  any  two  is  greater  th&n  the  third, 
and  x,  v,  »  such  that  Zz  is  positive,  then,  if  ^*/x=0,  show  that  seyt  is 

(12.)  If  A=ai  +  ai+.  .  .  +a.,   B=b,  +  bi+.  .  .  +&,,  then  ^[Or/A.- 
brfB)  (or/frr)"  has  the  same  sign  aa  n  for  all  finite  values  of  n. 

(Math.  Trip.,  1870.) 


APPLICATIONS  TO   TH£   THEORY   OF  UAXIMA  AND  MINIUA. 

g  10.]  The  general  nature  of  the  connection  between  tJie 
theory  of  maxima  and  minima  and  the  theoiy  of  inequalities 
may  be  illustrated  as  follows : — Let  ^a:,  y,  2),  f(x,  y,  2)  be  any 
two  functions  of  x,  y,  z,  and  suppose  that  for  all  values  con- 
sistent with  the  condition 

/("iy,»)-A  (1), 

we  have  the  inequabty 

^^^ ,,  ij-irH',  n, ')  (2). 

If  we  cui  find  values  ot  x,  y,  z,  say  a,  i,  c,  which  satisfy  the 
equation  (1)  and  at  the  same  time  make  the  inequality  (2)  an 
equality,  then  ^a,  S,  d)  is  a  maximum  value  of  ^a^  y,  a).  For,  by 
hypothosJB,  ^0,  6,  c)  =  A  and  ^x,  y,  s):j>Aj  therefore  i^x,  y,  z) 
cannot,  for  the  values  oi  x,y,z  considered,  be  greater  than  A, 
that  is,  than  ^a,  h,  c). 

Again,  if  we  consider  all  values  oiiE,y,z  for  which 

-K^y,^)  =  A  (1'), 

if  we  have  f{x,  y,  zX^si  y,  z) 

^:A  (2'). 

it  follows  in  like  manner  that,  if  a,  £,  c  be  such  that  ^o,  £,  c)  s  A, 
/{a,  b,  c)  =  A,  then  /{a,  6,  c)  is  a  minimum  value  of  /{x,  y,  s). 
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Hie  Teisoning  is,  of  course,  not  reatricted  to  the  case  of  three 
Tariables,  although  for  the  eake  of  brevity  we  have  spokeu  of 
only  threcL  The  uatura  of  this  method  for  finding  turning 
values  may  be  described  by  saying  that  such  values  arise  from 
exceptional  or  limiting  cases  of  an  inequality. 

§  11.]  The  reader  cannot  fail  to  be  struck  by  the  reciprocal 
character  of  the  two  theorems  deduced  in  last  section  from  the 
same  inequality.  The  general  character  of  this  reciprocity  will 
be  made  clear  by  the  following  useful  general  theorem : — 

y  for  all  vaiius  of  x,  y,  z,  ammtetU  vn(h  the  amdiium 

f{x,y,z)  =  k, 

ifi(x,  y,  z)  have  a  maaimum  value  •^o,  d,  c)  =  B  say  (ichere  B  defends, 

of  course,  upon,  A),  amd  if  when  A  mcraata  B  also  increases,  and 

vice  versa,  then  for  all  values  of  x,y,  z,  consistent  vnth  the  cotiditi<m 

,^z,y,z)  =  B. 
f{x,  y,  z)  wiii  have  a  mintmum  value  f[a,  b,  e)  =  A. 

Proof. — Let  A'<A,  then,  by  hypothesis,  when  f{x,  y,  z)  =  A', 
•K^,  y.  2)>B'  where  B'<B. 

Hence,  if  <ji{x,  y,  z)  =  E,  f(x,  y,  z)^A;  for  suppose  if  possible 
that/(z,  y,  z)  =  A'<A,  then  we  should  have  ^sc,  y,  2)>B',  that 
is,  since  B'<B,  ^z,  y,  z)  could  not  be  equal  to  B  as  required. 
Hence,  if  a,  i,  e  be  such  that  if>(a,  b,  c)  =  B  and  /(a,  b,  c)  =  A, 
/(a,  b,  c)  ia  Si  TniniTnnTn  value  off{x,  y,  z). 

By  means  of  the  two  general  theorems  just  proved,  we  can 
deduce  the  solution  of  a  large  number  of  maximum  and  minimum 
problems  from  the  inequalities  established  in  the  present  chapter. 

§  12.]  From  the  theorem  of  §  S  we  deduce  immediately  the 
two  following : — 

L  If  x,y,z,  .  .  .  ben potUiee  quatiixHts  subjeci  to  the  condition 

then  their  product  Ilx  has  a  nummim  value,  (i/n)",  vAm  x  =  y  = 
.  .  .  =  */"• 

II.  If  x,y,  z,  ...  be  n  potUm  quantities  sulfject  to  the  (vn- 

IIa!  =  *, 
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fAen  their  sum  Jx  has  a  minimum  vaiiui,  nF'",  when  x  =  y=  ,  .  . 

The  second  of  these  might  be  deduced  from  the  first  by  the 
reciprocity-theorem. 

From  the  corollary  in  §  8  we  deduce  the  following : — 

m.  If  x,y,  n,  .  .  .  be  n  posilive  quantilKs  nibjeei  to  the  con- 
diiUm 

■2fx  =  k, 
where  p,q,r,...  are  all  posUive  constat,  then  He'  has  a  maximum 
valtia,{kl^p}^,wlumx  =  if=  .  .  .  =kfSp. 

TV.  If  x,y,  z,  .  .  .  ben  posUive  gmtUities  suijecl  to  the  reslrie- 
tion 

where  p,q,r,...  are  all  posUive  constaTiis,  then  2px  has  a  minimum 
value,  (Spjif'^,  when  x  =  p=  .  .  .  =  A'*. 

From  the  last  pair  we  can  deduce  the  following,  which  are 
stall  more  general : — 

v.  If  X,  fi,  V,  .  .  .,  l,m,n,  .  .  . ,  J),  5,  r,  .  .  .  he  all  posilive 
CMstants,  and  x,y,  z,  .  .  .  be  aU  posUive,  then  if 

2Xjf  =  k, 
Ux"  it  a  vummum  when 

l>a^jp  =  mta/"jq-'nvz^jr'B  ,  .  . 
VL  And^  JIx''  =  k, 

^Xjf  is  a  mtnimum  when 

IXs^jp  =  Mfii/^/q  =  nc3"/r  =  .  .  . 
Proof. — Denote  pjl,  q/m,  r/«,  ...  by  a,  /3,  y,  ... ; 
and  let  X^=a^,     ^y"  =  jSij,    v«"  =  •/£  Ac. 

So  that  X  =  (aifXyK  &c  ;     xp  =  (a^/A.)",  &c 

We  thsQ  have  in  the  first  case 

2^  =  i  (1), 

rtci'sn(a/A)"n£-  (2). 

Hence^  since  (a/A.)",  (filf-f,  ■  .  .  are  all  constant  and  all  positive. 
He''  is  a  maximum  when  n^"  is  a  maximum.  Now,  under  the 
condition  (1),  n^  is  a  maximum  when  ^  =  r}=  .  .  .  =  kfSa. 
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HoQce  He*  is  a  manmnm  when  h^ja  =  lOf^jP  = .  .  ■ ,  that  is, 
when  IXif/p  =  mfii/^lq  =  .  .  . 

The  mjudmum  value  of  HxJ"  ia  n(a/X)"(A/2a)"",   and  the 
corresponding  values  o{x,y,  z,  .  .  .  are  given  by 
s  =  (oA/ASi)i''  .  .  . 
Applfing  the  reciprocity-theorem,  we  see  that,  if 
IIcP  =  n{a/A)-(*/2a)*', 
the  minimum  value  of  SAje*  is  k,  corresponding  to 
a;  =  (aA/A2a)"'  .  .  . 
Whence,  putting  j  =  n(o/A)"{i/2:a)^,  we  see  that,  if  JIxP  =j, 
the  minimum  value  of  ^Xjf  is  2a{y/n(a/A}'}'^,  corresponding 

"[•W/nWW*Al'"-  ■  ■ 

Cor.  If  we  put  l  =  m  =  n=  .  .  .  =1,  p  =  q=r=  .  .  .  =1, 
we  obtain  the  following  particular  cases,  which  are  of  frequent 
occurrence : — 

If  SAi  -k,IIxisa  maximum  when  Aa;  =  ^y  =  .  ,  . ; 

If  nx  =  k,  SA:e  is  a  minimum  when  >,x  =  fi.y=  .  .  . 

Example  1.  The  cube  i«  tho  recUngalar  parallelopiped  of  nuxinium 
Tolame  for  given  snrftce,  and  oFmlnlmani  surroca  for  givea  volnme. 

If  we  denote  the  lengths  of  three  adjacent  edges  of  a  rectangul&r  panllelo- 
piped  \rj  x,y,t,  its  surface  is  2(|re  +  sc-f  zy)  and  tta  rolame  is  zj/z.  If  we 
put  £=)(>■  ^=^  i—^,  the  surface  ia  2(f  +  i7  +  f)  and  the  volume  V({''f)- 
Henoe,  analytically  coasidered,  the  problem  is  to  make  ftif  a  maximum  when 
J+ij  +  fiaglTen,  and  to  make  J  +  )i  +  J"a  minimum  when  {i|f  is  given.  This, 
byTh.  L,  ia  done  in  either  case  hy  making  {  =  ii=f',  th«tis,  yi=tx=!ey, 
whence  «=ir= I. 

Example  2.  The  equilateral  triangle  haa  maximum  area  for  given  peri- 
meter, end  minimum  perimeter  for  given  area. 

The  area  is  4  =  V«(s-o)(s-i][5'^).  Let  x=i-a,  y=t-h,  z=s--ei 
thenz+y-)->=(;  and  the  areaia  i^ixyi.  Since,  in  the  fiiat  place,  ( is  given, 
WB  have  merely  to  make  zyi  a  maximum  subject  to  the  condition  x  +  y+s=is. 
ThiBl«dBtoa;=y=*(byTh.  I.) 

Kext,  let  A  be  given. 
Then  {x-\-if+z)xyz  =  A*  (1); 

^=4"/^  (2)- 

If  weput{=i^i,i)=zi/%  f=ie^.  we  have 

s+i+i-=4'  a')j 
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a  when  A  u  glTBD,  ire  have  to  make  {^  a  maxi- 
mum,  subject  to  the  conditioa  (_!').  Thia  leads  to  i=ii  =  j;,  that  is,  3^= 
trj^—xy^;  whence  z=y=2, 

Ex&mple  3.  To  conitmot  a  right  circalar  ojlinder  of  given  Tolnine  and 
mLDLiniiin  total  nufaM. 

Let  X  be  the  ndiiu  of  the  ends,  aod  y  the  height  of  the  cjUndei.  The 
total  Barface  is  2w(:^  +  xy),  \ad  the  Tolume  is  rxV 

We  luTS,  therefore,  to  mftke  u=^+xy  a  minimuin,  subject  to  the  cod- 
diHon  3?y=e,     Wo  have 

v=a»  +  xy=ely-i-clx  (1); 

)?S=c  (2). 

Let  l/a^  =  2f,    1/^=1; 

then  ■    M=c(2t+ij)  O*); 

W«  have  now  to  make  2{  +  ii  (that  is,  t-f  f +q}  a  minimam,  aabject  to  the 
conditioii  {*ir=  constant    Thia,  by  Th.  IL,  leads  to  t={=q,  which  giym 

2x=y.     Hence  the  height  of  the  cylinder  is  equal  to  Its  diameter. 

^  the  reciprocity  theorem  (applied  to  the  problem  as  originally  stated  in 
terms  of  x  and  y).  It  ia  obvious  that  a  cylinder  of  ttds  shape  also  has  mazimtim 
voliuna  for  given  total  suilaoe. 

§  1 3.]  From  the  inequality  of  §  9  we  infer  the  following : — 
VII,  IfmdonollUbelvxenOand+l,andifp,q,r,  .  .  .  beali 

emstatit  aiid  positive,  then,  for  aM  positive  vaittes  ofx,y,z,  .  .  .  such 
that 

ipx^k, 

"Sp^  {m  wtchanged)  has  a  minimmn  value  when  x  =  y  =  z=  .  .  . 
If  m  lie  betvxen  0  aitd  +  1,  instead  of  a  imiumum  we  haw  a 


In  stating  the  reciprocal  theorem  it  is  necessary  to  notice 
that^  in  the  inequality,  2px  occurs  raised  to  the  mth  power ;  so 
that,  if  mle  negative,  a  maximum  of  ^px  corresponds  to  a  mioi- 
mum  of  {Spx}™.     Attending  to  this  point,  we  see  that — 

VIIL  If  m>  +1,  and  if  p,  q,  r,  ,  .  .  bt  all  amstant  and  posi- 
Im,  then,  for  alt  potiiive  vduti  ofz,y,z,  .  .  .  guch  that 

Spx"  =  k{m  vnchanged), 
l/px  has  a  maximum  value  when  x  =  y  =  z=  .  .  . 

If  m<  +  1,  we  have  a  mimmum  instead  of  a  tnaztmufn. 

Theonm  VIII.  might  also  be  deduced  from  Theorem  YIL  by 
tiiesuhBtitntion  f  =  af",  )j  =  j)",  f=2",  &c  .  .  . 
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%  14.]  Theorem  YIL  may  be  generalised  by  a  slight  trans- 
formatioii  into  the  following  :— 

IX.  If  mjn  do  not  lie  between  0  and  +  1,  and  if  p,  q,r,  .  .  . , 
A,  /»,  V,  .  .  .  be  ail  constant  and  posi&ve,  then,  for  ail  positive  values 
of  x,y,  z,  .  .  .  such  that 

SAa:"  =  k{n  WKhanged), 
Spaf   (m   mtebanged)   has  a  minimum   value    when  p^f^jke^  = 
»"/«'"=■  ■  ■ 

If  m/n  lie  beivxm  0  and  +  1,  instead  of  a  mintmam  we  have  a 


The  transformation  in  question  is  as  follovs : — 
Let  hf'  =  pi,      ii^  =  <rrf  (1), 

p=^  =  P^.     qr  =  '^  (2). 

From  the  first  two  equations  in  (1)  and  (2)  we  deduce 
f^"'  =  j»!"""/A,p/"'  =  Va/"""/p,  &C.  Hence,  if  we  take/n  =  ni, 
that  is,  /=  mjn,  p,  a-,  ,  .  .  will  be  all  constant  and  obvionaly  all 
positive ;  we  have,  in  fact, 

f  =  (pi^-/A)W-i),     ,  =  (gy«-«/^)W-l),   .  .  .   (3), 
p^{>/lpfl^-\  <r  =  Ot//j)W-i),  .  .  .         (4); 

and  we  have  now  to  make  "Zp^f  a  TnnTimnp^  or  minimum,  subject 
to  the  condition 

2p^  =  *. 
Now,  by  TL  VII.,  "Zp^^  is  a  minimum  or  maximum,  according 
as  /  does  not  or  does  lie  between  0  and  +  1,  when  £  =  ^  =  ■  •  - 
Thus  the  conditions  for  a  turning  value  are 

<j«?»-«/A)»«/-«  =  (3y»— //.)iK/-i)=  .  ,  ., 
which  lead  at  once  to 

p3?"/Xaf* = gy"//iy"  =  ■  ■  ■ 

Cor.  A  veiy  common  case  is  that  where  n=  1,  A  =  ^=  .  .  . 
=  1. 

We  then  have,  subject  to  the  condition  Sr  =  ^  Spuf,  a  mini- 
mum or  maximum  when  px""'  =  gy""'  =  .  .  .,  according  as  m 
does  not  or  does  lie  between  0  and  +  1. 

§  15.]  We  have  hitherto  restricted  i»,  j,  r,  .  .  ,  in  the  in- 
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equality  of  §  9  bo  be  constant  ThiB  is  unneceBsary ;  they  may 
be  functions  of  the  Tariables,  provided  they  be  aucb  that  they 
remain  positive  for  all  poatire  values  of  x,  y,  z. 

We  therefore  have  the  following  theorem  and  ita  reciprocal 
(the  last  omitted  for  brevity) : — 

^-  ^f  Pt  9) ''<  ■  ■  ■  ^  functions  of  x,  y,  z,  .  .  .  which  are  real 
aftd  positive  for  alt  real  and  positive  valves  ofx,y,z,  ,  .  .,  then,  for 
all  positive  valves  ofx,y,z,  .  .  .  which  satisfy 

(Spa")  (Sp)"-^  (m  unchanged)  has  a  minimum  or  maximum  calve 
when  x  =  y=  .  .  .  ,  aceorivng  as  m  does  not  or  does  lie  between 
0  and  + 1. 

Far  example,  we  may  obvioiuly  pat  p='>^,  q=M/',  •  •  . 

We  thua  deduce  that  if  jn>  +1  or  <0,  then,  for  all  pOBitive  values  of 
«,y,  K,  .  .  .  ooiuistent  with   2Xa:»*t'  =  t,  (ZXa?"*")  (2;\i-)»-i  is  a  minimom 

Theorem  X.  may  again  be  transformed  into  others  in  appear- 
ance more  general,  by  methods  which  the  student  will  readily 
divine  ailer  the  illaatrations  already  given. 

Also  the  inequalities  of  §  8  may  be  used  to  deduce  maxima 
and  minima  theorems  in  the  same  way  as  those  of  §  9  were  used 
in  the  proof  of  Theorem  X, 

Example  1.  To  find  the  minimum  value  of  u=x  +  y+t,  subject  to  the 
[>oiiditioiua/x-l-i/v4-^;i=l,  ks-O,  y>0,  £>0,  a,  b,  c  being  positive  coiutauta. 

Let  *=pt-',    S=ff^',    2=''f ; 

afx^pi,    i/y^irr,,   c/i=Tf. 

Hence  p'-'=o''/a*'+'.    If  we  take/=  -I,  we  therefore  get 
x=-^a(-\     y=VST',    '-'s/'t^  i 

The  problem  now  U  to  mftke  ii  =  S\/a(''  a  minimum  snlyect  to  tba  con- 
dition Z\/a{  =  l.  Bj  Th.  VII.  this  ii  accompliahed  by  making  {  =  i|kj-. 
Hence  { =  ij  =  f  =  1/Z  V«-  1^^  minimam  vslue  required  is  theiefors 
(SV)' ;  f**  corresponding  values  ol  x,y,  i  are  i^/aL^a,  'JbZ\Ja,  'JcS.^/a 
respectively. 

Example  2.  To  Bnd  a  point  within  a.  triangle  suclt  that  the  sum  of  the 
mth  powen  of  iu  distances  from  the  aides  ehall  beaminioinm  {m>l]. 

Let  a,  i,  e  be  the  sides,  x,  y,  s  the  three  distances  ;  then  we  have  to  make 
u=£9!*  a  minimam,  subject  to  the  condition  £ax=2A,  wheieAis  the  area 
of  the  triangle. 
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Hence,  if  we  put  aa;=n">/l^'if,  Jy=6"'(~-'^  »=i?"/f^')f,  we  h»ve 

2^  =  20-/'—'^ 
The  solntioii  is  therefore  given  by  J=i)  =  f=2A/Sa"/("-''. 
Whence  a!=24a'/("-*)/2a«'/l~-'l,    y=*c.,    z=&o. 

EiampleS.  Showthat,  if  3?+!^+«'=8,  then  (a!*+j"+!^(9!'+y'+i*)  h»s 
a  minimiim  Tftloe  Ibr  all  poeitiTe  values  of  x,P)  2  wbenz=y=s=l. 

This  follows  from  Th.  X.,  if  we  put  m=2,p=3?,  g=i^,  r=t^,  which  Is 
legitimate  ainc«  z,  y,  z  are  all  positive. 

Example  4.  It  x,  y,  t,  .  .  .  be  n  positive  qoautitiss,  and  m  do  not  lis 
between  0  and  1,  show  that  the  least  possible  value  of  {'Saf*-')  (Zl/x)"*-'  ia  n". 

This  follows  at  once  from  the  inequality  of  S  9,  if  we  put  f =l/av 

s=i/y.  ■  .  • 

g  16.]  The  field  of  application  of  some  of  the  foregoing 
theorems  can  be  greatly  extended  by  the  use  of  undetermined 
multipliere  in  a  manner  indicated  by  Grillet.* 

Suppose,  for  example,  it  were  required  to  discuss  the  turning 
values  of  the  function 

There  I,  m,  n  are  all  positive. 
We  may  write 

w  =  {Xax  +  Xpy(jJ)x  +  figy^lvex  +  vr)«/>.'/i"*i'"  (2), 

where  k,  fi,  v  aie  three  arbitrary  quantities,  which  we  may  sub- 
ject to  any  three  conditions  we  please. 
Let  the  first  condition  be 

IXa  +  mpi  +  nvc  =  0  (3) ; 

then  w«  have 

l{Xax  +  \p)  +  m(/i&c  +  fiq)  +  n{vcx  +  vr) 

=  IXp  +  m/tq  •*■  nvr  =  k  (4), 

where  £  is  an  arbitrary  positive  constant. 

This  being  so,  we  see  by  Th.  III.  that  "[[{Xax  +  kpf  is  a 
maximum  when 

Xax  +  Xp  =  fibx  +  fiq  =  vcx  +  vr 

=  k(n  (6). 

*  JVouwUm  Amiala  dt  Malh.,  ser.  L,  tt  9,  18. 
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The  four  equatioiu  (3)  and  (9)  are  not  more  than  sufficient 
to  exhaust  the  three  conditions  on  X,  /x,  v,  and  to  determine  x. 

We  can  easily  determine  z  by  itself.  In  fact,  from  (3)  and 
(5)  we  deduce  at  once 

la!{ax  +p)  +  mbj(bz  +  g)  +  nc/{cx  +  r)  =  0  (6). 

This  quadratic  gives  two  values  for  x,  say  x,  and  x, ;  and  the 
equations  (5)  give  two  corresponding  sets  of  values  for  A,  /i,  f , 
in  terms  of  k,  say  A,,  ^„  i-,  and  A„  fit>  >'p 

If,  then,  K'ii™,v,"  be  positive,  x,  vrill  correspond  to  a  maxi- 
mum value  of  u ;  if  Ai'/ti^v,"  be  negative,  x,  will  correspond  to 
a  minimum  value  of  u ;  and  the  like  for  x^ 

Eiample  1.  To  discnsa  «s(a!  + SJfz  -  3). 
We  have  u=(Xa!+3X)*{#a:-S/i)/XV 

Now  2(Xa;+SX)  +  (>ci-8/i)=i, 

proTided  2X-i-/i=0  (1), 

6\-Sti=k  (2), 

Therflfora  (Xas  +  SXj'C/tz  -  8^)  will  be  a  rovdmum,  provided 

ix+S\=^-Zfi.  (3). 

Hence,  by  (1), 

2/(z+8)  +  l/(z-8)  =  0j 
which  gives  x=l.     From  (2)  ud  (3)  we  deduce  \=kll2,  n=-il6;  sothkt 
XV  i>  oegativB. 

We  therefore  conclude  th&t  u  ia  s  minimum  when  x=  I, 

The  student  ahoald  trace  the  graph  of  the  function  u ;  he  will  thns  find 
tbmt  it  ihaa  also  a  maiimum  value,  coireaponding  to  x=  -  3,  of  which  this 
method  gives  no  account. 

Exunplfl  2.  For  what  valoea  of  x  and  y  is 

a  minimum  f 

Let  Xi,  X^  .  .  . ,  Xn  be  undetermined  mDltipUers.    Then  we  may  write 

«=SXi»{(fl,a  +  6ij(  +  c)/Xij»  (1); 

and  t=SX,'{(ai!E+friy  +  ei)/Xi}  (2), 

where  it  i«  on  arbitrary  posittve  constant,  that  is,  iudependent  of  x  and  y, 
provided 

Zo,X]=0,    IiiXi=.0,    leiX,=i  (8). 

This  being  so,  by  Th.  Til.,  u  ia  a  minimnm  when 

(aiz  +  S,y+<!])/Xi  =  ((i*B+6ij(+iJi)/Xs=s.  .  .  =t/2Xi»  (4). 

Then+2  eqnatioDs,  {3)  and  (4),  just  sufBoa  for  the  detennlnation  of 
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2*1(01*  H-*tf+i:,)  =  0. 
Bence  the  nlues  of  x  tad  y  corrwponding  to  the  mmimum  value  of  n  ore 
given  by  the  tyatem 

Zai*z -(- ZaiAiP  ■<- Za,ei=  0, 

So,*,z  +  StiV  +  2*1*1 =0. 

ThiB  is  the  Mladou  of  a  weU-known  problem  in  the  Theoij  of  Eirora  of 


§  17.  Method  of  Increments. — Following  the  method  already 
exemplified  in  the  case  of  a  function  of  one  variable,  we  may 

define 

ae  the  increment  of  <^x,  y,  z).  If,  when  x  =  a,y  =  b,  z  =  c,  the 
value  of  I  be  negative  for  all  small  values  oi  k,  k,  I,  then 
^0,  b,c)  is  &  maximum  value  of  ^x,  y,  2} ;  and  if,  under  like 
circumstances,  I  be  positive,  <^a,  d,  c)  is  a  minimum  value  of 

Owing  to  the  greater  manifoldness  of  the  variation,  the  ex- 
amination of  the  sign  of  the  increment  when  there  are  more 
rariablea  than  one  is  often  a  matter  of  considerable  difficulty; 
and  any  general  theory  of  the  subject  can  scarcely  be  established 
without  the  use  of  the  infinitesimal  calculus. 

We  may,  however,  illustrate  the  method  by  establishing  a 
case  of  the  following  general  theorem,  which  includes  some  of 
those  stated  above  as  particular  cases. 

Purkiss'a  Theorem.* — If<f^x,y,z,.  .  .)f{3^y,z,.  .  .)  he  sym- 
metric  Jundwm  of  x,y,z,  .  .  .,  and  if  x,y,z,  ,  .  ,  be  3jd>jed  to  an 
equation  of  the  form 

f{x,,,z,...).t,  (1), 

then  'fi{x,  y,z,  .  .  .)  haa  in  general  a  Iwrmng  value  when  x  =  y  =  z 
=  .  .  .  ,  provided  these  conditions  be  not  inamsisterU  with  the 
equation  (1). 

In  our  proof  we  shall  suppose  that  there  are  only  three 
variables ;  and  so  far  as  that  is  concerned  it  will  be  obvious  that 
there  is  no  loss  of  generality.     But  we  shall  also  suppose  both 

*  Given  with  iuulequate  demonatration  in  the  Oxford,  Cunbridge,  and 
Sablin  Uttatnger  qf  MalAematm,  voL  L  (1862). 


D,a,l,zc.bvG00gIe 


62  PUBEISS'S  THEOREM  ceaf. 

^x,  y,  z)  and  fix,  y,z)\a  be  integral  functions,  and  tliis  supposi- 
tion, although  it  restricts  the  generality  of  the  proof,  tenden  it 
amenable  to  elementary  treatment. 

We  remark,  in  the  first  place,  that  the  conditions 
x  =  y  =  z  and  f{x,  y,z)=Q 
are  in  general  just  sufScient  to  determine  a  set  of  values  lot  x,y,z. 
In  fact,  if  the  common  value  of  z^  y,  z  be  a,  then  a  will  be  a  root 
of  the  equation  /(a,  a,  a)  -  0. 
Consider  the  functions 

I  =  ^{a  +  A,  ffl  +  i,  a  +  l)-^a,a,a),  mAf{a  +  h,a  +  h,a  +  l). 
Each  of  them  is  evidently  a  symmetric  function  of  K,  k,  I,  and 
can  therefore  be  expanded  as  an  integral  function  of  the  element- 
ary symmetric  functions  ^h,  2U,  hkL  We  observe  also  that, 
aince  each  of  the  functions  vanishes  when  A  =  0,  k  =  0,  1  =  0, 
there  will  be  no  term  independent  of  A,  ^  /. 

Let  us  now  suppose  A,  it,  ^  to  be  finite  multiples  of  the  same 
very  small  quantity  r,  say  h-ar,  k  =  ^r,  1  =  yr.  Then  SA  -  rta. 
=  ru  say,  2AA  =  /2a;8  =  r'v,  hkl  =  i*v>.  Expanding  as  above  in- 
dicated, and  remembering  that  by  the  conditions  of  our  problem 
f(a  +  h,  a  +  k,  0  +  0  =  0,  we  have,  if  we  arrange  according  to 
powers  of  r, 

I  =  Awr  -h  (Bm*  -h  Ovy  +  &C.  {IX 

0  =  Pur  -H  (Qw"  +  Ec)r*  ^  &c  (2X 

where  the  &c.  stands  for  terms  involving  r*  and  higher  powers. 
From  (2)  we  have 

«r=  -(Qu'-^Ep)r■/P-^.&c., 
mV  =  0  -^  &o., 
22<i^=  -SaV-h&C, 
&c.  as  before  including  powers  of  r  not  under  the  3rd. 

Hence,  substituting  in  (1)  and  writing  out  only  such  terms 
as  contain  no  higher  power  of  r  than  r*,  we  have 
I-{C-AE/PK  +  &c., 
=  -ir'{C-AR/P)2a'  +  &c. 
Now  (see  chap,  xv.,  |  10),  by  talcing  r  sufficiently  small,  we 
m^  cause  the  first  term  on  the  right  to  dominate  the  sign  of  L 
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Hence  I  will  be  negative  or  poedtiTe  according  as  (CP  -  AB)/P  is 
poaitive  or  negative ;  that  is,  ^o,  a,  a)  will  be  a  maximum  or 
minimum  according  as  (GP  -  AR)/^  is  positive  or  negative. 

Example.  Dbcoas  the  tnmiag  voIum  ot  4(x,  y,  t)=iyx  +  l{yi+xx  +  xy), 
wlgoct  to  the  condition  a^+v'  +  ^  =  8o". 

The  lyBtem 

hu  the  two  aolatiosa  x=y=z=  ±a. 

If  we  take  x=y=z=  +a,  we  Bad,  after  expanding  «a  above  indicated, 
Ie(o'+2o*)ur+(oi-ft>5r'+iK.,  ; 

0  =  2flur + (u' -  2o)r'. 
In  this  can,  thereTorB,  A.  =  a*  +  9ai,  C-a+b,  F=2a,  fi=-S;  and(CF-AR}/ 
P=2o  +  S6. 

Hence,  irhen  x  =  y  =  i=  -fa,  ^  ia  a  maximnm  or  a  minimum  aocording  as 
2a  ■)-  Si>  is  podtive  or  negpitive. 

In  like  manner,  ve  see  that,  when  x=y=t=  -a,  0  is  a  maximum  or  a 
minimom  accoiding  oa  -2a-<-Sii«  positive  or  negative. 


EZERCISBS  VL* 
(1.}  Find  the  minimum  value  of  iex+eay  +  abx  when  xj/z=aie. 
(2.)  Plndthemaiimam  value  of  lyj  when  !t'/o'  +  3/'/6'+^/<:'  =  l, 
(3.)  IfSx'=e,£b:uia  maximnm  when  2:^:2:  .  .  .  ^l-.m^n:  .  .  . 
(4.)  Find  tha  turning  valuta  of  Aa:™'-i-«y^  +  »7"°,  aulyect  to  the  condition 

(5.)  Find  the  tarulng  values  of  oz'  +  ^V  +  c^  when  z^=fP. 

(S.)  If  xip=a'(x+y+z),  then  yz+ix+xy  ia  s  mioimam  wheDX=y=z= 

(7.)  Find  tha  turning  values  of  (2+ 1)  (y  +  m}(i+n)  where  a'J*i?=£i. 

(8.)  Findthe  minimum  value  of  oaf  +  S/a". 

(9.)  Find  the  turning  voluea  of  {3a:-2)  (ar-ajV-B)"- 

(10.)  ltac(,b-y)=ay{e-s)  =  bi<,a-x),  find  the  maiimnm  value  of  each. 

(11.)  Find  the  tnroing  valnea  of  a^/y"  (in>ii),  anbject  to  the  condition 
x-y=e.     (Bonnet,  Ifouv.  Anit.,  eei.  i,  t.  2.) 

(12.)  It^av+isy—a,  then  K'tv+^^haa  a  minimum  value  when  z=y= 
(a/2)>/<rH) ;  and,  in  general,  if  £z>^= a,  Sz'^  hoe  a  mininnm  value,  a/{»  - 1), 
whBnic=y=i=  .  .  .  =  ja/(7i-l)B}'/t^t»'.  DiacoM  spedsllj  the  esse  where 
p  and  q  have  opposite  aigna. 

(IS.)  IIxty  +  Tfy^e,  thenxyu  a  maximum  when  K»-'/(r«-«()=p^/ 
(^-j?u),  the  denominatorB,  ru-gt  and  gf-pu,  being  ssenmed  to  have  Hie 
same  sign.     (Desboves,  Questtoiu  if  j4^^<,  p.  46G.     Paris,  1873.) 

*  Here,  unleaa  the  contrary  is  indicated,  all  letters  denote  positive 
quantities. 
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(H.)  If  p-rq,  and  x'  +  yf^a',  than  a^  +  y*  ia  ft  minimnm  vhen  ii!=[f= 
a/2^'''.     St&te  the  reciprocal  theorem. 

(15.)  Find  the  turning  values  of  (t«'  + VW{'»'«'  +  *V)  when  1^+^  =  1. 

(IS.)  If  Si,  9^,  .  .  .  ,  Zn  he  each  >a,  nod  such  that  (xi~a)lxi-a)  .  .  . 
(iiW-o)  =  i*i  the  leaat  value  of  xiXt  ,  .  ,  a;,  ia  (a  +  S)",  o  and  b  being  both 
poutiTe. 

(17.)  If/(n))  denote  the  greatest  prodact  that  can  be  formed  with  nintegera 
whose  sum  ia  m,  show  'Cla.t  f[m  +  l)lf{m)  =  l-\-llq -where  j  is  the  integral 

(18.)  ABCD  ia  a  rectangle,  AFQ  meets  BC  in  F,  and  DC  produced  in  Q. 
Find  the  pomdon  of  AFQ  when  the  sum  of  the  areas  ABF,  PCQ  is  a  minimanL 

(IB. )  0  ia  a  given  point  within  a  circle,  and  POQ  and  BOS  an  two  per- 
pendicular chords.  Find  the  position  of  the  chords  when  the  area  of  the 
quadrilateral  PBQS  is  a  manmnm  or  a  minimnm. 

(20.)  Two  given  circles  meet  orthc^nalty  at  A.  FAQ  meets  the  circles  in 
P  and  Q  reapectivelf .     Find  the  podtion  at  FAQ  when  FA,AQ  is  a  maxininm 

(21.)  To  inscribe  in  a  given  sphere  the  right  dccnlar  cone  of  tnaximnm 
volume, 

(32.)  To  circnmscrtbe  aboat  a  given  sphere  the  right  circular  eone  of 
minimum  volame. 

(23.)  Given  one  of  the  parallel  sides  and  olao  the  non-parallel  sides  of  an 
isosceles  trapezium,  to  hnd  the  fourth  aide  in  order  that  its  area  ina;  be  s 


(21)  To  draw  a  line  through  the  vertex  of  a  given  triangle,  such  that  the 
sum  of  the  projedjoiia  upon  it  of  the  two  aides  which  meet  in  that  vertex 
shaU  be  a  maximnm. 
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CHAPTER   XXV. 
limits. 

$  1.]  In  laying  down  the  fundamental  principles  of  algebra, 
it  was  neceBs&ry,  at  the  very  beginning,  to  admit  certain  limiting 
caseB  of  the  operations.  Other  cases  of  a  similar  Idnd  appeared 
in  the  development  of  the  science ;  and  several  of  them  were 
discussed  in  chap.  xv.  In  most  of  these  cases,  however,  there 
was  little  difficulty  in  arriving  at  an  appropriate  interpretation ; 
others,  in  which  a  difficulty  did  arise,  were  postponed  for  future 
consideration.  In  the  present  chapter  we  propose  to  deal 
specially  with  these  critical  cases  of  algebraical  operation,  to 
which  the  generic  name  of  "  Indeterminate  Forms "  has  been 
given.  The  subject  is  one  of  the  highest  importance,  inasmuch 
as  it  forma  the  basis  of  two  of  the  most  extensive  branches 
of  modem  mathematics — namely,  the  Differential  Calculus 
and  the  Theory  of  Infinite  Series  (including  from  one  point 
of  view  the  Integral  Calculus).  It  is  too  much  the  habit 
in  English  courses  to  postpone  the  thorough  discussion  of  in- 
determinate forms  until  the  student  has  mastered  the  notation 
of  the  differential  calculus.  This,  for  several  reasons,  is  a 
mistake.  In  the  first  place,  the  definition  of  a  differential 
coefficient  involves  the  evaluation  of  an  indeterminate  form ; 
and  no  one  can  make  intelligent  applications  of  the  differential 
calculus  who  is  not  familiar  beforehand  with  the  notion  of  a 
limit  Again,  the  methods  of  the  differential  calculus  for  evalu- 
ating indeterminate  forms  are  often  leas  effective  than  the  more 
elementary  methods  which  we  shall  discuss  below,  and  are 
always  more  powerful  in  combination  with  them. 

vol.  n  r 
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§  2.]  The  characteristic  difficulty  and  the  way  of  meeting  it 
will  be  best  explained  by  discussing  a  simple  example.  If  in 
the  function  (x*  -  l)/{j;  -  1)  we  put  x=2,  there  is  no  difficulty 
in  carrying  out  successively  all  the  operations  indicated  by  the 
synthesis  of  the  function ;  the  case  is  otherwise  if  we  put  x=l, 
for  we  have  l'-l=0,  1-1=0,  so  that  the  last  operation  in- 
dicated is  0/0 — a  case  specially  excluded  from  the  fundamental 
laws ;  not  included  even  under  the  case  a/0  (a  #  0)  already  dis- 
cussed in  chap,  xv.,  §  6.  The  first  impulse  of  the  learner  is  to 
assume  that  0/0  =  1,  in  analogy  with  aja  =  1 ;  but  for  this  he 
has  no  warrant  in  the  laws  of  algebra. 

Strictly  speaking,  the  function  (z*  -  l)l(x  -  1)  has  no  definite 
value  when  x=l ;  that  is  to  say,  it  has  no  value  tbat  can  be 
deduced  from  the  principles  hitherto  laid  down.  This  being  so, 
and  it  being  obviously  desirable  to  make  as  general  as  possible 
the  law  that  a  function  has  a  definite  value  corresponding  to 
every  value  of  its  argument^  we  proceed  to  define  the  value  of 
(x*-  Ijjix-  1)  when  x=  1.  In  so  doing  we  are  naturally  guided 
by  the  principle  of  continuity,  which  leads  us  to  define  the 
value  of  (j?  -  l)/(x  - 1)  when  x=l,  so  that  it  shall  diflfer  in- 
finitely little  from  values  of  {3^  -  l)j(z  - 1),  corresponding  to 
values  of  x  that  difier  infinitely  little  from  1.  Kow,  so  long  as 
x^  1,  no  matter  how  little  it  difTers  from  1,  we  can  perform  the 
indicated  division;  and  we  have  the  identity  (z*-  l)l{x~  l)  = 
z  +  1.  The  evaluation  of  x  +  1  presents  no  difficulty ;  and  we 
now  see  that  for  values  of  x  differing  infinitely  little  from  I,  the 
value  of  (a^  -  l)/lx  -  1)  differs  infinitely  little  from  2.  JFe  there- 
fore define  the  value  of  (x' -  l)/(z -  1)  when  x^l  to  be2  ;  and  we 
see  that  its  value  is  2  in  the  useful  and  perfectly  intelligible 
sense  that,  by  bringing  x  sufiidetiUy  near  to  \,  ice  can  cause 
{^  -  l)/(-r  -1)  to  differ  /tobi  2  by  as  Utile  as  we  please.'^  The 
value  of  {x'  -  l)j{x  -  1)  thus  specially  defined  is  spoken  of  as  the 
timUing  wd«e,  or  the  limU  of  (^ -  i)/(x -1)  for  x=l ;  and  it  is 
symbolised  by  writing 

•  The  reader  ahould  observe  that  ths  Uefiuitioa  of  tlie  oritic«l  value  juat 
given  hu  another  advantage,  namely,  it  enables  us  to  aasert  the  truth  or  the 
iilentity  (ii?-l)/(i-l)=z  +  l  without  Mception  in  the  case  where  z=I. 
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where  L  is  the  initial  of  the  word  " limit"  The  subscript  x=\ 
may  be  omitted  when  the  value  of  the  argument  for  which  the 
limiting  value  is  to  be  taken  is  otherwise  sufficiently  indicated. 

We  are  thus  led  to  construct  the  following  definition  of  the 
value  of  a  function,  so  as  to  cover  the  cases  where  the  value 
indicated  by  its  synthesis  is  indeterminate  : — 

^r/iCTi,  by  causing  x  to  differ  sufficieally  Utile  from  a,  we  can  make 
the  value  of  f{x)  approach  as  near  as  we  please  to  I,  then  I  is  said  to 
be  the  limiting  value,  or  limit,  of  f{x)  wlien  z  =  a;  and  we  iwi'fe 
L/W  =  !. 

Cor.  1.  A  function  is  in  general  continuous  in  the  netghbourliood 
of  a  limiting  value  ;  and,  therefore,  in  (Alaining  that  value  we  may 
subject  the  function  to  any  transformation  whiclt  ia  admissible  on  the 
hypothesis  that  the  argumeid  X  has  any  vaius  in  the  na,ghbourhood  of 
the  critical  vaivs  a. 

We  say  "in  general,"  because  the  statement  will  not  be 
strictly  true  unless  the  phrase  "  differ  infinitely  little  ftpm  "  mean 
"differ  either  in  excess  or  in  defect  infinitely  little  from."  It  may 
happen  that  we  can  only  approach  the  limit  from  one  side ;  or 
that  we  obtain  two  different  limiting  values  according  as  we  in- 
creoae  x  up  to  the  critical  value,  or  diminish  it  down  to  the  critical 
value.  In  this  last  case,  the  graph  of  the  function  in  the  neighbour- 
hood oi  x  =  a  would  have  the  peculiarity  figured  in  chap,  xv., 
Fig.  5 ;  and  the  function  would  be  discoDtinuous.  The  latter 
part  of  the  corollary  still  applies,  however,  provided  the  proper 
restriction  on  the  variation  of  x  be  attended  to. 

When  it  is  necessary  to  distinguish  the  process  of  taking  a 
limit  by  increasing  x  up  to  a  from  the  process  of  taking  a  limit 
by  decreasing  x  down  to  a,  we  may  use  the  symbol  L  for  the 
former,  and  the  symbol    L    for  the  latter. 

Cor.  2.  If  Ij  f{x)  =  I,  then  f{a  +  h)  =  l  +  d,  where  d  is  a  function 
of  a  and  h,  whose  value  may  be  made  as  small  as  we  please  by  suffi- 
dmtlt/  divdniahing  h. 
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This  is  simply  a  re-statement  of  the  definitioD  of  a  limit  from 
another  point  of  view. 

Cor.  3.  Any  ordinary  value  of  a  /unction  saiisfies  the  definiiion 
of  a  limiting  value. 

For  example,  L  (/  -  \)j(x  -  1)  =  (2'  -  l)/(2  -  1)  =  3.  This  re- 
mark would  be  superfluous,  were  it  not  that  attention  to  the 
point  enables  us  to  abbreviate  demonstrations  of  limit  theorems, 
by  using  the  symbol  L  where  there  is  no  peculiarity  in  the 
evaluation  of  the  function  to  which  it  is  prefixed. 

§  3.]  It  may  happen  that  the  critical  value  a,  instead  of 
being  a  definite  finite  quantity,  is  merely  a  quantity  greater  than 
any  finite  quantity,  however  great.  We  symbolise  the  process 
of  taking  the  limit  in  this  case  by  writing    L    /  (x),  or   L     /  (z), 

according  as  the  quantity  in  question  is  positive  or  negative. 
For  example, 

In  this  case,  we  ckd,  strictly  speaking,  ajiproacli  the  limit  from  one  side 
onl; ;  and  the  qucijtiou  of  continuity  on  both  sides  of  the  liioit  does  not 
arise.  If.  however,  we,  aa  it  were,  join  the  series  of  algebraical  quuitity 
-OS  ...-1...0...  +1...  +0O  through  infinity,  by  conaideriiig 
■1-  00  and  -  »  as  consecutive  values ;  then  we  say  that/Ji)  is,  or  is  not,  con- 
tinuous for  the  critical  value  j'^k),  according  as   L  /(i)and    L    /(z)haTe, 

have  not,  the  same  value.     For  example,  (z  +  l)/!  is  continuous  for  1  =  00, 
:  H-e  have   L  (z  +  l)/3;=l=    L     (*  +  l}/xi  but  (i'  +  l)/3!  is 


4.]  The  value  0  may  of  course  occur  as  a  limiting  value  ; 
[or  example,  li  x{£~  l)'/(-r'  -  1)  =  0.     It  may  also  happen,  even 

for  a  finite  value  of  a,  that /(a;)  can  be  made  greater  than  any- 
finite  quantity,  however  great,  by  bringing  x  sufficiently  near  to  a. 
this  case  we  write  L  f{x)  =  =0 ,     In  thus  admitting  0  and  00 

as  limiting  values,  the  student  must  not  forget  that  the  general 
rules  for  evaluating  hmits  are,  as  will  be  shown  presently,  sub- 
ject in  certain  cases  to  exception  when  these  particular  limits 
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ENUMERATION    OF  THE   ELEUBNTABY    INDETERMINATE   FORMS. 

§  5.]  Let  u  and  v  be  any  two  functions  of  x.  We  have 
already  seen,  in  chap,  xv.,  that  u  +  v  becomea  indetermin- 
ate wben  u  and  »  are  infinite  but  of  opposite  sign ;  that  uxv 
becomea  indeterminate  if  one  of  the  factors  become  zero  and 
the  otber  infinite;  and  that  u  —  v  becomes  indeterminate  if  u 
and  V  become  both  zero,  or  both  infinite.  We  thus  have 
the  indeterminate  forms— (I.)  <»  -  co ,  (It)  0  x  co ,  (III.)  0-5-0, 

(IV.)     CO    -CO. 

It  is  interesting  to  observe  that  all  these  really  reduce  to  (III.).  Take 
o  -»  Tor  eiample.  Since  u-f  v~{l-Hv/u)/(l/»)i  and  Ll/i(  =  1/=o  =  0,  this 
fnnctioa  will  not  be  really  iudeUrminnte  unless  Imju—  ~  1.  The  evaluation 
oCthe  form  oc  -  oo  therefore  reduces  to  a  consideration  of  cases  (IV.)  and  (III.) 
atmoflL  How,  since  »-^e=(Vi')-i-(l/«),  case  (IV.)  can  he  reduced  to  (III.) ; 
and  finally,  since  uxi'=iiH-(lH  case  (II.)  can  bs  reduced  to  (HI.). 

To  exhaust  the  category  of  elementary  algebraical  operations 
we  have  to  discuss  the  critical  values  of  u\  This  is  most  simply 
done  by  writing  «'  =  a*^'*"'' where  a,  is  positive  and  >-l.  We 
thus  see  that  u"  is  determinate  so  long  as  v\ogji  is  determinate. 
The  only  cases  where  riogaW  ceases  to  be  determinate  are  those 
where— (V.)  p  =  0,  logaU  =  +  «,  that  isij  =  0,B=  <w;  (Vl)e  =  0, 
logaU=  -00,  that  is  p=0,  u-Q;  (VIL)  p=  ^w,  logaW=0, 
that  is  v=±oo,  wX.  There  thus  arise  the  indeterminate 
fonns— (V.)  «>•,  (VI)  (f,  (VII.)  1±".* 

AH  thsse  depend  on  a'"'°>  ;  or,  if  we  choose,  upon  cfl* ;  so  that  it  may 
be  said  that  there  is  really  only  one  ttmdamental  case  of  indetermi nation, 
namely,  0-hO. 

EXTENSION   OF  THE  FUNDAMENTAL  OPERATIONS  TO   LIMITING 
VALUES. 
§  6.]  We  now  proceed  to  show  that  limiting  values  as  above 
defined  may,  under  some  restrictions,  be  dealt  with  in  algebraical 

*  Tbe  reader  is  already  aware  that  1°  gives  1  ;  and  he  may  easily  convince 
himself  that  O*",  O-",  50+'",  oo-">  give  0,  ±oo,  ±w,  0  respectively,  no 
matter  what  their  origio. 
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operfttions  exactly  like  ordinary  operands.     This  is  established 
by  means  of  the  following  theorems  : — ■ 

I.  Tht  limii  of  a  sum  of  functions  of  xis  th«  mm  of  Iheir  UmUs, 
provided  the  latter  does  not  take  the  indetenninaie  form  co  -  oo  . 

Consider  the  sum  f{x)  -  ^x)  +  j((j)  for  the  critical  value 
x  =  a;  and  let  'hf(x)=f,  L^z)  =  <^',  Lx(:r)-x'.  Then,  by  §  2, 
Cor.  2, 

f{x)  =/  +  a,  4^x)  =  ,^'  +  ft  x(^)  =  x+y, 
where  o,  ft  y  c&d  each  be  made  as  small  as  we  please  by 
bringing  x  sufficiently  near  to  a. 
Now,         /W  -  ,>(„)  +  xM  -/  -  *■  -I-  X  +  («  -  ^  +  y). 
But,  obviously,  a  -  /3  +  y  can  be  made  as  small  as  we  please  by 
bringing  x  sufficiently  near  to  a.     Hence 

that  is,  =L/(:r)-L^ar)  +  LxW     (1). 

This  reasoning  supposes/',  if,',  ;^'  to  be  each  finite ;  but  it  is 
obvious  that  if  one  or  more  of  tbem,  all  having  the  same  sign, 
become  infinite,  then  /'  -  •^'  +  x'  ''"'J  ^  {f{^)  -  "H^)  +  x(-'^)}  *■■« 
both  infinite,  and  the  theorem  will  still  be  true  in  the  peculiar 
seuae,  at  least,  that  both  sides  of  the  equality  are  infinite.  If, 
however,  some  of  the  infinities  have  one  sign  and  some  the 
opposite,  /'-<(>'  +  x'  ceases  to  he  interpretable  in  any  definite 
sense ;  and  the  proposition  becomes  meaningless. 

II.  The  limit  of  a  product  of  functions  of  x  is  the  product  of  their 
limits,  provided    the    latter   does    not    lake   the    indeterminale  form 

Ox    CO. 

Using  the  same  notation  as  before,  we  have 
/(^)^x)x(x)  =  (/-Ha)(*'+0Kx'  +  y) 

=/'*'x'  +  -"^'x'  +  ^^x'  +  «^?- 
Now,  provided  none  of  the  limits/',  <^',  \  be  infinite,  since  a,  ft 
y  can  all  be  made  as  small  as  we  please  by  bringing  x  sufficiently 
near  to  a,  the  same  is  true  of  Sa^'x',  ^^x  t  ^"^  "J^y-     Hence 

VW  ■K"^)  xM  -/'fx  -  VM  i.*<^)  Lx(')  (2). 

If  one  or  more  of  the  limits  /,  0',  x'  be  infinite,  provided  none 
of  the  rest  be  zero,  the  two  sides  of  (3)  will  still  be  equal  in  the 
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sense  that  both  are  iii6nite ;  but,  if  there  occur  at  the  same  time 
a  zero  and  an  infinite  value,  then  tho  right-hand  aide  osBumes 
the  indeterminate  form  0  x  co  j  and  the  equation  (2)  ceases  to 
have  any  meaning. 

IIL  The  limil  of  the  gvolient  of  two  functions  of  x  is  the  quotient 
of  their  limits,  provided  the  latter  does  not  take  one  of  the  indeterminate 
forms  O/O  or  <X!  jff>.     We  have 


(3). 


/(>). 

/■  +  • 

/■ 

.£±5- 

/■ 

/■ 

at 

-Hf 

ki)' 

"♦■+/S" 

*■ 

*■  +  /! 
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*' 

*■(*' 

+  «■ 

From  this  equation,  reasoning  as  above,  we  see  at  o 
neither  /'  nor  ^'  be  infinite,  and  ^'  be  not  zero, 

,/M_/-_L«j) 


It  is  further  obvious  that  if  /'  =  co ,  <^'  +  co ,  both  sides  of  (3) 
will  be  infinite ;  if  ^'  =  =0 ,  /  +  oo ,  both  sides  will  be  zero ;  and 
if  ^'  =  0,  /'  +  0,  both  sides  will  be  infinite.  In  all  these  cases, 
therefore,  the  theorem  may  be  asserted  in  a  definite  sense.  If, 
however,  we  have  simultaneouBly  /'  =  0,  ^'  =  0,  the  right  hand  of 
(3)  tabes  the  form  0/0  ;  if/'  =  00  ,  1^'  =  oo  ,  the  form  00  /w  ;  and 
then  the  theorem  becomes  meaningless, 

"§  7.]  If  the  reader  will  compare  the  demonstrations  of  last 
par^japh  with  those  of  %  8,  chap,  xv.,  he  will  see  that  (except 
in  the  cases  where  infinities  are  involved)  the  conclusions  rest 
merely  on  the  continuity  of  the  sum,  product,  and  quotient. 
This  remark  immediately  suggests  the  following  general  theorem, 
which  includes  those  of  last  par^raph  as  particular  cases : — 

If  r(«,  %  w,  .  .  .)  be  any  function  of  u,  v,  w,  .  .  .,  lehich  is 
determinate,  and  finite  in  ixdue,  and  also  cojiimtioiis  when 

.-L/(i),    .-L*(«),    »  =  LxW 

then 

LF(/M,  «M,  xM.  ■  ■  ■!  -  FII/M,  L*).  Lx('). .  ■  -i. 
llie  reader  will  easily  prove  this  theorem  by  combining  §  2,  Cor. 
2,  with  the  definition  of  a  continuous  function  given  in  chap. 
IV.,  §§  5.  14. 
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The  most  imporhuit  case  of  tliiB  propositioQ  n-liicb  vre  shall  bars  occasion 
)  use  is  that  where  we  hare  a  function  of  a  single  fonction.     For  example, 
M(a^-]}/(a^l)}'=U(iS-l)/(^-l)|'  =  4. 

LlogK3?-l)/(i-l)}-log{  L  (^-l)/(»:-l)|=log2. 


ON  THE  FORMS  0/0   AND   eo  /  oo  IN   CONNECmON  WITH 
RATIONAL  FUNCTIONS. 

§  8.]  The  form  0/0  will  occur  with  a  rational  function  for 
the  value  x  =  0  if  the  absolate  terms  in  the  numerator  and 
denominator  vanish.  The  rule  for  evaluating  in  this  case  is  to 
arrange  the  terms  in  the  numerator  and  denominator  in  order 
of  ascending  degree,  divide  by  the  lowest  power  of  x  that  occurs 
in  numerator  or  denominator,  and  then  put  x=0.  The  limit 
will  be  finite,  and  +  0,  if  the  lowest  tenne  in  numerator  and 
denominator  be  of  the  same  degree ;  0  if  the  term  of  lowest 
degree  come  from  the  denominator;  oo  if  the  term  of  lowest 
degree  come  from  the  numerator.  All  this  will  be  best  seen 
from  the  following  examples ; — 


Example  S. 

.    ,  2r<+z«      ,    2  +  i»       2 

§  9.]  The  form  oo  /  «>  can  ariee  from  a  rational  function  when, 
and  only  when,  x=  an .  The  hmit  can  be  found  by  dividing 
niunerator  and  denominator  by  the  highest  power  of  x  that 
occurs  in  either.  If  this  highest  power  occur  in  both,  the  limit 
is  finite ;  if  it  come  from  the  denominator  alone,  the  limit  is  0  ; 
if  from  the  numerator  alone,  the  limit  is  oo . 

Example  1. 

L        ^"*"y_   -  3/J-  +  I        _     0  +  1      ^  1 

,=»li^  +  i''  +  3j^  "^ji'„2/jr'  +  l/z  +  3  -    0  +  0  +  3       3' 
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Example  2. 
Eiunple  3. 


+  3g*  +  4j^  l/g*  +  3/g'  +  4/j!' 


x=„2x+3x'  +  x'  ~i'„2/ar'  +  3/ie<  +  l/i''"  0  ~  "" 
§  10.]  If  the  rational  function /(z)/i^(s)  take  the  form  0/0  for 
a  finite  value  of  a:,  +  0,  say  for  x  =  a,  then,  since  /(a)  =  0,  ^n)  =  0, 
it  follows  from  the  remainder-theorem  that  x  -  a  is  a  common 
factor  in  f{x)  and  <j)(x).  If  we  transform  the  function  by  remov- 
ing this  factor,  the  result  of  putting  x-a  in  the  transformed 
function  will  in  general  be  determinate ;  if  not,  it  must  be  of 
the  form  O/O,  and  x-a  will  again  be  a  common  factor,  and  must 
be  removed.  By  proceeding  in  this  way,  we  shall  obviously  in 
the  end  arrive  at  a  determinate  value,  which  will  be  the  limit  of 
f(x)l-Kx)whenx  =  a. 

Example.  Evaluate  (3a^  -  l(te*  + 3j!>  +  12*i-4)/{a!'  +  2i'-2Zir'  + S2iB-8) 
when  x=2.  The  value  b,  in  the  first  iustance,  indeterminata,  and  of  the 
form  0/0 ;  hence  ^  -  2  is  a  common  factor.  If  we  divula  out  this  factor,  we 
find  tlut  the  value  ia  still  of  the  form  0/0  ;  hence  we  must  divide  again.  We 
then  have  a  determinate  result.  The  work  maj  be  arranged  thus  (aee  chsp. 
v.,  S13):- 

32-8 


3- 
0  + 

0+   S 

6-8 

+  12 
-10 

0  + 

4-5 

6+   4 

+    2 

0  + 
3  + 

fl+l( 
8J  +  15 

+    0 

1  +  2 

0  +  2 

-22+3 
+   8-2 

1  +  4 
0  +  2 

-14  + 
+  12  - 

1+6 
0  +  2 

1  +  ^. 

-2  + 
+  18 
+  14 

The  process  of  division  is  to  lie  cantiuued  until  we  have  two  remainders 
which  are  oot  both  zero.  The  quotient  of  these,  16/14  in  the  present  case,  is 
the  limit  required. 

The  evaluation  of  the  limit  in  the  present  case  may  also  be 
effected  by  changing  the  variable,  an  artifice  which  is  frequently  of 
use  in  the  theory  of  limits.  If  we  put  z  =  a  +  z,  then  we  have 
to  evaluate  L/(a  +  z)j<^a  +  z)  when  3  =  0.  Since  f{a  +  z)  and 
^a  +  z)  are  obviously  integral  functions  of  s,  we  can  now  apply 
the  rule  of  §  8.  It  will  save  trouble  in  applying  this  method  if 
it  be  remembered — lat,  that  in  arranging  /(a  +  z)  and  ^a  +  z) 
according  to  powers  of  z  we  need  not  calculate  the  absolute 
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terms,  since  they  must,  if  the  form  to  be  evaluated  be  O/O,  be 
zero  in  each  case ;  2nd,  that  we  are  only  coDcerned  witb  the 
lowest  powers  of  z  that  occur  in  the  numerator  and  denomiiiAtor 

respectively. 

,^s^  +  2a?-22r'  +  32i-"8   ",_(,  ("2  +  i)*  +  2(2  +  z)'- 22(2  +  i^  +  32[2+i)-S 
15t*4-P:'  +  ftc.     ■ 

15  +  Pi  +  ftc. 


This  method  U  of  course  at  bottom  identical  with  the  former ;  for,  linra 
*=«-a,  the  diiisioii  hy  =*  correaponils  to  the  rejection  of  the  fiictoT  (z-a)*. 

g  11.]  The  methods  which  are  applicable  to  the  quotient  of 
two  integral  functions  apply  to  the  quotient  of  two  algebraic 
sums  of  constant  multiples  of  fractional  powers  of  x.  Each  of 
the  two  sums  might,  in  fact,  be  transformed  into  an  integral 
function  of  y  by  putting  x  =  \/^,  where  d  is  the  L.C.M.  of  the 
denominators  of  all  the  fractional  indices.  It  is,  however,  in 
general  simpler  to  operate  directly. 
Exunple.  Evaluate 


'oi*  +  2i*+i 


■0  divide  hy  a^,  the  lowest  poner  of  x  that  oi 
'=iol  +  2^  +  ^"' 


§  12.]  The  following  theorem,  although  partly  a  special  case 
under  the  present  head,  is  of  great  importance,  because  it  gives 
the  fundamental  limit  on  which  depends  the  "differentiation "of 
algebraic  functions : — 

If  m  be  any  real  commfosurable  quaniily,  positin-  or  nt^alire, 
L{^'"-l)/(r-l)  =  m  (1). 
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First,  let  m  be  a  positive  integer.     Then  we  have 

Hence 

L  (jf* -  iy(x -1)  =  1  +  1+.  .  .  +  1  +  1  (m  terms), 

Next,  let  m  be  a  positive  fraction,  say  p/q,  where  p  and  q  are 
positive  integers.  Then  the  limit  to  be  evaluated  is  L  (xp'i  -  1)/ 
{x—  1  ).*  If  we  put  x  =  2^,  and  observe  that  to  j;  =  1  corresponds 
2=1,  the  limit  to  be  evaluated  becomes  L  (zP-  l)/(a^-  1).  This 
raay  be  evaluated  by  removing  the  common  factor  e  -  1 ;  or  thus 

=i^>')/i.(f^r). 

Finally,  suppose  m  to  have  any  negative  value,  say  -  n,  where 
n  is  positive.     Then 

L(^--l)/(;.-l)=_L(l-«")/^(.-l), 

•  -  L  (I"  -  l)/(s  -  IK, 

.-"{W"-i)/(«-i)!  -,yA" 

Now,  by  the  last  two  cases,  since  »  ib  positive,  L  (r"  -  1)/ 
(x  -  1)  =  ji.     Also  L  1/3*  =  1.     Hence 

■  that  is,  in  this  case  also, 

L(z"-l)/{3;-l)  =  m. 

Second  DemonsiTaluni. — The  above  theorem  miglit  also  be  deduced  at  once 
from  the  iuequality  of  chap,  xiiv.,  §  7,  aa  folloirs  : — For  all  poaitivo  values  of 
X,  and  alL  positive  or  negative  Taliiea  of  m,  3:~-l  Hea  between  insf-'{x-l) 
and  m(x-1).     Hence  (i™  -  1  )/(i;  -  1 }  lies  between  vaf^'  and  vi.     Now,  by 

*  There  ia  here  of  cour<ie  the  uaiial  understanding  (see  chap,  i.,  §  2)  as 
to  the  meaning  olx'!'. 
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bringiDg  *  anfficiently  neu  to  1,  nu^~'  ran  be  made  to  differ  u  little  from  m 

aswe  please.     The  same  is  therefore  true  of  (z"- l)/(z- 1} ;  that  is  to  s«.y, 

for  all  real  values  of  m. 

ExtUDple  I.  Find  the  limit  or(3:i'-a'')/(j!»-a«)  wheiia  =  a.    We  have 


-^x:^)/(?^)- 


Examples.  Evalnate  log  (x^- 1)- log  (x^-l)  when  :i;=l. 

L,[log(a^-l)-log(=^-l)f=Llc«{(irl-l)/(3J-l)!, 

=  log{L(zi-l)/(2l-l)!,  byS7, 

=l''g  {♦/«. 

Example  &.   \l   Ix,   Px,  .  .  .  denote  log*.   Iog(log3;),  .  .  .  respectivsly, 
then,  when  1=00,  U'{x-H)ll'x=\. 
In  the  first  place,  ire  hare 

l{,x-\-l)llx=  {l{x-\-\)-lx^U\lU, 

Now,  when  x=«,i{l  +  l/!i!)  =  n  =  0  and  ic==o.     Hiwx  U{x  +  \)jlx  =  \. 
If  we  assume  that  Ur{x  +  \)ll'x  =  l,  we  liave 

!'+■(*  + l)/i'+-'a=  (?«(!  + 1)  -  i'^'2  + ^'+'I!/^+^ 

=^{^'(^+])/i'4/^^■l^+l. 

that  is,  the  theorem  holds  forr  +  1  if  it  holds  for  r.  But  it  holds  Tor  r  =  l,  ts 
we  hate  seen,  therefore  for  t  =  2,  &c.  It  is  obvious  that  this  theorem  holds 
for  any  logarithmic  base  for  which  Im  =». 

Example  4.  If  I  have  the  same  meaning  as  before,  and  \  hare  a  similar 
meaning  for  the  base  b,  then 

Let  /i  =  l/]oga.  Since  Xz=^,  the  theorona  clearly  holds  when  r=l.  It  is 
therefore  sufhcient  to  show  that,  if  it  is  true  for  r,  it  is  true  forr  +  l.     Now 

=M  {«*.'■>:)  -  l'~^'x  +  I'+i;e!  /t^'x. 

Hence,  if  we  assume  that  lA'xlV'x=ii,  we  have 

ISK'+'xIl'^'x-^  \ll^!B  +  Ij , 
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g  13.]  The  most  important  theorem  in  this  part  of  the  sub- 
ject 13  the  following,  on  which  is  founded  the  differentiation  of 
exponential  functions  generally  : — 

Tlte  limit  0/  (1  +  \lxf  wlien  x  is  increased  without  limit  either 
posilively  or  negatively  is  a  finite  number  {denoted  by  e)  lying  between 
2  and  3. 

The  following  proof  is  due  to  Fort,* 

We  have  seen  (chap,  xxiv.,  g  7)  that,  if  a  and  b  be  positive 
quantities,  and  m  any  positive  quantity  numerically  greater 
than  1,  then 

ma"'-\a  -  b)^a'-  ~  J'">mi"'-"(a  -  b)  (1). 

In  this  inequality  we  may  put  a-{r/+  \)jy,  b-\,  m  =  y/x,  where 
y>a;>l.     We  thus  have 

\    y    /  i 

/       \\vi'         1 
Hence  { 1  +  - }     >1  +  -■ 

\       yJ  X 

that  is,  (w  !)">(,.  _J  (2), 

where  y>x. 

Again,  if  in  (1)  we  put  a  =  l,  b  =  (y-  l)/yf  (m,  y,  x  being  as 
before),  we  have 


(-J)M-i)' 


where  y>r. 

We  see  from  (2)  and  (3)  that,  if  we  give  a  series  of  in- 

*  Zeilxhrifl/Ur  MtUhematOc,  viL,  p.  46  (ISSli). 
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creasing  positive  values  to  x,  the  functi 
increases,  and  the  functioD  (1  -  l/x)' 
Moreover,  siace  x'>3?  -  1,  we  have 


1  (1  +  i/xf  continually 
continually   decreases. 


Hence 


('-r> 
(>-r>(-D' 


(*)■ 


The  values  of  (1  -  1/^)-'  and  (1  +  i/xf  cannot,  therefore, 
pass  each  other.  Hence,  when  x  is  increased  without  limit, 
(1  -  \jx)~'  must  diminish  down  to  a  finite  limit  A,  and 
(1  +  1/x)'  must  increase  up  to  a  finite  limit  B.  The  two  limits 
A  and  B  must  be  equal,  for  the  difierence  (1  -  Ijx)-*  -  (1  +  \jxf 
may  be  written  {xj{x  -  \)Y  -  {(x  +  \)jx]' ;  and  by  (1)  we  have 

But,  since,  as  has  already  been  shown,  {^/(k-I)}'  and 
{(x-¥\)jx]'  remain  finite  when  5t=cio,  the  upper  and  lower 
limits  in  (5)  approach  zero  when  x  ia  increased  without  limit; 
the  same  is  therefore  true  of  the  middle  term  of  the  inequality. 

It  has  therefore  been  shown  that  L  (1  +  l/z)*  and 
L  (1  -  1/j')"*  have  a  common  finite  limit,  which  we  may  denote 
by  the  letter  e. 

Since  (1 +  1/6)'=  2-521  ...  and  (1  -  1/6)-'  =  2-985  .  .  ., 
e  lies  between  25  and  2*9.  A  closer  approximation  might  be 
obtained  by  OBing  a  latter  value  of  x ;  but  a  better  method  of 
calculating  this  important  constant  will  be  given  hereafter,  by 
which  it  is  found  that 

e=2-7182818285  .  .  . 
The  constant  e  is  usually  called  Napier's  Base  * ;   and  it  is  the 
logarithmic  or  exponential  base  used  in  most  analytical  calcula- 
tions.    In  future,  when  no  base  is  indicated,  and  mere  arith- 

*  lu  honour  of  Napier,  aud  not  because  he  explicitly  used  this  or  indeed 
any  other  base. 
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metical  computatiotiB  are  not  in  question,  the  base  of  a 
It^arithmic  or  exponential  function  is  understood  to  be  e ;  thus 
logx  and  exp^  are  in  general  understood  to  mean  logaX  and 
eip^  (that  is,  e*)  respectively. 

Cor.  1.  L{l+xy,''  =  e. 
For  1,  {1  +  ljzy  =  e;    and   if    we   put  z=\lx,   bo   that  x=0 
corresponds  to  3  =  « ,  we  have  L  (1  +  xY'"  =  e. 

Cor.  2._L  log.  { (1  +  l/i)- )  .  Mog.  { (1  +  »)"- )  =  log... 

For,  since  logoy  is  a  continuous  function  of  y  for  finite  values  of 
J,  WB  have,  by  g  7, 

^Ljog,  { {1  +  \lxf)  =  log.  {^Ljl  +  ^hf  I . 
=  loga*. 
The  other  part  of  the  corollary  follows  in  like  manner. 

Cor.  3.  L  (1  +  yjxf  =  L  (1  +  xyY''  =  e". 
If  we  put  \jz  =  yjx,  then  to  i  =  oo  corresponds  z=  a>;  hence 
_Ljl +,/«:)•=  Ljltl/2)», 

-Lja  +  l/.j-ft 

='(M1  +  1W]',  by  §7, 

Cor.  4.  L(o"-l)/j!  =  logo. 

If  we  put  y  =  a*  -  1,  Bo  that  x  =  loga(l  +  y),  and  to  z  =  0  corre- 
sponds y  =  0,  we  have 

L(e'-I)/^.L,/log.(l+y), 

=  L  l/Ioga(l+y)i/i', 
=  l/los,{Hl+yy'y}, 
=  l/logae  =  loga. 
It  will  be  an  eictllent  eiercbe  for  the  etudent  to  dednce  directly  from  the 
[luidamental  inwjuality  (1)  ibove,  the  importBUt  remit  that  L  (a*-  l)/x  is 
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finite ;  and  thence,  b;  tivufarnistioD,  to  prove  the  lesding  theoMin  of  this 
pftragcftph.* 

Cor.  5.  If  X  be  any  positive  (piantUy, 

e*>l  +3:,  log(l  +x)<x; 

aiid,  if  xbe  positive  and  less  than  1, 

e"' 3- 1  -  a;,      -  log(l  -x)>x. 
Sicce  e>(l  +  l/w)".  when  n  may  be  as  great  as  we  pleaae, 
■--l>{l  +  l/«r-l, 

>M{(l-hl/n)-l}>^,  by  chap.  xxiv..  g  7. 
for,  however  small  r,  we  can  by  sufficiently  increasing  n  make 
nx^l. 

Hence  ^>\^-x. 

It  follows  at  once  that  lc^e'>log(l  +  x),  that  is,  a:>log(l  +  x). 
Again,  since  «<(1  -  Ijny^  and  <"^>(1  -  1/n)", 
e--l>{(«-l)/n}™-l, 
>nx[{n-\)jn-l], 
■>-%. 
Hence  e~'>\  -x,  and  therefore  1/(1  -(j;)>f*. 

It  follows  at  once  that  log  { 1/(1  -  2) } ,  that  is,  -  log(l  -  x)>x. 
Cor.  6.-f  If  Ix,  Px,  .  .  .  denote   logx,  log(logx),  .  ,  ,  re^pect- 
ivelij,  X  be  positive  and  >1,  and  r  any  poiilive  integer,  then 
XjxlxVx  ..  .  fx>l'  +  \x  +  1)  -  f+^x^l^x  +  l)t(x  +  l)r{x  +  I)  .  .  . 

.  .  .nz+l). 
For,  by  Cor.  5,     l{x+l)-lx  =  !(l  +  l/x), 
<llx. 
This  proves  the  first  inequality  when  r  =  0.     It  remains  to 
show  that,  if  the  inequality  holds  for  r,  it  holds  also  for  r  +  1. 
We  have 

<{i-+\x  +  l)-t'+^x}/f+^x,  byCor.  5.' 
Hence,  if  we  assume  P""*" '(a;  +  ])-/'+'z<l/j^j;  .  .  ,  Z'/,  it  follows 
that 

l'+\x  +  l)-l'+^x<llxlx  .  .  .  fxl'+'^x. 
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Again,  by  Cor.  5,  we  have 

ti-Hx-i)=  -;(i-i/j), 
,1/1 

Therefore  /(z  +  1)  -  tii  >  1  /(z  +  1 ). 

This  proves  the  second  inequality  when  r  =  0.  If  we  suppose 
it  to  hold  for  T,  we  have 

F  +  'ix-H)-!'*',.  -([('+>)•/''*'(«+ 1)], 

.-([l-{C+V+l)-i'+'«l/i'+'("l)l 
>(C+"(i+l)-l'+V|/i'+'(i+  1),    by  Cor.  5, 
>l/(i4-l)/(i+l)  .  .  .  CCi+ljf+Vtl). 
Hence  the  ioduction  is  complete. 

Cor.  7.  From  the  inequality  of  Cor,  5,  combined  with  the 
result  of  Example  3,  §  12,  we  deduce  at  once  the  following  im- 
portant limits : — 

h  {^{x  +  \)  -  p-x)  =  0, 
L{l'+\x+l)~V+h:]irlxlh-  .  .  .  I'x=l. 

Example  1,   Show  that  tha  limit  when  n  is  inlinito  of  1  +  1/2+  .  .   . 
+  l/n-logn  is  >  finite  quantity,  naiullj  denoted  by  y,  lying  betweea  0  and  I. 
(Enler.  Cvmvi.  4c.  Pel.  (1734-5).) 
Since,  bj  Cor.  5, 

-log{l-l/»}>l/H         >log(l  +  l/n). 
We  b»ve  log  >/(»-  l)i  >]/»         >bg  i(n  +  I)/»|, 

logKn-l)/(n-2)!>l/(„^l)>logW('.-l);, 


logi8/2|=.l/3>Iog!4/3}. 
log{2/l}>I/2>log|3/2], 
l  =  l>log{2/l!. 
HenM  1  +  log  n  >  Zl/n  >  log  («  +  ]). 

Therefore  1  >21/rt-logn>l(^(l +  1/h). 

Now,  when  «  =  »,  log(l  +  l/n)  =  0.  Thus,  for  all  values  of  «,  Lowever 
great,  21/n-logji  lies  between  0  and  1. 

The  important  constant  7  was  first  introduced  into  auslyais  by  EuUr,  and 
Is  therefore  oauaJly  called  Euler's  Conataut  Ita  value  was  given  by  Enler 
himself  to  Id  places,  namely,  7  = -577216884901632(5).  (See /naf.  CWe,  Diff., 
chap,  vtr 

*  Euler's  Constant  was  calculated  to  S2  places  by  Uascheroni  in  hia 
JdnolJitiOTia  ad  EuUri  Caleulum  IiUegralem.  It  in  therefore  sometimes 
called  Mascheroni's  Constant-  His  calculation,  whicli  was  erroneous  in  the 
20th  place,  was  verified  and  corrected  by  Gansa  and  Nicolal  See  Gaosa, 
Wtrke,  Bd,  iii,  p.  154.  For  an  interesting  historical  account  of  the  whole 
matter,  see  Glaisher,  Mm.  Ualk.,  vol.  i.  (1872). 

VOL.  II  G 
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ExMnple2.  Show  thnt  L  (1/1  +  1/2+.  .  .  +l/»l/loen=l. 

TtU  follows  (It  once  from  Uie  insquality  of  last  example. 

From  this  remit,  or  from  Eiamplel.wB  see  that  L  Jl/1 +  1/2  +  . .  . +l/n} 

=  OS  ;  and  also  that  L   {]/t  +  l/(t+ ])  +  ...  + 1/n}  =m  ,  where  t  is  any  finite 

positive  integer. 

GENERAL   THEOREMS. 

§  1 4.]  Before  proceeding  further  vith  the  theory  of  the  limits 
of  exponential  forms,  it  will  he  convenient  to  introduce  a  feir 
general  theorems,  chiefly  due  to  Gauchy.  Althoi^h  these  theorems 
are  not  indispensable  in  an  elementary  treatment  of  limits,  the 
student  will  find  that  occasional  reference  to  them  will  tend  to 
introduce  brevity  and  coherence  into  the  subject, 

I.  For  any  arilical  value  of  x,  l,{f{x)]^'^  =  {\jf{x)f^^,  pnmded 
ike  latter  form  be  not  indelerminale. 

This  is  in  reality  a  particular  case  of  the  general  theorem  of 
§  7.  The  only  question  that  arises  is  as  to  the  continuity  of  the 
functions  of  the  limits.     We  may  write 

Now  w  =  logu,  is  a  continuous  function  of  u,  so  long,  at  least,  as 
li  lies  between  +  1  and  +  oo ;  and  e**  is  a  continuous  function 
of  V  and  ID.  Hence,  so  long  as  L^ie)  and  L  Iag/(z)  are  neither  of 
them  infinite,  we  have 

L(/(^)}'*''  =  Le*"*"'*^\ 


Hence  L{/(^)}'^''- {VW)'^'^"  (I)- 

An  examination  of  the  special  cases  where  either  L^ie)  or 
LIog/{j;),  or  both,  become  infinite,  shows  that,  so  long  as 
{L/(z)}^''  does  not  assume  one  of  the  indeterminate  forms  O", 
oc  ",  1^",  both  sides  of  (1)  become  0,  or  both  oo ;  so  that  the 
theorem  may  be  stated  as  true  for  all  cases  where  its  sense  is 
determinate. 
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II.  L j/(^  +  1)  -/(x)}  =^_Mlx,  provide  l.{f{x  +  1)  -f{x)] 

be  not  i-ndeierminate*     (Cauchy'a  Theorem.) 

Since  x  is  ultimately  to  be  made  as  lai^e  as  we  please,  ve 
may  put  x  =  h  +  n,  where  A  is  a  number  not  necessarily  an 
integer,  bat  as  lai^e  as  we  please,  and  n  is  an  integer  as  large 
as  we  please. 

First,  suppose  that  L  {f{x  +  1)  -f{x) }  is  not  infinite,  =  k  say. 

Since  Lj/(j;+  l)-^^^)}  =*,  we  can  alwaya  choose  for  A  a 
definite  value,  so  large  that  for  x  =  h  and  all  greater  values 
f{x  +  1)  -f{r)  -  A  is  numerically  less  than  a  given  quantity  a,  no 
matter  how  small  a  may  be.     Hence  we  have  numerically 

/(A  +  2) -/(* +!)-*<., 


/(ft  +  n)-/(A  +  ii-l)-yt<a; 
aad,  by  addition,  f{h  +  n)  -/(A)  -  TiAota ; 
that  in,  /(!)-/(/.)- (I -*)i<(ji-4)«. 

X         x        \       xJ       \       x/ 

/W_t<. +/«_*('■  +  •). 

X  X  X       ' 

Since  /(A),  h,  h,  and  a  are,  for  the  present,  fixed,  it  results 
that,  by  making  x  sufficiently  large,  we  can  make  /(j')/j:  -  k 
numerically  leas  than  a.  Kow  a  can  be  made  as  small  as  we 
please  by  properly  choosing  h ;  hence  the  theorem  follows. 

Next,  suppose  that  L  (/(/ +  1) -/(j:) }  =  +  oo  ;  then,  by 
taking  h  sufficiently  large,  we  can  assume  that 

/(*+ 1) -/('•)>', 

/(4  +  2)-/(»+l)>(, 

/(;.  +  »)-/(*  +  .- 1)>(, 

vhere  /  is  a  definite  quantity  as  large  as  we  please. 

•  TheoTema  11.  and  III.  are  given  by  Cauchy^  in  liia  Annlyne  Algibnqiie 
(which  ia  Part  I.  of  Im  Coars  d' Analyst  de  CBeoU  SoyaU  Polyteehniquc). 
Farit,  1821. 
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Heme  /(A  +  »)  ~/(h)>nl, 

that  is  /(i)-/(h)>(z-h)l. 

H.„c  *),„»_« 

z  XX 

Since  f(k\  A,  2  are  all  definite,  wo  can,  by  suCBciently  in- 
creasing X,  render  f{h)lx  -  hljx  as  small  as  we  please,  therefore 
f{x)lx>l.  -Now,  by  properly  choosing  k,  I  can  be  made  as  large 
as  we  please ;  hence  Lf{r)/x  =  «> . 

The  case  where  L  {/(x  +  1)  -/{x) }  =  -  w  can  be  included  in 
the  last  by  observing  that  { -/{x  +!))-(  -f{x))  has  in  this  case 
+  00  for  its  limiting  value. 

III.  L  f{x+l)jf{x)  =  L  {f{x)Yi',  provided  L  /(x+  \)jf(x)  he 

not  indeterminafe. 

This  theorem  can  be  deduced  from  the  last  by  transformation, 
as  follows  : — * 

Wb  have         L  {  ^:e  +  1)  -  ^(x) )  =  L  ^, 

where  \t{j)  is  any  function  such  that  L  { if-{x  +  1)  -  \j/(x)  ]  is  not 

indeterminate.  Let  now^(x)  =  log/(j:);  so  that  if^x+\)-  i}'{x)  = 
Iog/{^  +  1)  -  log/(^)  =  log{/(..  +  1)//W};  and  ,l,{x)lx  = 
1  log/{j)  ]ix  -  log  {/{x)  }iw     Then  we  have 

r.  fix)- 
provided  L/{x  +  \)jf{x)  be  not  indeterminate.     Hence,  finally, 

Cauchy  makes  the  important  remark  that  the  demonstrations 
of  his  two  theorems  evidently  apply  to  functions  of  an  integral 
variable  such  tts  x\,  where  only  positive  integral  values  of  a:  are 
admissible. 


L_log|-'->^^j"|._L_l»g{/(:.)l>'-, 
Hmo.  log  {  L  "^'Iji  I  -  log  [  L  (/W  >"-], 


*  The  reader  nill  find  it  agooil  eiercitic  to  establish  this  theorem  dirrctly 
trom  first  principles,  as  Cauchy  does. 
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F(.reiainpU,weliaveL  (z  +  l)!/3;!  =  L  (*+l)  =  «.  Heuce  L  (a:  !)i/'  =  =o  , 
and  coDseqaantly  L  (1/jr  !)'''  =  0. 

EXPONENTIAL    LIMITS    RESUUED. 

The  first  of  these  follows  at  once  from  Cauchy's  Theorem 
(,^  U,  II)  for  we  have 

L(a«+i-a«)  =  La«((i-l)  =  oo. 
Hence  La'/x  =  <» . 

Ab  the  theorem  is  fundamental,  it  may  be  well  to  give  an 
independeDt  proof  from  first  principles. 

First,  we  observe  that  it  is  sufficient  to  prove  it  for  integral 
values  of  x  alone,  for,  however  large  x  may  be,  we  can  always 
put  x  =  f  +  z  where  /  is  a  positive  proper  fraction  and  z  a 
positive  integer.     Then  we  have 


where  we  have  to  deal  merely  with  La'/-.  ~  being  a  jxaitive 
integer. 

Let  u,^a%  then  u^+,/u^  =  «2/(2+ l)  =  o/(l  +  1/4      Now, 
since    L  a/(l  +  1/;)  -  a>l,   we    can    always    assign    an    integral 

value  of  z,  say  z  =  r,  such  that,  for  that  and  all  greater  values  of  z, 
u,^,/ui>b,  where  b>l.     We  therefore  have 


r+,/t(r+,  >  6, 
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Hence,  by  multiplying  all  these  ioequalilies  together,  we  deduce 

Now  v-rjJf  ia  finite,  and,  since  &>!,&'  can  be  made  as  great  as 
we  please  by  sufficiently  increasing  z.  Hence  L  Mj  =  os ,  on  the 
supposition  that  a  is  always  integral.  But,  since  a^  is  finite,  it 
follows  at  once  from  (1)  that  L  a'jx  ^  oo ,  when  x  is  unrestricted. 

The  latter  parts  of  the  theorem  follow  by  transfonnattoiL 
If  we  put  <J.''  =  y,  so  that  x  =  logat/,  and  to  a;  =  cc  corresponds 
y  =  00 ,  we  have 

oo  =  L  re'/i  =  L  y/logay. 

Hence  L  logap/y=  l/co  =0. 

If  we  put  a"  =  1/y,  so  that  a;  =  -  logoy,  and  to  a;  =  eo  corre- 
sponds y—0,  we  have 

«.L«-/^.-   I,  l/,losrf. 

Hence  L  vlogay=  -  I/co  =0. 

EiLaniple  1.    Show  that,  if  a>\   and  «  be   iKwitivi',  tiieii  L  n'/i-  =  »; 
L  logai/i-^O;    L    i"log.K=0. 

for,  BiiioBa>l  and  «  is  positive,  we  have  aV">l,  so  that  L(ii'/-)>/jr  =  =o  and 

Tile  two  remaining  rcaalts  can  be  caUblisbed  in  like  manner,  if  we  put 
y  =  loj;(i'''  i"  the  one  ease,  atid  y=  -log^  in  the  other. 

ItHhouldbenoticed  that  if  nbenet^iUve  we  see  at  once  that  L  a'/x'  =  °c; 
L  loguJ-/j?'  =  «J  ;   L  a"logaa=-», 

Exsmple  2.  If  x  be  any  fixed  finite  qnantity,    L  e"/ii  1=0. 
Since  n  is  to  be  made  infinite,  and  x  is  finite,  we  may  select  some  finile 
positive  integer  k  such  that  ic  <  t  <:  n.     Then  we  have 

h~'.^(k^^l '  k  '  i  +  1  ■  "  ■  7i' 
Kow,  since  j:<i,  L(j-/t)"-*+' =  0,  hence  the  tlieorem. 
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Example  3.  lJn<Hi-l)  .  .  .  (ni-n  +  l)/»  1  =  0  or  bj,  according  iia  ma- 
or  <-l. 

First,  let  ma-  -1,  then  n»  +  l  is  positiye.  We  can  almija  End  a  finite 
positiTs  intsgerifciuch  tbat  ni  +  l'd<K.    Tborefore  ve  may  write 

■■■(-^). 

=  (-)-**-'-C^iP,  say. 
Now 

>{n.  +  l)/t  +  (m  +  l)/(t  +  l}+.  .  .  +  (m  +  l)/n, 
by  g  IS,  Cor.  6.    Also,  by  §13,  Eiampls  2,  the  limitof  (m  +  l)/i  +  (m  +  l)/(J:-H} 
+  .  .  .-f(>n  +  l)/ni8iiifimte  wheD»=^».     It  rollowa,  tberefore,  that  LP=0, 
and  therefore  tbat  L.C,  =  0. 

Next,  let  m<  -1,  uy  m=  -(l-f-a),  where  a  U  «  positire  finite  quantity. 
We  may  now  write 

■c=i-)-""fr!;-..'— '-i-)--.»^ 

Now 
logP.-log(l-j^)-l.g(l-j^)-.  .  .-log(l-^). 

.a/(l+.)  +  .;(2  +  .)  +  .  .  .+./(.  +  .), 

>.Ai+r)+./(2+y)+.  .  .-«;(>+?), 

where  p  U  the  least  integer  which  eiceeda  a.     But  the  limit  of  a/(l  4-;') 
+  «/(2+;j)  +  .  .  .+«/(«+?}  is  infinite.     HeuceLP=co. 

When  fn=-l,  ■iCn=(-l)",  and  the  qaestion  regarding  the  limiting 
Talae  does  liot  aruie. 

I  16.]  The  fvmdameiUal  theorem  for    the  form    0"    «    t^iat 
L    a?=l. 

1-+0 

This  follows  at  once  from  last  paragraph  ;  for  we  have 

W  =  l^^^  =  e^^'^  =  e^  =  \. 
Example  1.    L  (^Y=l. 
For  L(i"y  =  Ij!-'  =  L(i')"=(Lx-)"  =  l"=l. 

Eiample  2.     L  z^=l  {n  positive). 

I=+0 

For  LB^  =  Le^lo8*=el^''"<>lP  =  cO  =  l,  by  S  15,  Eiample  1. 

Jf.B.— Ifnbenegative,   L   ar-'^O^^O. 
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§  17,]  If  u  imd  V  be  funcliofts  of  x,  both  of  which  tunish  when 
z  =  a,  ami  are  such  thai  L  v/u"  =  I,  where  n  is  positive  and  neither  0 

nor  cc ,  and  I  is  not  infinite,  then  L  u'  -  1,  provided  the  lunit  be  so 

approached  that  u  u positive* 

For  Lw'  =  L(w''")''"'''  =  (Lw'")'"''"". 

Now,  by  §  16,  Example  2,  since  n  is  positive  L  «""=!.     Hence 
Li*''=l'=l. 

If  L  v/u"  =  <c,  this  transformation  leads  to  the  form  l"; 

and  dierefora  becomes  illusory. 

The  above  theorem  includes  a  very  large  number  of  parti- 
cular cases.  We  see,  for  example,  that,  if  Lp/m  be  dderminate  and 
twt  infinite,  then  Im' =  I.  Again,  since,  as  we  shall  prove  in- 
chapter  xxx.,  every  algebraic  function  vanishes  in  a  finite  ratio 
to  a  positive  finite  power  of  z  -  a,  it  follows  that  every  such 
function  vanishes  in  a  finite  ratio  to  a  positive  finite  power  of 
every  other  such  functioa  Hence  Lw"  =  1  whenever  «  and  v 
are  algebraic  functioos  of  »^t 

Example.   Evaluate  L(a-l  +  V(J!'-l)t^'"'*  when  *  =  '■ 
Here  «=V(x-l);V('-l)  +  V(^  +  ":+l}},  t=  ^(^-1),   n"'lv=W{^~l) 

Hence L»"7i'=  t/3.    Therefore Lu'=I,(m""')'/"'^  =  i''^  =  J. 

§  IS.]  In  cases  where  the  last  theorem  does  not  apply,  the 
evaluation  of  the  limit  can  very  often  be  effected  by  writing  u' 
ill  the  form  e"'"*",  and  then  seeking  by  transformation  to  deduce 
the  limit  of  v  logu  from  some  combination  of  standard  cases.^ 

Ewmple.   Ev»lu«te^"''«<''-'>wl]ena=0. 

It  is  obvioQslijr  suggested  to  attempt  to  make  this  depeod  on 
L   ((C-IJ/jt;  =1.     This  may  b«  effected  as  follows.     We  have 

^\l  log  (<«  - 1)  _  J  log  1/  log  (f  - 1>, 

*  3*™  Franklin,  American  J<mmal  of  McUhnnaties,  1878. 
t  S«fl  Sprapie,  Proe.  EiHnb.  Math.  Soc.,  vol.  iii,  p.  71  (1885). 
i  At  one  time  an  erroneans  impression  prevailed  that  the  indetermiuate 
form  0°  has  alwajt  the  value  1.— See  Crclle'i  Jour.,  Bd.  zii. 
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1-S^. 

log. 

log  («■  -  1) 

-lo|!{«.. 

1 

"log|(<-- 

-l)/il/logi  +  l 

Since  L  log  i(«'-l)/z!  =0,  by  g  13,  Cor.  4,  »nd  Ll<^z=  -»,  we  see  that 

Llog*/log(<'-l)=l. 

Hence  W"«ef''-'>=e. 

§  19.]  Since  m"=1/(1/m)",  iDdeteruinates  of  tlie  form  oo* 
can  always  be  made  to  depend  on  others  of  tlie  form  O",  and 
treated  by  the  methods  already  explained. 

Example.  Evaluate {!+*)"•  when  a:=a5. 

Let  l+a;  =  l/y,  Bolhat  y  =  0  when^^oo  ;  then  we  have 

Now  Ls»  =  I  and  Ll/ll-i/)  =  l;  liencB  L  (I+j]'''=l, 

§  20.]  The  fundamental  case  for  the  form  1"  is  L  (I  +  1/j-)" 

=  L  {1  +  xy"  =  e,  already  discuBsed  in  §  1 3.     A  great  variety  of 

other  cases  can  be  reduced  to  this  by  means  of  the  following 
theorem. 

1/  u  and  V  be  functions  of  x  such  that  u  =  1  and  v  =  a>  tehen 
x  =  a,  then  Im'  =  e^°*" " ^\  provided  Lp(tt  -  I)  be  determinate. 
We  have  in  fact 

»-  =  «n.ir-i)«-..,*  ... 

Hence,  by  g  7, 

provided  IMu-  1)  be  determinate. 

Example  1.  La:"l'-»=  L  (l+,^l)"'l^"  =  i. 
Example  2.  Evaluate  (1  -t- log :);)>'»--»  uben  z  =  l. 

I=L(l+Iogi)iJt'-"=L{(l  +  bg^ti''<^'|'<«*-'>, 
SoivLlosx/(j;-l)  =  Lloga:'«-"i  =  logL;(''^-"  =  loge=l.     Hence  I=f. 
TRIGON'OUSIRICAL   LIMITS. 

§  21.]  We  deal  with  this  part  of  the  subject  only  in  so  far 
as  it  is  necessary  for  the  analytical  treatment  of  the  Trigono- 
metrical Functions  in  the  following  chaptera 
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90  TBIGONOMETRICAL  INEQUALITIES  chap. 

Wo  shall  require  the  following  lueqtiality  theorems : — 

If  X  be  the  nwmier  of  radJam  {circalar  units)  in  any  positive 
angle  less  than  a  right  angle,  then 

L  tan  7  >  X  >  sin  J ; 

II  x>a.xix>x-^^; 

lit  1  >COBJ'>  I  -  Ji*. 

If  FQ  be  the  arc  of  a  circle  of  radius  r,  which  subtecdB  the 
central  angle  2x,  and  if  PT  QT  be  the  tangents  at  P  and  Q, 
then  we  assume  as  an  axiom  that 

PIV  TQ  >  arc  PQ  >  chord  PQ. 
Hence,  as  the  reader  will  easily  see  from  the  geometric  defini- 
tion of  the  trigonometrical  functions,  we  have 

2ria.ax>  2r/>2rsini; 
that  is,  tan x>      x >      sin z, 

which  is  I. 

To  prove  II.,  we  remark  that  sin  a;  =  2  sin  Ja;  cos  ^j; 
=  2 tan  Ja;cos'ia:  =  2 tan^a;(I -sin'Ja').  Hence,  since,  by  I., 
tan  \x  >  \x  and  sin  \x  <  ^x,  ve  have 

sinx>2.lxll-{lx)'} , 

The  first  part  of  IIL  is  obvious  from  the  geometric 
definition  of  coax.  To  prove  the  latter  part,  we  notice  that 
cosx=  1  -2sin'j3;;  hence,  by  I, 

cosa;>l-2{ij;)', 

§  23,]  The  fundamental  theorem  regarding  trigonometrical 
limits  is  as  follows  ; — 

If  x  be  Ike  radian  measure  *  of  an  angle,  then  h  (sin  xjx)  =  1. 

This  follows  at  once  from  the  first  inequality  of  last  para- 
graph.    For,  if  x<^w,  we  have 


*  In  all  that  follows,  snd,  in  fact,  in  all  anslytlcsal  treatmsut  of  the  trigano- 
uutrical  functions,  the  argument  u  uaaned  to  denote  radian  nieuure. 


D,a,l,zc.bvG00gIe 


xxr  h  Bin  xfx,     L  tan  xjx  91 

If  we  diminUh  x  sufficiently,  secx  can  be  made  to  differ  from 
I  by  as  little  as  we  please.  Hence,  by  making  x  sufficiently 
small,  we  can  make  x/sin:e  lie  between  1  and  a  quantity  differing 
from  I  as  little  as  we  please.     Therefore 

Lx/sin  1  =  1. 
Hence  also  L  sin  x/x  =  1 . 

Cor.  1.  Ltanx/x  =  l. 

For  L  tan  a:/a:  =  L(sin  3;/i)/cos  a;  =  L  sin  a;/x  x  Ll/cosa;=  1x1  =  1. 

Cor,  2.  L  sin  -/-  =  L  tan  -/-  =  1  prodded  a  it  dikera  am- 
i=„      xj  X     ^^„      xl  X 

iiaid,  or  a  Junction  of  x  ichich  does  not  become  injinite  when  s  =  oo . 

Tbis  is  merely  a  trauaformation  of  the  preceding  theorems. 

It  should  also  be  remarked  that 


.i(";/^)'=L('"'i/0'- 


provided  a  and  /3  are  constants,  or  else  functions  of  x  which 
do  not  become  infinite  when  a;  =  co . 

If,  however,  a  were  constant,  and  0  a  function  of  x  which 
becomes  infinite  when  *  =  oo ,  then  each  of  the  two  limits  would 
take  the  form  l",  and  would  require  further  examination. 

§  23.]  Many  of  the  cases  excepted  at  the  end  of  last  para- 
graph can  be  dealt  with  by  means  of  the  following  results,  which 
we  shall  have  occasion  to  use  later  on  : — 

If  a  be  constant,  or  a  function  of  x  which  is  not  infinite  when 
x='K,  then 

To  prove  the  first  of  these,  we  observe  that  for  all  values  of 
ajz  less  than  Jx  we  have,  by  §  21,  II., 
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92  L(8in|/|)*,     L(cot|)''  ««*»• 

Nov 

L   {\-a'l^^'=  L    {(l-a74/)-*^'-'!-"''*'. 

~'lX   (l-a'/i/)"'^'-'!"'-''*'. 
=  «'=l.l»y  §§7  and  13. 
Hence  L  {%\a-   -\   =  1. 

In  exactly  the  same  way  we  can  prove  that  L   (cos  -j   -  1. 
Finally,  since 

K'*°i'i)'-''(»%/;)"''"/(«»3' 

the  third  result  follows  as  &  combinatiou  of  the  first  two. 

Example.  ETaluite  (eosir)"^ when  x  =  0.     BygHO.webave  L(cosa:)*'*^ 
^\J,totx-i)t^_     Now(co3a-l)/i>=-2dnV/-^=-l(3inJi'/l^)'.     Hence 

We  therefore  have  L  (cob?)"'^=c-1. 


SUM  OF  AN   INFINITE   NUUBER  OF  INFINITELY 
SMALL  TERMS. 

g  24.]  If  we  conaider  the  sum  of  n  terms,  say,  u,  +  «,  + .  .  . 
+  u„  each  of  which  depends  on  n  in  such  a  way  that  it  becomes 
infinitely  sniall  when  n  becomes  infinitely  great,  it  is  obvious 
that  we  cannot  predict  beforehand  whether  the  sum  will  be  finite 
or  infinite.  Such  a  sum  partakes  of  the  nature  of  the  form 
0  X  00  ;  for  we  cannot  tell  a  priori  whether  the  smallness  of  tlie 
individual  terms,  or  the  infiniteness  of  their  number,  will  ulti- 
mately predominate.  We  shall  have  more  to  do  with  such  cases 
in  our  next  chapter ;  but  the  following  instance  is  so  famous  in 
the  history  of  the  Infinitesimal  Calculus  before  Newton  and 
Leibuitz  that  it  deserves  a  place  here. 

Ifr-^l  beposilive,  then 

L   (r+2''  +  .   .   . +»('■)/«'■+' =  l/(r+l). 

In  the  case  where  r  is  an  integer  this  theorem  may  be 
deduced  from  the  formula  of  chap,  xx.,  g  9. 
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The  proofs  usually  given  for  the  other  cases  are  not  very 
rigorous ;  but  a  satisfactory  proof  may  be  obtained  by  means  of 
the  inequality 

(r+l>.'(j,-j,);^+>-S'";(r+l))f(i-,)         (1), 
which  we  have  already  used  so  often. 

If  we  put  first  x=p,  y  =  p-  I,  and  then  x=p+l,y=p,  we 
deduce 

(y  +  !)'+>  ~f*'l(r*  lyjp'f  -  (p-  ly"        (2), 
where  the  upper  or  the  lower  Bigns  of  inequality  are  to  be  taken 
according  as  the  positive  number  r  +  1  is  >  or  <  1. 

If  in  (2)  we  put  for  p  in  succession  1,  2,  3,  .  .  . ,  n  and  add 
all  the  resulting  inequalities  we  deduce 

(»4i)'+>-i;(,+i)(i'+2'+. .  .+»');»•«. 

Hence 

{(i  +  i/.r+'-i/«'+'i/(<-+i):(i'<-2'+. . .+»')/»'+'   ■ 

Thati3tosay,(l'"  +  2''  +  . . .  +  n'')/«''+^  always  lies  between  l/{r+  1) 
and    {(I  +  l/n)'-+i-l/n'+»}/{r+l).      But   L   (1 +  !/)»)'+»=  1; 

and  L  l/n''+*  =  0,  swice  r  +  1  is  positive.     Hence  the  second  of 

the  two  enclosing  values  ultimately  coincides  with  the  first,  and 
our  theorem  follows. 

It  may  be  observed  that,  if  r  +  1  were  negative,  the  proof 
would  fail,  simply  because  in  this  case  L  l/»''+^  =  ao . 

Cor.  1.  If  i  he  any  finite  integer,  and  r  +  1  be  positive, 
__L^{l'  +  2-  +  .  .   .  +  {n-snK-"=l/(r  +  l). 

This  is  obvious,  since  L{1''  +  2'  + .  .  .  +  (n  -  s)'"}/n'"+'  differs 
from  lj(l'  +  2''  +  .  .  .  +  n')/?!''"'"^  by  a  finite  number  of  infinitely 
small  terms. 

Cor.  2.  If  a  be  anij  constant,  and  r  +  \  he  positive, 
LJ(„  +  1)'  t  («  +  2)'  t .  .  .  +  (<.  +  »)')/»'+> .  !/(>■  +  1). 

This  may  be  proved  by  a  slight  generalisation  of  the  method 
used  in  the  proof  of  the  original  theorem. 
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Cor.  3.  I/aandebeeonslanis,  and  r+  1  +0, 

hji^  +  <)'  +(«,.  +  2.)'  t ...+(» t  «)')/»'+■ 

-((«  +  «)'+■-«'«}/* +')■ 
This  also  may  be  proved  in  the  same  vay,  the  only  fresh  point 
being  the  inclusion  of  cases  where  r  +  1  is  negative. 

§  25.]  Closely  connected  with  the  results  of  the  forgoing 
paragraph  is  the  following  Limit  Theorem,  to  which  atteutiou 
has  been  drawn  by  the  researches  of  Dirichlet : — 

If  a,  b,  p  be  all  posUive,  the  limil,  vihen  n-  <xi,of  the  sum  of  n 
terms  of  the  series 

«"■'     (.  +  !.)'+'     (.  +  2J)'+'     ■  ■  ■     («  +  .*)'+'     ■  ■  ■  "' 
is   Jmiie   /or    all   finite    values  of  p,   howerer    small;    and,   if 
2  l/(a  +  nbY^'  denote  this  limit,  ilien 

Lp  2  V(« +  »»)'*'-!/»  (2). 

By  means  of  the  inequality  (1)  of  last  paragraph,  we  readily 
establish  that 
{a  +  ip-l)b}-'-{a+pb}-'.pb{a+pb}-'''>{a^pbr' 

-{a  +  (p+l)j;-'  (3). 

Putting,  in  (3),  0,  I,  2,  ,  ...  w  successively  in  place  of  p, 
adding  the  resulting  inequalities,  and  dividing  hy  hp,  we  deduce 

Ij_i '—\A  -l^.lil ^  1 

h\{a-br     {a  +  nl.yi  r=<,{a+pb]'+'    ^a'      {a  + («  +  l)i)'J 

(4)- 
Since    L\j{a  +  tib}'  =  0,    and    Ll/{«  + (w  +  1)6}'"  =  0,    when 
n  =  CO ,  we  deduce  from  (4), 

1        ^  g  1 ^    1  , 

pb{a-by    „.ola"+pb)'+'^  pb,i'  ^  '• 

From  (5)  the  first  part  of  the  above  theorem  follows  at 
once;  and  we  see  that  l/pb{a~bY  and  \jpV"^^  are  finite  upper 
and  lower  limits  for  the  sum  in  question. 
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We  kIbo  have 

1  S  1         ^    1  . 

bia-bY''''p^t{a+pbf-^'^  bar' 
whence  it  follows,  since  Ll/i(tt-6)'  =  LI/Aii'=  1/i,  when  p  =  0, 
that 

T        ?  1  1 

From  the  theorem  thus  proved  it  is  not  difficult  to  deduce 
tiie  following  more  general  one,  also  given  by  Dirichlet : — 

1/  k,,  k,,  .  .  .  ,  !:„,  .  .  .  be  a  series  of  positive  quantities,  no  one 
I'/  which  «  less  than  any  foUowing  one,  and  if  iheij  be  such  that 
LTjt-  a,  where  T  is  the  number  of  the  k's  thai  do  not  exceed  i, 

then  Sl/in'"*"'  is  finite  for  all  posilire  finite  values  of  p,  however 

smaU;  and  L  />21/C'^'  =  «." 
r=-o    1 
Cor.  It  follows  from  (5)  that 


'        ,  L    f    '     ■         ' 


(«  +  «)       )    f« 


,(«-!)'  ...\a'*'     (.+  1)'* 

au  inequality  which  we  shall  have  occasion  to  use  hereafter. 


QEOMETTRICAL   APPLICATIONS   OP   THE   THEORY   OF   LIMITS. 

g  26.]  The  reader  will  find  that  there  is  no  better  way  of 
stiengthening  his  grasp  of  the  Analytical  Theory  of  Limits  than 
by  applying  it  to  the  solution  of  geometrical  problems.  We  may 
point  out  that  the  problem  of  drawing  a  tangent  at  any  point  of 
the  graph  of  the  function  y  =/(*)  can  be  solved  by  evaluating  the 
limit  when  A  =  0  of  {/(^  + A)-/(j-)}/A  j  for,  as  will  readily  be 
seen  by  drawing  a  figure,  the  expression  just  written  is  the 
tangent  of  the  inclination  to  the  axis  of  x  of  the  secant  drawn 
through  the  two  points  on  the  graph  whose  abscissae  are  x  and 
x  +  h;  and  the  tangent  at  the  former  point  is  the  limit  of  the 
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secant  when  the  latter  point  is  made  to  approach  infinitely  close 
to  the  former.* 

Example.  To  find  the  inclination  of  the  tangent  to  the  graph  of  y  =  e' 
at  the  point  where  thia  graph  croases  the  axia  of  y. 

If  0  be  the  inclination  of  the  tangent  to  the  z-axin,  ve  IiHTe 
tonff=L(e°+*-(»)/ft, 
=  L(^-1)/A, 
=  loge  =  I. 
Henee  9-\i. 

%  27.]  The  limit  investigated  in  §  2i  enables  us  to  solve  a  - 
problem  in  quadratures ;  and  thus  to  illustrate  in  an  elementaiy 
way  the  fundamental  idea  of  the  Calculus  of  Definite  Integrals. 
We  may  in  fact  deduce  from  it  an  expression  for  the  area  in- 
cluded between  the  graph  of  the  function  y  =  rfj^''^,  the  axis  of 
7,  and  any  two  ordinates. 

Let  A  and  B  be  the  feet  of  the  two  ordijiates,  a,  b  the  corresponding 
abscissae,  and  i-n=c.f  Divide  AB  into  n  equal  parts ;  draw  the  ordinates 
through  A,  B,  and  the  n-I  points  of  division  ;  and  construct— 1  at,  the  series 
of  rectangles  nhasa  bases  are  the  n  parts,  and  whose  altitudes  are  the  lat, 
2nd,  ....  'ith  oriiinates  respectively ;  2nd,  the  series  of  rectangles  whose 
bases  are  as  before,  but  whose  altitudes  are  the  2nd,  3rd,  .  .  . ,  (n  +  ])th 
ordinates.  If  I„  and  J.  be  the  sums  of  the  areas  of  the  first  and  second  series 
of  rectangles,  and  A  the  area  enclosed  between  the  cnrve,  the  axis  of  x  and 
the  ordinates  through  A  and  B,  then  obviously  In<:A<J.. 

J.  =  c|(<.  +  c/™)'  +  (o  +  2c/»)'+.   .  .+(a+nc!nY)l»i'-\ 
Since  Sn-lr-dfi'  -  a')lnl'-^,  which  vanishes  when  n  =  cio,  LI,  =  U^  and 
therefore  A=:LJ»  when  n  =  ».     Hence 


^.{'"j:„"^}.'^'H< 


[ence  A  =  (ft'+'-a'+']/Cr  +  l)Z"'. 

This  gives,  wlien  t  =  \,  and  a=0,  the  Archimedian  rule  for  the  qnadratura 
r  a  parabolic  segment. 


•  We  would  earnestly  recommend  the  learner  at  this  stags  to  begin  (if 
he  has  not  already  done  so)  the  study  of  Frost's  Carve  Tracing,  a  work  which 
should  be  in  the  hands  of  every  one  who  aims  at  becoming  a  mathematician, 
either  practical  or  scientific. 

t  The  reader  should  draw  the  figure  for  himself. 
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(1.)  (8z*  +  ai^  +  &t*}/(il  +  i*+i*).    z=0,  Mdz=«. 

(2.)  (a:'-a?-ftE"  +  18i-*)/(i»-2i*-4x+8),    x=% 

(3.)  log(ir'-aaJ-ai!-8)-log(a'-tt»+il-S),    1=3. 

(4.)  {a!-(i«  +  I)z-t-'  +  «**+'J/(l-i)*,   z=l(napcisitiTeuiti^r).   (Eulir. 

V^.Cale.) 
(5.)  M«-l)-(«-m/{^{x-l)-V(^-l)}.    '=!■ 

(7.)  J(a  +  *)--(a-«)-|/iC>  +  ^)--(»-^)-!,     '»=0. 

(8.)  {(«--i)p-(x--l).!/{(a-l)p-(«-l).!.    x=l. 
(3--l)'-(jf-ll(J^-l)  +  (g--l)'     ^_, 

^''■'(^-l)'  +  (a:--l)(a?'-l)  +  (i«--l)*    "'"'■ 
(10.)  (o-V('>'-a^)i/^.     ai^O-     (Eular,  Z>«^  Cofc.) 
(11.)  {^(.i-i-x)-  -r^Ca-ar) }/{■;'(«  +  »!)-  ■J'(a-Jr)},    x=0. 
(12.)   {(a'  +  m!+a>)»-(o>-<KE+i>)lt/i(o+a!)'-(o-a)*!,    i!=0.     (Enler, 

Diff.  Oifc.) 
(13.)  {(!a^~a^)^'i>(a^]t}/{a-(ax')I|,    x=a.     (Qragor;,  £annplu  in 

J>iff.  CWc) 
(1*.)  {o  +  V(2»'-2<ii)-V(2oi-ai^!/{a-iE  +  V(o'-i?)!,  x=o.  (Enter, 

Diff.  Caie.) 
(15.)  z-Vta^-W  wbenicsoo,  y=oo,  but  v'/x  finite  =2p. 
(19.)  2a?Sy-.)/n(i,-i),     «=y=i. 
(17.)  Z«-{s— s")/2i^y-^),    x=y=i=*. 
(ll)«^V(*'-''-)-l/(«-'').    »:=<». 
(19.)  2^o''*'-l),    ar=».  (20.)  aJ",    a:=«. 

(210(1  +  1/*')',     z=w.  (22.)  ic^-ZCl +!")-,     «  =  «. 

(23.)  (l  +  I/i)-,    a!=0.  (2*.)  (1+1/z)^,    a!=». 

(26.)  xW*-')*.    a!=l.  (28.)  xW^-'l,    x=l. 

(ST.ja^M     «=«.  (28.)  aoga:)^,    x=<a. 

(2S.)  (log a/a)"-,    a=».  (30.)  log-ar/log-x,    x=«.. 

(31.)  i^/{x),  x=io,. where  ^7)  is  k  rational  fanction  of  z,  and  a  a  con- 
■tint. 

(32.)  (<u!"  +  S3!»-'+  .  .  .  )^'.     x=<a.     (Canclif.) 

(83.)  xvn+alog*!^    ^=0, 

(34.)  {(x'  +  a!  +  l)/(x"-iB  +  l)]-,    *=». 

(36.)  {i(a-  +  6-)}'«,     x=0. 

{«.)  !l  +  2/v'("?  +  l)J'^'**+*'.    «  =  «>■     (Longch«ini».) 

"'■'(rx::::r^g)""''  "-  i-«.-™p-.»»«-> 

VOL.n  H 
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(38.)  {Irt^-lf/-,    *=». 

(88.)  (log(l  +  ic}flcg(i+A_     ,.=0. 

(40. )  log  (1  +  a»:)/Iog  (1  +  te),    x  =  0. 

(41.)  («--e-»)/log(l+a:),     a!=0.     (Ealar,  Dyff.  QOc) 

(42.)  (!»-«)  ten  a:,    x=^.  (43.)  tMi-Va^     1=0. 

(44.)  {l-8ina;  +  cosz)/(aiii3!  +  co«a-l),    ix=^.    (EqIot,  i>(f.  difc.) 

(46.)  ama^(l -3!»/t>),    a=T.  (JS.)  k  {«)fl(»/!c)-l}.     «=« 

(47.)  (smar-8ina)/(i-a),     i=a.  (48.)  BeciK-tana;     a;=lr. 

{*».)  (sm*a!-tan*i:)/(l+cosa!)(I-cofla)',     iB=0. 

(60.)*  aahxlx,    Ji=0.  (BI.)  (cosh»-l)M     3s=0. 

(52.)  tanh-V*.     »:  =  0.  (58.)  ainz/](ig{l+i),     ^=0. 

(64.)  Binailogii     i=0.  (66. )  cos  I  log  tan  z,     x=iw. 

(56.)  logtanmr/logtamu!,     i=0. 

(67.)  (logBmma;-logiii)/(Iogsmra-log!i;),    a!=0. 

(68.)  (imz"='^,    1=0.  (68.)  smai'"*,    i=0. 

(60.)  (flinha;)'"'',     i-^O. 

(81.)  {(!t/o)am(a/x)}-(w<2).    »=«. 

(62.)  (ooam*)-/*',     j;=:0.  (83.)  {coimx)"'*^'",     x=0. 

(64.)  (2-a/o)t""'^,    a!=o. 

(85.)  log.(log,a!)/co.^     z=e. 


(67.)  If  IJx  stand  for  log,(log.3t),  IJx  for  loga(loga(log,a!)),  ic,  show 

braitdie  Analynt,  chap,  ii) 

(68.)  Show  that  L     I  (a+*)'/-/«=i. 

(69.)  Shoir  that  L      S  {(«+»)/»]"  lies  between  f  and  «"+i. 

(70.)  3howthatL      S  {(a+sc/n)/(ii  +  t)|"i8finite  if  a+cbennmerieally 

greater  than  a,  and  that  L  £  {(a  +  «;/7i)/o}"  ia  finite  if  o  +  e  be  niunericailj 
less  than  a.  b=ibi=1 

(71.)  Traw  the  graph  of  y  =  (o*-l)/K,  whena>l,  and  whena-cl. 

(72.)  Trace  the  graph  of  y=2*/'  for  positive  values  of  z;  and  find  the 
direction  in  which  the  graph  approaches  the  origin. 

■  For  the  definition  and  elementary  properties  of  the  hyperiralic  fnnetioiiB 
coshe,  mnhz,  tanhx,  &c.,  see  ehap.  iiiz.  All  that  is  really  wanted  hen  ia 
coshz=J(e*  +  e^),  sinha:=J(«'-e-'). 
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(73.)  TracB  tha  graph  of  y=(l  +  l/z}';  and  find  the  angle  at  which  it 
croBMB  the  nia  of  y. 

(74.)  Find  the  orderaof  the  zeroandinfini^valneaof  y  when  detennmed 
aa  ■  AmctioD  of  x  by  the  following  eqnationi : — * 

(b)    x(3?-ay)*-j^=0.     (Frost'sC^irw  TVocitijr,  J  IIIG.  Ex- 8). 
OS)    a?T/'+a>j^-^  +  a3fy-a»i?=0.    (iJ.,  Ei.  7.) 
(t)    (»-l)i/»  +  (^-l)y>-(ar-2)V  +  i^«-2)=0. 
(76.)  If «  and  e  be  fnnctionB  of  the  Integral  variable  n  determined  by  the 
eqnatioDB  Mii=i(i>-i+i^-i,  ea^Ua-i,  ehow  that  L  «,,/«.= (1±V'')/^    How 

ought  the  ambiguona  sign  to  be  settled  when  ug  and  Vi  are  both  positiTe  t 
(76.)  Show  that 

(77.)  8b..M  _L_{'"^"'f  ^-/l  ■  ;  ^^l-tnjp.,^ 

*  For  •  general  method  for  deAlIng  with  each  problems,  see  chap.  xjx. 


D,a,l,zc.bvG00gIe 


CHAPTER  XXVI. 

Oonvergence  of  Infinite  Series  and  of  Infinite 
Products. 

§  1 .]  The  notion  of  the  repetition  of  on  algebraical  operation 
upon  a  serieB  of  operands  formed  according  to  a  given  law 
presents  two  fundamental  dif&culties  when  the  frequency  of  the 
repetition  may  exceed  any  number,  however  great;  or,  as  it  is 
shortly  expressed,  become  infinite.  Since  the  mind  cannot  over- 
look the  totality  of  an  infinite  aeries  of  operations,  some  defini- 
tion must  be  given  of  what  is  to  be  understood  as  the  result  of 
such  a  series  of  operations;  and  there  also  arises  the  further 
question  whether  the  series  of  operations,  even  when  ite  meaning 
is  defined,  can,  consistently  with  its  definition,  be  subjected  to 
the  laws  of  algobm  which  are  in  the  first  instance  laid  down  for 
chains  of  operations  wherein  the  number  of  links  is  finite.  That 
the  two  dilficulties  thus  raised  are  not  imaginary  the  student 
will  presently  see,  by  studying  actual  instances  in  the  theory  of 
sums  and  products  involving  an  infinite  number  of  summands 
and  multiplicands. 

§  2.]  One  very  simple  case  of  an  infinite  series,  namely,  a 
geometric  series,  has  already  been  discussed  in  chap,  xx., 
g  15.  The  fact  that  the  geometric  series  can  be  summed  con- 
sidentbly  simplifies  the  first  of  the  two  difficulties  juat  men- 
tioned ;*  neverthelesa  the  leading  features  of  the  problem  of 
infinite  series  are  all  present  in  the  geometric  series ;  and  it  will 
be  found  that  most  queations  regarding  the  convergence  of 
infinite  series  are  ultimately  referred  to  this  standard  case. 

,    .  *  Tlie  second  WM  not  considered. 
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The  consideration  of  the  infinite  geometric  series  suggeeta 
the  following  definitions. 

Consider  a  sDccession  of  finite  real  sumnunds  u„  ii„  u„  .  .  . , 
«»...,  unlimited  in  number,  formed  according  to  a  given  law, 
so  that  the  nth  term  u„  is  a  finite  one-valued  fUnction  of  n ;  and 
consider  the  BucceasiTS  sums 

S,  =  M„       S,  =  «,  +  t»„       Sj  =  «,  +  «,  +  Mj 


Sn  =  U,  +  U,  +  .    .    .   +  M„. 

When  n  is  increased  more  and  more,  one  of  three  things  must 
happen : — 

1st.  Sq  mat/  approach  a  fieed  finiie  quantitt/  S  in  such  a  way  that 
by  intreasing  n  sufficiently  tee  can  make  S«  differ  from  S  byas  little  as 
we  please ;  that  is,  in  the  nolatim  of  last  chapter,  L  Sn  =  S.  In 
this  ease  the  series  "''" 

«,+«,  +  «,+  ...+«„+... 
is  said  to  be  CONVERGENT,  and  to  converge  to  the  value  S,  whieh  is 
spoken  of  as  the  sum  to  inanity. 

Eaunple.  I  +  |  +  ^+ ■  •  ■  +^+  ■  ■  ■     Here  3=  L  S.=2. 

2nd.  S„  may  increase  with  n  in  sudt  a  way  that  by  inereiising  n 
suffiaenily  we  can  make  the  nuina-ical  value  of  S„  exceed  any  quantity, 
hoicever  large  ;  that  t^  L  S„  =  «  ,  In  tkie  case  the  series  is  said  to 
be  DIVERGKNT.  '^'' 

Eiample.  1  +  2  +  3+ ,  .  .     Hare   L  8,  =  to. 

3rd  S„  may  neither  beeorae  infinite  nor  approach  a  definite  lUnit, 
but  oseiUiUe  between  a  niiwifcr  of  finite  values  the  stlectian  among 
which  is  determined  by  the  integral  character  of  n,  that  is,  by  such 
considerations  as  whether  n  is  odd  or  even  ;  of  the  form  3m,  3m  +  I, 
3ra  +  2,  £c.     In  this  case  the  series  is  said  to  oscillate. 

EMmple.  B-1-2  +  3-1-2  +  3-1-2+,  .  .      Here  L  8,=0,  8,  or  2, 


In  cases  2  and  3  the  series 

«,  +  «,  +  «,+  .  .  .  +«„+  .  .  . 
is  also  said  to  be  non-convergenL      In  many  important  senses 
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non-conTergent  Miies  cannot  be  sud  to  have  a  sum ;  and  it  is 
obvjoas  that  infinite  aeries  of  this  description  cannot,  except  in 
special  cases,  and  under  special  precautions,  be  employed  in 
mathematical  reasoning. 

Series  are  said  to  be  more  W  less  rapidly  convergent  according 
aa  the  niunber  of  terms  which  it  is  necessary  to  take  in  order  to 
get  a  given  degree  of  approximation  to  the  sum  is  smaller  or 
larger.  Thus  a  geometric  series  is  more  rapidly  conveTgent  the 
smaller  its  common  ratio.  Bapid  convergency  is  obviously  a 
valuable  quality  in  a  eeries  from  the  arithmetical  point  of  view. 

It  should  be  carefully  noticed  that  the  definition  of  the  con- 
vergqncy  of  the  series 

«,  +  «,  +  «,+  .  .  .+w„+.  .  . 

involves  the  supposition  that  the  terms  are  taken  successively  in 
a  given  order.  In  other  words,  the  sum  to  infinity  of  a  conver- 
gent series  may  be,  so  far  as  the  definition  is  concerned, 
dependent  Upon  the  order  in  which  the  terms  are  written.  As  a 
matter  of  fact  there  is,  as  was  first  pointed  out  by  Dirichlet,  a 
class  of  series  which  may  converge  to  one  value,  or  to  any  other, 
or  even  become  divergent,  according  to  the  order  in  which  the 
terms  are  written. 

§  3.]  Two  essential  conditions  are  involved  in  the  definition 
of  a  convergent  series — lat,  that  S^  shall  not  become  infinite 
for  any  value  of  n,  however  great;  2nd,  that^  as  n  increases, 
there  shall  be  continual  approach  to  a  definite  limit  S.  If  we 
introduce  the  symbol  „R„  to  denote  iin+i  +  »»■}-■  +  >  >  -  +  Vn+m, 
that  is,  the  sum  of  m  terms  following  the  nth,  we  may  state  the 
following  criterion ; — 

The  necessary  and  xi^cieiU  conditions  /or  the  amvergeney  of  a 
series  are  that  ^^he  finite  for  ail  vaives  of  n;  and  that,  by  taiang  n 
mffiaenUy  great,  it  be  possible  to  make  „Rn  <m  smaU  as  we  please,  no 
matter  what  the  value  of  m  may  be. 

That  S„  must  be  finite  is  obvious  fixim  the  definition  of 
convergency.      Since  L  Sn  =  S  (where   S   is  finite),  therefore 


D,a,l,zc.bvG00gIe 


iiv!  KESIDXIE  AND  PAHTIAL  BE8IDOB  103 

LSn+„  =  S.      Hence    L  <Sn+„  -  SJ  =  S  -  S  =  0  ;    that  is. 

The  two  cosdttioDB  are  snfficient.  For,  aince  S„  is  Gnlte  for 
all  Yuluea  of  n,  the  limit  of  S„  cannot  be  infinite.  AIbo  the  limit 
of  S„  cannot  have  one  finite  value  when  n  haa  any  particular 
integral  character,  and  another  value  when  n  haa  a  difTereat 
integral  character  j  for  any  such  result  would  involve  that  L  S^ 

and  L  S„+«  should  have  different  values ;  but  such  cannot  be 

the  case,  since  L(S„+„  -  S„)  =  L«tBn  =  0. 

The  above  criterion  is  often  stated  with  the  omission  of  the 
first  part  regarding  the  finiteness  of  Sn>  it  being  implied  that 
the  second  condition  L  „3„  =  0  involves  the  first.    Cauchy,  the 

ori^^nator  of  the  modem  theory  of  convergence,  states  the 
matter  in  this  way.  The  discussion  of  this  subtle  point  need 
not  be  taken  up  here,  because  in  most  cases  a  slight  alteration 
of  the  demonstration  which  proves  that  L  ^^  =  0  shows  that 
S„  is  always  finite. 

Cor.  1.  In  any  amvergent  series   L  u„  =  0, 

For  «n  =  S„-S„-i  =  |R„-i,  and,  by  the  criterion  for  con- 
veigency,  we  must  have  L  ,Rn-i  =  0-     This  condition,  although 

necessary,  is  not  of  itoelf  sufficient,  as  will  presently  appear  in 
many  examples. 

Cor.  2.  I/'B^=  L  «R,„  and  S  aTid  S„  have  the  meanings  aiove 

assigned  to  than,  then  S„  =  S  -  B„. 

For  S„+„,  =  S„  +  „iR,„  therefore  L  S„+„  =  S„+  L  „R„;  and 

IJ  S,i-Hn  =  S>  hence  the  theorem.    B„  is  usually  called  the  residue 

of  the  aeries,  and  „R„  a  partial  residue.  ObvlDUsly,  the  smaller 
R„/S„  is  for  a  given  value  of  n,  the  more  convergent  is  the 
series ;  for  R^  is  the  difference  between  S„  and  the  limit  of  Sr 
when  n  is  infinitely  great.  R„  is,  of  course,  the  sum  of  the 
infinite  series  u,.).,  +  %.(., ■*■  Un+t  + .  ■  .;   and  it  is  an  obvious 
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remark  that  the  rmdue  of  a  amvergml  series  u  iisdf  a  convergent 

Cor.  3.  ^ke  txmvergemy  or  divergency  of  a  series  is  not  affeeted 
by  neglecting  a  finite  number  of  its  terms. 

For  the  sum  of  a  finite  number  of  terms  is  finite  and  definite ; 
and  the  n^lect  of  that  sum  alters   L  8„  merely  by  a  finite 

determinate  quantity ;  so  that,  if  the  series  was  oiiginally  con- 
vergent^ it  will  remain  so  ;  if  originally  oscillating  or  divergent, 
it  will  remain  so. 

Example  1.  Consider  the  ieriea  1/1  +  1/2  +  1/3+  .  .  .  +1/b+  .  .  . 
Here»H,=  l/(n  +  l)  +  l/{n  +  2)+  .  .  .  +l/(»+7»), 
>l/(n  +  m)  +  l/(«  +  m)+  .  .  .  +l/(«+«i), 
>m/{«  +  m), 
>lrt«/ni  +  l). 
How,  however  gmai  n  may  be,  wb  can  always  choose  m  so  much  greater  that 
n/m  shall  be  less  than  any  quantity,  however  EinalL    Hance  we  cannot  caaae 
nRi,  to  Tanieh/or  all  valuet  of  m  by  sufficiently  increasing  n.     Wo  therefore 
coDclude  that  the  series  ie  not  canvergeut,  notwithstanding  the  fact  that  the 
terms  ultimately  become  infinitely  small.    We  ahall  give  below  a  direct  proof 
thatia.=  w. 
Example  2. 

1,      2'  ^1,      3'  ^1,     (n  +  1}' 

l'"Er3  +  2'°82:4+  ■  ■  •  +rt'°«„(n^2)- 
Since  (w  +  l)'/n(»  +  2)  =  (l  +  l/n)/il +  1/(11  +  1)!,  we  have 

B         1    ,     l  +  l/(n  +  l)  ,     1    ,    1  +  1/(b  +  2) 
■•'^=«+-l''«l  +  l/{u  +  2)  +S:r2'"«l  +  l/(n  +  3) 


<    *     f.     l  +  l/(«  +  I>,.     l+V(«+2)  l  +  l/(H  +  m)     ^ 

^,r-ir[''«i+i/(«+«.+i)  ("■ 

Now,  whatever  »i  may  be,  by  making  n  large  enough  we- can  make  l/(u+l), 
and,  a/orltori,  I/(»+ffl  +  l),  aasmall  as  we  please,  therefore  L  KBa=0  for 
all  values  of  fli.  """ 

If  in  (1)  we  pnt  0  in  place  of  n,  and  n  in  place  of  m,  and  observe  that 
S.=„Re,  we  see  that 

so  that  Sa  can  never  exceed  ]og  2  whatavei  «  may  be. 
ISotli  conditions  of  convergeucy  are  tberofore  satisGed. 
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PiLtti]tgm=D  in  (I),  we  fludfor  thenddneof  the  seriea 

B,<Dog|l  +  lAn  +  l)}l/(n  +  l)t 
a  molt  which  would  enabla  ua  to  eatimata  the  rapidit;  of  the  conTergency, 
and  to  uttls  how  moa;  terms  of  the  serioB  we  ought  to  take  to  get  an  appioii- 
malion  to  ita  limit  accur&te  to  a  givBii  place  of  decimals. 

g  4.]  The  foilowing  theorems  follow  at  once  from  the 
criterion  for  convei^ncy  given  in  laat  paragraph.  Some  of 
them  will  be  found  very  useful  in  discussing  questiona  regarding 
convergence.  We  shall  use  £u„  as  an  abbreviation  for  u,  +  u, 
-f .  .  .  -t-  tin  +  ■  •  ■)  that  is,  "  the  series  whose  nth  term  is  u„." 

I.  If  «„  and  v„  be  positive,  %  < !)»  far  all  valtiet  of  n,  and  2v„ 
convergent,  then  Ztt^  is  convergent. 

If  tin  and  Vn  be  jxmtive,  «» >  p«  for  ail  valuta  of  n,  and  2p„ 
divergent,  then  2«„  «  divergent. 

For,  under  the  first  set  of  conditions,  the  values  of  S„  and 
nHn  belonging  to  I)u„  are  less  than  the  values  of  the  correspond- 
ing functions  S'„  and  „B'„  belonging  to  Sv„.  Hence  we  have 
0  <  S„  <  S'„  0  <  „E„  <  „E'„.  But,  by  hypotheais,  S'„  is  finit*  for 
all  values  of  n,  and  L  «,I^'n  =  0 ;  hence  S„  is  finite  for  all  values 

of  n,  and  L  „K,„  -  0 ;  that  is,  Su„  is  convergent. 

Under  the  second  set  of  conditions,  Sn  >  S'„.  Hence, 
since  L  S',  -  oo ,  we  must  also  have  L  S„  =  eo ;  that  is,  Dtt^  is 

divergent. 

II.  If,  for  all  values  of  n,  p„>0,  and  !i„/p„  is  finite,  then 
Sub   is  convergent  if  2c„  is  convergent,  and  divergent  if  2r„  is 


By  ch^>.  xxiv.,  §  5,  if  A  be  the  least,  and  B  the  greatest  t 
the  fractions,  u„+,/»„+„  «„+,/»„+„  -  .  .,  WB+m/Pn+™  then 


Now,  since  Ua/i'n  is  finite  for  all  values  of  n,  A.  and  B  are 
finite.  Hence  we  must  have  in  all  cases  „^  =  C„B'„,  where  C 
is  a  finite  qoantity  whatever  values  we  assign  to  m  and  n. 
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Hence  S„  (that  is,  „B,)  will  be  finite  or  infinite  according  as 
S'„  is  finite  or  infinite ;  and  if  L  ^'„  =  0,  we  muat  also 
have  L  „E„  =  0. 

IIL  If  u„  ani  p„  hi  positive,  and  if,  for  all  values  of  n, 
tt„+i/ii„<p„+,/tj„  and  2v„  m  ctmperyCTi,  (Acti  2w„  is  amvergent;  and 
*f  Un+i/^>  fn-fiAni  "'^  ^"n  *<  divergent,  tken  2t(„  is  divergerU. 

Wfl  have,  if  «„+,/m„  <  Pb+./pb, 


1  + 


Nov,  by  hypothesis,  LS'n  >b  finite :  hence  LS„  must  be  finite. 
Also,  since  all  the  terms  of  Su„  are  positive,  the  series  cannot 
oscillate,  therefore  Su„  must  be  convergent. 

In  like  manner,  we  can  show  that,  if  «n+i/un  >  "n+i/Pn.  *nd 
2p„  be  divei^ent,  then  2m„  is  divergent. 

If,B. — In  Theorems  L,  II,  III.  we  have,  for  simplicity, 
stated  that  the  conditions  must  hold  for  all  values  of  n ;  but 
we  see  from  g  3,  Cor.  3,  that  it  is  sufficient  if  they  hold  for  all 
valves  of  n  exceeding  a  certain  finite  value  r;  for  all  the  terms  up  to 
the  rth  in  both  senea  may  be  neglected. 

It  is  convenient  to  epeak  of  Un+i/u,i  as  the  Ratio  of  Converg- 
ence of  2t(„.  Thus  we  might  express  Theorem  III.  as  fol- 
lows : — Any  series  is  convergent  (divei^ent)  if  its  ratio  of  con- 
vet^nce  is  always  less  (greater)  than  the  ratio  of  convergence 
of  a  convergent  (divergent)  series. 

IV.  If  a  series  which  contains  negtUive  terms  be  convergent  vAen 
all  the  negative  terms  have  their  si^ns  changed,  it  will  be  convergent  as 
U  stood  originally. 

For  the  efTeot  of  restoring  the  negative  signs  will  be  to 
diminish  the  numerical  value  both  of  S^  and  of  a,R„- 
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Definition. — A  series  which  it  convergent  when  all  iU  terms  an 
taien  posUivelg  is  said  to  be  absolutely  converoknt. 

It  will  be  aeen  immediately  that  there  are  series  whose 
convergency  depends  on  the  presence  of  negative  signs,  and 
which  become  divergent  when  all  the  terms  are  taken  posi- 
tively. Such  series  are  said  to  be  semi- convergent.  In  §§  5 
and  6,  unless  the  contrary  is  indicated,  we  suppose  any  series 
of  real  terms  to  consist  of  positive  terms  only,  and  convergence 
to  mean  absolute  convei^ence. 


SFECUL  TEEtIS   OF  CONVBROENCT  FOR  SEREES  WHOSE  TERUS 
ARE   ULTIMATELY   ALL    POSITIVE. 

§  5.]  If  we  take  for  standard  series  a  geometric  progression, 
say  Sr",  which  will  be  convergent  or  divergent  according  as 
r<  or  >  1,  and  apply  §  i,  Th.  I,  we  see  that  2u„  will  be  con- 
vergent if,  on  and  after  a  certain  finite  value  of  n,  Un<r", 
where  r  <  1 ;  divergent  if,  on  and  after  a  certain  finite  value  of 
n,  Ua>r^,  where  r  >  1.     Hence 

L  Sun  is  eonvergeni  or  divergent  according  as  u„^'"  u  lUtimately 
lest  or  greater  than  unity. 

This  test  settles  nothing  in  th«  case  where  Uq'^"  is  tiltimaiely  unity. 

Eiunple.  Zl/(1  +  l/n)"*  is  a  convergent  series ;  for 
L«,''"=I/L(l  +  I/n)"=l/e, 

by  cliap.  XXV.,  g  13,  where  0-2,  and  therefore  !/«<!. 

If,  with  the  series  Sr"  for  standard  of  comparison,  we  apply 
§  i,  Th.  Ill,,  we  see  that  2m„  is  convergent  or  divergent  accord- 
ing aa  U|i+i/un  IB,  on  and  after  a  certain  finite  value  of  n,  always 
<  1  or  always  >  1.     Hence 

II.  2u„  is  convergent  or  divergent  according  as  its  ratio  of 
eotaiergenc^  is  vltiviatdy  <  or  >  1, 

Nothing  is  settled  in  the  case  where  the  ratio  of  convergencg  is 
vlHmateli/  equal  to  1. 
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The  examinatian  of  the  ratio  u„^|/u„  is  the  most  useful  of 
all  the  tests  of  convergence.*  It  is  sufficient  for  all  the  series 
that  occur  in  elemen^jy  mathematics,  except  in  certain  extreme 
cases  where  these  series  are  rarely  used.  In  fact,  this  test,  along 
with  the  Condensation  Test  of  g  6,  will  suffice  for  the  reader 
who  is  not  concerned  with  more  than  the  simpler  applications  of 
infinite  series. 

Notwithstanding  their  outward  difTercnce,  Tests  L  and  II.  are 
fundamentali}'  the  same.  This  will  be  readily  seen  by  recalling 
the  theorem  of  Cauchy,  given  in  chap,  xxv.,  §  14,  which  shows 
that  L  Un+i/w»  =  L  Wn^'"-    It  IB  useful  to  have  the  two  forma  of 

test,  because  in  certain  cases  I.  is  more  easily  applied  than  II. 

',  wbero  r  and  x  »n  constants. 

=  (l  +  l/n)'x. 
Hence  Lu»4.i/u.=z.     Tha  series  ia  therefore  conveT^nt  if  a!<l,  and  diverg- 
ent if  a:>l. 

If  x=  1,  we  cannot  settle  the  quoetion  by  means  of  tUe  present  teat. 

Example  2.  If  ^(n)  be  any  algebraical  function  of  n,  T^tCfir  is  con- 
vergent if  x<l,  divergent  if  13- 1. 

Tbia  hardly  needs  proof  if  L  ^n)  be  finite.     If  L  ^(n)  be  infinito,  we 

know  (see  chap,  xxx.)  Uiat  wc  can  alwaya  find  a  positive  value  of  r,  anch 
that    L  ^n)/n'  is  finite,  =A  say.     We  therefore  have 
Lm^,/u.=j;L«(«  +  1)M«), 

=  ..{AMixl, 

This  very  general  theorem  includes,  among  otlier  important  cases,  the 
integro-geometric  series 

^l)x  +  *<2)i^  +  .  .  .  +  W«V  +  .  .  . 
where  ^n)  ii  an  integral  function  ofn ;  and  the  aeries  - 


1^ 


(I). 


which,  aa  we  shall  sea'  in   chap,  zzviii.,  repiesents  (when  it  is  convergent} 

■  WehetensB  (as  is  often  convenient)  "  convei^nce  "  to  mean  "the  quality 
of  the  series  as  regards  conveigency  or  divergency." 
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-I<ig(l  -X).    It  follow,  Iqr  8  *,  Th.  IV.,  thrt  rince  the  mi 
reTgeutwtienz<l,  the  MiiM 


i>  alio  coDTeigent  vhsn  z<l. 

When  (2)  is  conveigeut,  it  represents  lag(l+x). 

Example  3.  Zif/ttt  (the  Exponential  Series]  is  conTeigent  for  all  volnes 
oTz. 

=«/(n+J). 
Ifenee,  however  great  x  may  be,  since  it  is  independent  of  n,  we  may  always 
ehooae  r  lo  gT«»t  that,  for  all  values  of  n  >  r,  sc/{n  -»■  1 )  ■=  1.  Since  the  limit 
of  the  ntio  of  conrei^nce  is  zero  in  tbis  case,  ue  should  expect  the  converg- 
eocy  for  moderate  valnes  of  z  to  be  very  rapid  ;  and  this  is  so,  as  we  shall 
show  by  examining  the  re«due  in  a  later  chapter. 

Example  i.  2(-)»m(m-l)  .  .  .  {m-n  +  iy^f/ni  (a  positiTe),  where  m 
haa  any  real  valne,*  isconvergent  if  z<l,  divergent  if  ic>l. 

''or  hu^i/u.  =  -xL  ^^ 

Henoe  the  theorem. 

The  aeries  jost  examined  is  the  expansion  of  (l-x)"  when  x<l.  It 
follow^  bf  §  4,  Th.  IV.,  that  the  series  £Bi{m--l)  .  .  .  (m - n-t- l>i»/nl, 
whose  terms  are  oltimately  alternately  positive  an<l  negative,  is  convergent  if 
z<  1 ;  thia  series  is,  as  we  shall  see  hereafter,  the  expansioD  of  (1  +xy  whsn 

§  6.]  Cauch^s  Oondmtalum  Test. — The  general  principle  of 
this  method,  upon  vhich  many  of  the  more  delicate  teste  of 
convergence  are  founded,  will  be  easily  understood  from  the 
following  considerationB : — 

Let  !Su„  be  a  series  of  poaitive  terma  which  constantly  de- 
crease in  value  from  the  first  onwards.  Without  altering  the 
order  of  these,  we  may  associate  them  in  groups  according  to 
some  law.  If  v,,  v,,  .  .  ■  Vm,  ...  be  the  1st,  2nd,  ,  .  .  mth,  ...  of 
these  gronps,  the  series  ^„  will  contain  all  the  terms  of  ^u^ ; 
and  it  is  obTious  from  the  definition  of  convergency  that  Su„ 
is  convergent  or  divergent  according  as  1v„  is  convergent  or 

*  If  m  were  a  pontive  integer,  the  series  would  terminate,  and  the  ques- 
tion of  convergency  would  not  arise. 
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divergent ;  we  have  in  fact  L  2%  =  L  St>^     It  is  dear  that  the 

convergency  or  divergency  of  2p„  will  be  more  apparent  than 
that  of  Sm„,  because  in  Xv„  we  proceed  by  longer  steps  towards 
the  limit,  the  sum  of  n  terms  of  2v„  being  nearer  the  common 
limit  than  the  sum  of  n  terms  of  Du^     Finally,  if  Iv'^  he  a  new 

series  such  that  »'n<  Pm  'hen  obviously  Su,  is  ^^    if  S»'^ 

.   convergent 
divergent 
We  shall  first  apply  this  process  of  reasoning  to  the  following 

case: — 

Example.  Thasariea  1/1+J/2+ .  ,  , +l/n+ .  .  .  iBdivergent 

Arrange  the  given  Beriea  in  groups,  the  initial  terms  iu  irhich  are  of  the 

following  orders,  1,  2,  2",  .  .  ,  2",  2~+',  ,  .  .    The  nnmhera  of  terme  iu  the 

anocesiive  groups  will  be  2-1,  2'-2,  2'-2',  .  .  .2~+>-2",  Z-^^S-t",  .  .  . 

respectively.     Since  the  terms  conitantly  decreaaa  in  value,  if  2*+'  be  the 

greatest  poirer  of  2  which  does  not  exceed  n,  then 

*--^G4)Kin4*y)-  ■  Ai-^^i*  ■  ■  ■  *^> 


Hence,  by  making  n  sufficiently  great,  we  can  make  Sn  as  large  aa  we  please. 
The  aeries  1/1 +  1/2  +  1/3+ .  .  .  is  therefore  di»ergont.  This  might  also  be 
deduced  from  the  ineqoality  (6)  of  chap,  iiv.,  |  25. 

Cauchy's  Condensation  Test,  of  which  the  example  just  dia- 
cnssed  is  a  particular  case,  is  as  follows : — 

Iff{ii)  be  positive  /or  all  values  of  n,  and  amstaiUl^  deereate  at 
n  increases,  then  2/(n.)  is  convergent  or  divergent  according  as  Sa*/(o") 
is  convergent  m  divergmt,  where  a  is  any  positive  integer'^2. 

The  series  2/'(n)  may  be  arranged  as  follows : — 

[Ai)+.  ■■+y(«-i)]t  {/(»)+/(.+!)+ . . .  +/(»*-])) 
+  {/(•■)+/(•■  1 1) +. .. +/(«■- 1)1 


+  !/(•") +^<f+i)+  .  .  .  +/);»"+■ -1)1 
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Hence,  neglecting  the  finite  number  of  tenna  in  tlie  aquare 
brackete,  we  see  that  2/1[b)  is  convergent  or  divergent  accord- 
ing as 

2  WO  +/(«»+  1)  +..  .  +/(."+'  -  1)  1  (I) 

18  convergent  or  divergent.  Now,  since /(o"')>/(a"*+ 1)>  .  .  . 
>/(«"+>  -  I)>/{a"+'),  we  have 

(a"+i^a'"y(«-')>^a™)+/(a"-H)+.  .  ■  +/{a"+^-l) 

that  is, 

(.-l)a»/(«")>A«")+/(«"tl)+  ■  ■  ■  +/(«-+'-l) 

>((a-i)/.).»+'yi;.-«). 

Hence,  by  §  4,  Tb.  I.,  the  series  (1)  is  convergent  if  2(a  -  1) 
o^o")  is  convei^nt,  divergent  if  2{(a- l)/a}a"'''"'_/(a"''"')  is 
divergent.  Now,  by  §  4,  Th,  IL,  2{a  -  l)o™/(a"')  is  convei^ent 
if  Sx^yiffl"*)  is  convergent,  and  2{{ffl- l)/a}ffl'«+i^ffl"+i)  is 
divergent  if  2a"+y(a"+^)  is  divergent ;  and  for  our  present 
purpose  2ffl"/{a")  and  2a"+y(a'"+^)  are  practically  the  same 
•eiies,  say  Sa'*_/(a'').     Hence  Cauchy's  Theorem  is  established. 

N.B. — /(  is  oboumsly  sufficient  thai  the  function  f{n)  he  positive 
and  amstanUy  decrease  for  ail  valves  of  n  greater  than  a  certain  finite 
value  r. 

Cor  1 .  The  theorem  imll  sUll  hold  if  a  have  any  posOiee  valtte 
not  less  than  2. 

Let  a  lie  between  the  positive  integers  b  and  6+1,  (6<t2). 
H  "Sice^fiar)  be  conve^nt^  then  L  a"/(a'')  =  0,  that  is,  L  xf{x)  =  0. 

Hence,  on  and  after  some  finite  value  of  x,  the  function  x/(z)  will 
begin  to  decrease  constantly*  as  x  increases.  We  must  therefore 
have  (6+1 )"/{ (6  +  1 )" }  <  a"/ija"),  on  and  after  some  finite  value 
of  «.  If,  therefore,  Sa"^o")  is  convergent,  aforUoii,  will  2(6  +  1)* 
/{ (6  +  1)" }  be  convergent,  and  therefore,  by  Cauchy's  Theorem, 
2/(«)  will  be  convergent 

If  2a'*/((i")  be  dive^ent,  xf{x)  1°  may,  or  2°  may  not  decrease 


*  This  auumeB  that  a^x)  bu  not  an  infinite  nomber  of  taming  tkIqcb  ; 
•0  that  we  can  take  x  w  great  tbat  we  are  put  the  last  turning  valae,  which 
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In  cue  1  °,  i"/(6")  >  a*/{a^).  Hence  the  diTe^nce  of  2ii"y(a") 
involves  the  divergence  of  Si"/(6") ;  and  the  divergence  of  2/(») 
follows  by  the  main  theorem. 

In  case  2°,  the  divergence  of  ^^(n)  is  at  once  obvious ;  for, 
if  L  xf{x)  =1=  0,  then  ultimately  3^{x)  >  A,  where  A  >  0.     Hence 

f(x)>A/x.  Now  2A/»  is  divergent,  since  21/b  is  divergent; 
therefore  ^(n)  is  divei^nt. 

In  what  follows  we  shall  use  fx,  t'x,  .  .  .  to  denote  a', 
ff^, .  .  . ,.  ffi  being  any  positive  quantity  't  2 ;  and  Xx,  \'x, .  .  . 
IXfFx, . .  .to  denote  loggX,  loga(logaz), .  . .  \ogtX,  log,(Iog,x),  . .  ., 
where  e  is  Napier's  Base. 

Cor.  2.  2/i|n)  is  convergent  or  dipergent  according  as  Sttte'n  .  .  . 
e'nf{^n)  is  coiwergmi  or  divergejii. 

This  follows,  for  integral  values  of  the  base  a,  by  repeated 
application  of  Cauchy's  Condensation  Test;  and,  for  non-integral 
values  of  a,  by  repeated  applications  of  Cor.  1.  Thus  2/)^n)  is 
convergent  or  divergent  according  as  2en/{En)  is  convergent  or 
divergent.  Again,  2«n./({n)  is  convergent  or  divergent  according 
as  2<7w(<ny{(((n)f,  that  is  2«w'n/(£'n),  is  convergent  or  divergent ; 
and  so  on. 

Cor.  3.  '2.f{n)  is  convergent  or  divergent  according  as  tke  first  of 
the  fujidions 

T,  =  X{xXxK*x  .  .  .  X'-^x^x))IX% 


which  does  not  vanish  wlten  x—  eo  ,  has  a  negative  or  a posiiive  limiL 
By  Cor.   2,  2/(»)  is  convergent  or  divergent  according  as 

2<nc'ft  .  .  .  t'nfl^n)  is  convergent  or  divergent 

Now  the  latter  series    is   (by  §   5,  Th.   L)  convergent  or 

divergent  according  as 

L  {tnt'n  .  .  .  <'n/(('-n)}i'»<or>l; 

that  is,  according  as 

Llo&,{dk'n  .  .  .  ^nf{^n)}^"^<>0; 
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that  ie,  L  Iog„{tnt'n  .  .  .  r»/(<^»)  }/«<> 0. 

If  we  pnt  a;  =  €%  bo  that  )ux  =  ^-\  X.^  =  ^'hi,  .  .  . 
A''"'a  =  €«,  X^x  =  n,  and  z=  ca  when  «=«,  the  condition  for 
convergency  or  divergency  becomes 

L  k{x}^kh:  .  .  .  X'-^xf(x))lyx<>0  (1). 

If,  on  the  strength  of  Cor.  1,  we  take  e  for  the  exponential 
base,  the  condition  may  be  written 

L  l{dxl^x  .  .  .  F-^xf{x)]jfx'C>Q  (2), 

where  all  the  logs  involved  are  Napierian  logs. 

We  cootd  establish  the  criterion  (2)  without  the  intervention 
of  Cor.  1  by  first  establishing  (1)  for  integral  values  of  a, 
and  then  using  the  theorem  of  chap,  zzv.,  §12,  Example  4, 
thatL  \'x/fx=llla. 

Cor.  4.  Eadi  of  the  series 

21/ii'+-  (l), 

21/n/n{fti}»+-  (3), 

Sl/n/nfti  .  .  .  i'->n{i'nji+-         (r  +  1), 


is  convergejU  if  a>0,  and  divergeiU  t/  a  =  w  <  0. 

As  the  function  nii^n  .  .  .  ^n  frequently  occurs  in  what 
follows,  we  shall  denote  it  by  P^n) ;  so  that  P,(n)  =  n,  P,(n)  = 
tUn,  &c 

Isl  Proof. — Apply  the  criterion  that  2/(«)  ia  convergent  or 
divergent  according  as  li  [PJx)f(x)}/l''+h;<>0.  In  the  pre- 
sent case,  f{x}  =  IfFJx)  {iTxf.     Hence 

I  [  Fr(x)fix)  yc+H = /  { Wx)'  )!Jr^^, 

It  follows  that  (r-f  1)  is  cpnvergent  if  a  >  0,  and  divergent 
if  a  <  0.  If  a  =;  0,  the  question  is  not  decided.  In  this  case, 
we  must  use  the  test  function  one  order  higher,  namely, 
I  { VrW)f{x)  }/?-+^     Since  /(;c)  =  1/Pr(*),  we  have 

VOL  U  1 
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=  1^0. 
Hence,  when  a  =  0,  (r  +  1)  ia  divergent 

Ind  Proof. — ^By  the  direct  application  of  Cauehy's  Condensa- 
tion Test^  the  convergence  of  (1)  is  the  same  as  the  convergence 
of  2o''/(a")*+",  that  is,  S(l/a")*.  Kow  the  last  series  is  a  geo- 
metrical progression  whose  common  ratio  ie  1/a" ;  it  is  therefore 
convergent  ijf  o>0,  and  divergent  if  a=  or  <0.  Hence  (1)  is 
convergent  if  o  >  0,  and  divei^ent  if  a  =  or  <  0. 

Again,  the  convergence  of  (2)  is  by  Caach/s  rule  the  same 
as  the  convergence  of  2a"/**"  { *«"  l'"*"'  *•"*  '*>  21/(fe)*+l»i+" ; 
and  the  convergence  of  this  last  the  same  as  that  of  Sl/n*'*'*, 
Hence  our  theorem  is  proved  for  (S). 

Let  us  now  assume  that  the  theorem  holds  up  to  the  series 
(r).  We  can  then  show  that  it  holds  for  (r  +  1).  In  fact,  the 
convergence  of  (r  +  1)  is  the  same  as  that  of  So"/a"fii"i'ffl"  ,  .  . 
f-  V  {i^a"}»+",  that  is,  21/(n/a)/(f^/a) . .  .  Ir-\«la)  {/'"'(nfa)}  i+-. 

First  suppose  a > 0,  and  a>e.     Then  la>\,  nla>n.     Hence 
lj(faa)l{nla)  .  .  .  p-^{iUa)  {lr-\nla)]^-*-' 
Kl/tdn.  .  .  p-hi  {P-Hy+'. 

But,  since  a>0,  21/P,._,(m)  {l"^n)'  is  convergent^  a  fortiori, 
21jFr(n)  {fn}'  is  convergent 

Next  suppose  al^O,  and  2<a<e.  Then  nla<.ii;  and,  pro- 
ceeding as  before,  we  prove  ^IfP^n)  {/^n}'  more  divergent  than 
the  divergent  series  21/P,_,(«)  {f-'n  j', 

Loganthmic  Scale  of  Convergency. — The  series  just  discussed 
are  of  great  importance,  inasmuch  as  they  form  a  scale  with 
which  we  can  compare  series  whose  ratio  of  convergence  is 
ultimately  unity.  The  scale  is  a  descending  one ;  for  the  least 
convergent  of  the  convergent  series  of  the  rth  order  is  more  con- 
vergent than  the  most  convergent  of  the  convergent  series  of  the 
(r  +  l)th  order.  This  will  be  seen  by  comparing  the  nth  terms, 
u„  and  u'„,  of  the  rth  and  (r  +  l)tb  series.  We  have 
"V"*"  =  {^"^1  }"/{'''*}'''■"'>  where  a  is  very  small  hut  >0, 
and  a  is  very  bu^e. 
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If  we  put  a:  =  i^"'n,  we  may  write  L  »'«/"» '^  ^  {a""**"'/ 
Ix  ]  ^■^''.    Hence,  however  small  a,  so  long  as  it  is  greater  than  0, 
and  however  large  a,  lai'^ju^  =  qo . 

If  we  suppose  the  character  of  the  I<^arithmic  scale  eatat>- 
liahed  by  means  of  the  second  demonstration  given  above,  we 
may,  1:^  comparing  £«„  with  the  various  series  in  the  scale,  and 
nsing  §  4,  Tb.  I.,  obtain  a  fresb  demonstration  of  the  criterion 
of  Cor.  3.  We  leave  the  details  aa  an  exercise  for  the  student. 
This  is  perhaps  the  beat  demonstration,  because,  apart  from  the 
criterion  itself,  nothing  is  presupposed  regarding  f(x),  except 
that  it  is  positive  when  z  is  greater  than  a  certain  finite  value. 

By  following  the  same  course,  and  using  §  4,  Th.  III.,  we 
can  establish  a  new  criterion  for  series  whose  ratio  of  con- 
Tergence  is  ultimately  unity,  as  follows,  where  pa=f{x+  \)lf{x). 

Cor.  6.  If  f{x)  be  aiways  positive  when  x  exceeds  a  certain  Jinite 
valae,  2/{n)  is  convergent  or  divergent  aaxyrding  as  the  first  of  the 
follomng  funcUons — 

T,  =  /),  -  1 ; 

T.  =  P,(ar+lK-P,(x) 


which  does  not  vanish  when  x=  <a  has  a  negaiive  or  a  positive  limU. 

Comparing  2/(»)  with  'Zlf^^{n)[lTii)',  we  see  that  2/(») 
will  be  convei^nt  if,  for  all  values  of  x  greater  than  a  certain 
finite  value, 

p,<P^a!){('il7P.(«+l))i'(«+l))-  (1), 

where  a  ?■  0. 

Now  (1)  is  equivalent  to 

p^^ + IK  -  px^)  <PX'^)[{  ^^in^ +!)}■- 1]- 

AUo  h-p4?^)[[lrxllr{x+  1)}--  1] 

irx      {^xmx-¥\)]'-\ 
■^  •■)-<■  "I' I         ■ 

by  chap,  zxv.,  §§  12  and  13. 


D,a,l,zc.bvG00gIe 


Hence  a  sufficient  condition  for  the  convergency  of  S/(n)  is 
L  {  P^a  +  1  )p„  -  P^x)  }  <  -  a  (a  positive), 
<0. 
In  like  manner,  tbe  condition  for  divergency  is  shown  to  be 
L  { PX»  +  IK  -  PXk)  ]>-aia  negativeX 
*'"  >0. 

Eiampla  I.  DisouM  tho  oonvergenoe  of  2e-'~'P--  ■  — ■'"/n'. 
Hew  T.=I!/(«)|M 

_     I  +  1/2  +  .  .  .-H/n  +  rfn 

Kow,  bj  cbap.  xxt.,  S  13,  Example  1, 

l  +  (r  +  l)in>l  +  l/2  +  .  .  .+l/H+ri»>rin  +  J(H  +  l). 
Hence  LTo=0.     We  rnoBt  therefore  examine  Ti.     Now 

=  -{1  +  1/2+.  .  .  +  l/n+(r-l)Jnt/ift, 
=  -{1  +  1/2  +  .  .  .  +  l/7.t/in-(r-l). 
Bj  chap.  xiT.,  S  13.  Eiample  2.  L(l  +  l/2+.  .  .  +l/B)/in=l.     Hence 
LTi=  -l-r+l=  -r.     The  giveo  eerie*  is  therefore  conyergent  or  divergent 
according  aa  rs-  or  <0. 

irr=0,  LTo=0,  and  LTi  =  0.     But  ve  have 

=  l-{l  +  l/2+.  .  .+lln-tn)IPtt. 

Now,  when  n  is  very  large,  the  value  of  1  + 1/3  + ,  ,  .  +  l/n  -  In  approache* 
Eular'a  Constant.  Hence  LTj=I>D.  In  this  case,  therefore,  the  aeriea 
under  discusaion  is  divergent 

Example  2.  To  diacoat  the  convergence  of  the  hjpergeometric  seties. 


g.fl      a(.  +  l).W  +  lU, 


general  term  of  thia  series  is 

,_a(a  +  l)  .^  .  (u  +  tt-  i/./jiy-r  »/.   .   .  i^Tn^i) 
■'^   '"-./■v  +  n.  ..  (-^  +  11-11. i(S  +  ll.   .  .(i  +  n-ll 


_  -D.jBQi+l).  .  .(^+     _ 

"■Ky  +  D-  ■  .  (7  +  1-1). *15  +  1)-  .  .(J  +  n-l)" 
The  form  of  /(b)  renders  the  application  of  the  first  form  of  criterion 
somewhat  troublesome.    We  shall  therefore  ose  the  sei»nd.     We  have 


")(H+"L 

■n)(8+nf' 


Hence  the  series  is  convergent  if  x<I,  divei^nt  if  zs-l. 
If  x=l,  Lto=0,  and  we  have 
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_(a+p-  7  ^i +1>^+Ati+B 

ft'  +  Cn  +  D 
LTi=a  +  (9-7-i  +  l. 
IC  tbenfore,  x='l,  the  hjpergeometric  ssries  is  conTergent  or  divn^gent 
•ceordingMa+lS-T-I  +  l-c  or  *0, 

Ifa+l9-T-S  +  l  =  0,  l.ri=0.     Bnt  we  Iiatb 

HeiKw,   nnce  Ln;i(n+1)-In)  =  l,    L;i(n  +  1)-In j=0,    LI(n  +  l)/n'  =  0, 
L(i»/ii'=0(»>0),  tc,  we  h»T9 

In  this  case,  tlurerore,  the  aentt  ia  divetgeut 
Eumple  S.  Consider  the  series 


1  J. "  J.  ll!i   _      _' 4.  .~t...-  .;  ■    ■    .  vii-.t-r  .;  ,. 


Thia  maj  be  written 

1 +^5  + (-"H -«  +  !>+  .(-'"H-'»-fl)-  ■  .l-^+n-l), 

■^    1    "^  1.2  1.2.  .  .n  T.  .  . 

It  is  therefore  a  hTpergaometric  seriM,  ia  which  a— -m,  p=y,  t=l, 
z=l.  It  followB  from  Uat  article  that  the  series  in  question  is  cooTergent  or 
dirergent  according  m  -moO,  that  is,  aocording  as  m  ia  positive  or 
na^tive. 

This  Mnet  is  the  expansion  of  (1  -z]",  when  2=1. 

Example  4.  Consider  the  series 

■^y^~iT2"  '^'  '  ■■*■  TT7 

In  this  eeries  the  terms  are  ultimately  alternativelj  positive  and  negatiTe 
in  sign.     Hence  the  rules  we  have  been  aging  are  not  directly  appliixble. 

Ist.  Let  m  b«  positive ;  andlet  m-rbe  the  first  negative  quantity  among 
m,  m-1,  m-3,  .  .  .&&,  then,  neglecting  all  the  terms  of  the  series  before 
the  (r+  l)th,  we  have  to  consider 

Bi(m-1).  .  .(m-r  +  l)f^,  ,  w-r  ,  (ni-r)(m-r-l)  ,  1 

1.2.  .  .r  t    ^r  +  l""      {r  +  l)(r  +  2)     "^  '  '  '  /  '="■ 

If  we  change  the  signs  of  the  alternate  terms  of  the  series  within  brackets, 
it  become* 

1  +  f+l  +     (r  +  lKr  +  2)     -^-  ■  ■  **'■ 

Now  (S)  is  a  hypergeometrio  series,  in  which  a  =  r-m,  ff=y,  S=r  +  l, 
x=h  Hence  a  +  (S-7-a  +  l=r-m-(r  +  l)  +  l  =  -m<0.  TherefotB  (8)  is 
conve^nt    Hence  (8),  and  therefore  (1),  ia  absolutely  conTergent 


Doiizc^bv  Google 


HISTORICAL  NOTE 


'"I'^TTa — ■  ■  ■+(-i>"        1.2.  .  .,        -■■■  ■  •    '-'■ 

Since  /i  U  positive,  the  hypeigeometric  aeries 

■+i+T^'+-  ■  ■*'*'— I^YTT^t-"*  ■  ■  ■        <«• 
is  divergent 

Hence  <4)  cannot  be  ■bsolntely  convergent  in  the  present  case. 

Since /4,=  -(/(+n)/(n  +  l),  the  teinuvill  constantly  increase  in  numerical 
valne  if /i>l.    Hence  the  series  cannot  be  even  Hmi-convergent  Qnlesafi<I. 

It  li  be  leas  than  1,  fia<l,  and  the  series  will  be  seml-convergeDt  provided 


How 


log««=21og^  =  Ilc«{l+^}. 


SInoe  Llog{l+C**-lV(n  +  l)}/{(>.-l)/(n  +  l)|=l  (see chap.  x«v.,818), 
the  series  Slog  ]l  +  (/i-l)/(«  +  l)}  and  I(M-l)/(n  +  l)  both  diverge  to  an 
infinity  of  the  same  slgu.  But  the  latter  series  diverges  to  -«  or  -1-cd, 
according  as  /i<  or  »1.     Hence  Lu,=0  or  <o,  according  aa  /i<  or  >1, 

Hence  the  seriee  (1)  is  divergent  itn=-l,  semi'Convergent  if  ;i<:l. 

It  obvioosly  oscillatea  if  fi=  1.     Hence,  to  sun  up,  the  series  (1) 
is  abaolntely  oonTeigent,  if       0]^m<  +» ; 
serai-convergent,  if  - 1  <:m<0 ; 

oscillating,  if  -l=m} 

divergent,  if  -  w  <iii<  - 1." 

*  Bitiorieai  Note. — If  we  except  a  number  of  scattered  theorems,  given 
chiefly  by  Waring  in  his  Meditations  Analytics,  it  may  be  said  that 
Cauchy  waa  the  fonnder  of  the  modem  theory  of  convergent  series ; 
and  most  of  the  general  principles  of  the  subject  were  first  given  in 
his  Analym  Algibriqut.  In  his  Ejxrdca  de  Malhimatiqiiu,  t  ii  (1827), 
he  gave  the  following  integral  criterion  ttom  which  most  of  the  higher  criteria 
have  sprung : — If,  for  large  values  of  n,  /[n)  be  positive  and  decrease  as  « 

increases,  thenl^n)  is  convergent  if  Ii     Ji£^x)=0  (m  arbitrary),  otherwin 

divergent.  The  second  step  of  the  r-criteria  was  first  given  by  Baabe,  Ordle'i 
Jour.,  Bd.  xiii  (I83S).  De  Morgan,  in  his  DiffenmliaX  OalaUm,  p.  323  a  aeg. 
(183B),  first  gave  the  Logarithmic  Scale  of  Functional  Dimension,  establiahed 
the  Logarithmic  Scale  of  Convergency  of  Cor.  4,  and  stated  criteria  equivalent 
to,  but  not  identical  in  form  with,  those  of  Cor.  S  and  Cor.  5.  Continenlal 
writers,  nevertheleas,  almost  invariably  attribute  the  whole  theory  to  Bertrand. 
Bertrand,  £ton>.  Jintr.  (1842),  quotes  De  Morgan,  stating  that  he  liad  obtained 
independently  part  of  De  Morgan's  results.  His  Memoir  is  very  important, 
because  it  contains  a  discoasion  of  various  forms  of  the  criteria  and  a  demonstra- 
tion of  their  equivalence ;  we  have  therefore  attached  his  name,  along  with  Dc 
Morgan's,  to  the  two  logarithmic  criteria.  Bonnet,  Liouv.  Jour.  (1843),  gave 
elementary  demonstrations  of  Bettrand's  formuUe;  and  Malmsten,  Onaurfs 
Arthiv  (IMS),  gave  an  el^ant  elementary  demonstiatiou,  depending  eMentially 


D,a,l,zc.bvG00gIe 


xxn  SEHI-CONVXRGENT  SERIES  119 

SERIES  WHOSE  TE&HS  HAVE  PERIODICALLY  RECURRING  NEGATITE 
SIGNS,  OR  CONTAIN  A  PERIODIC  FACTOR  SUCH  AS  BmnO. 

§  7.]  Series  which  contain  an  infinite  number  of  negative 
terms  may  or  may  not  be  absolutely  convergent.  The  former 
class  falls  under  the  cases  already  discussed.  We  propose  now 
to  give  a  few  theorems  regarding  the  latter  class  of  series,  whose 
convei^ency  depends  on  the  distribution  of  negative  signs 
throughout  the  series. 

The  only  cases  of  much  practical  importance  are  those — Ist, 
where  the  infinity  of  negative  signs  has  a  periodic  arrangement ; 
2nd,  where  the  occurrence  of  negative  signs  is  caused  by  the 
presence  in  the  nth  term  of  a  factor,  such  as  sin  n0,  which  is  a 
periodic  function  of  n. 

In  the  former  case  (which  might  be  regarded  as  a  particular 
instance  of  the  latter)  we  can  always  associate  into  a  single  term 
every  succession  of  positive  terms  and  every  succession  of  negative 
tenns.  Since  the  recurrence  of  the  positive  and  negative  terms 
is  periodic,  we  thus  reduce  all  such  series  to  the  simpler  case, 
where  the  terms  are  alternately  positive  and  negative. 

on  the  inequality  of  chap,  xir.,  g  18,  Cor.  6,  that  Sl/?r{m  +  n){F{m+n)\' 
(wbere  I'm  is  positive)  is  convergent  or  divergent,  according  rs  a-c  or  4  0  ;  and 
thenoe  deduces  Cor.  3.  Paaclcer,  CnlU's  Jour.,  Bd.  ilii.  [1SG1),  deduces  both 
Cor.  3  and  Cor.  6  from  Cauchy'e  Condensation  Teat,  nmch  as  we  have  done, 
except  that  the  actual  form  iu  which  we  have  ataUd  the  rule  of  Cor.  6  is 
taken  from  Catalan,  TraiU  £l,  d.  Sirua  (1880).  Du  Bois-Eoymood,  CrdU'a 
Jour.,  Bd.  Iixvi.  (1S7S),  gives  an  elegant  general  theory  embracing  all  the 
above  criteria,  and  also  those  of  Knmmer,  CrelWa  Jaar.,  liii.  (1836).  Abel 
bad  sbowu  that,  however  slightly  divergent  Zu.  may  be,  it  is  always  possible 
to  find  "n,  yi,  ■  ■  .,  Ym  .  .  ■  anch  that  lri,  =  0  and  yet  ZyhU.  shall  be 
divergent.  Da  Boia-Beymoud  shows  that,  however  slowly  2u„  converge,  we 
can  always  find  Yi, 'yi,  .  .  .,  y„,  .  .  .  such  that  I/y,=in  and  27„Ua  nevertbe- 
len  shall  be  convergent.  He  shows  tbat  functious  can  be  conceived  whose 
nltimate  increase  to  infinity  is  slower  than  that  of  any  step  in  tbe  logarithmic 
Bcale  ;  and  conclndes  definitely  that  there  is  s.  domain  of  conveigency  on 
whose  bordera  the  logarithmic  criteria  entirely  fail — a  point  left  doabttul  by 
hia  predeceasors.  Finally,  Kohn,  Oraneria  Anhin  (1882),  continuing  Du  Bois- 
Seymond's  researches,  gives  a  new  criterion  of  a  mixed  character.  The  whole 
matter,  althongh  not  of  gre&t  importance  as  regards  the  ordinary  applications 
of  mathematics,  illustrates  an  exceedingly  interesting  phase  in  the  develop- 
ment of  mathematical  thought. 
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We  may  carry  the  process  of  grouping  a.  step  farther,  and 
associate  each  negative  with  a  preceding  or  following  positive 
term,  and  the  result  will  in  geneiril  be  a  series  whose  terms  are 
uUxmaiely  either  all  positive  or  ail  negative. 

The  process  last  indicated  often  enables  us  to  settle  the  con- 
vergence of  the  series,  but  it  must  be  remembered  that  the  series 
derived  by  grouping  is  really  a  different  series  from  the  original 
one,  because  the  sum  of  n  terms  of  the  original  series  does  not 
always  correspond  to  the  sum  of  m  terms  of  the  derived  series. 
The  difTerence  between  the  two  sums  will,  however,  never  exceed 
the  sum  of  a  finite  number  of  terms  of  the  original  series ;  and 
this  difference  must  vanish  forn  =  oo ,  if  the  terms  of  the  original 
series  ultimately  become  infinitely  small 


Compare  this  with  the  seriea 

that  is,  the  series  whoM  (2n  -  I)th  term  is  l/(3n  -  S),  md  whose  (2n]th  term 
U-{l/(8«-l)+I/3«). 

If  Sa  Sh'  denote  the  sums  of  n  terma  of  (1)  and  (2)  respective];,  then 
S.^=S*.'-i,S„_i  =  S».'_i-l/(3n-I),8*.=8fc,'.  Since  Ll/{8«-l)=0,  we 
hsve  in  ell  cases  LS,  =  LSh'.  Hence  (1]  is  convergent  or  divergent  tMording 
as  (2)  is  convergent  or  diTorgent.  That  (1)  ia  really  divergent  may  be  shown 
by  comparing  it  with  the  series 

Z{l/(3n  -  2)  -  1/(S»  -  1)  -  l/3n}  (8). 

If  Sh'  denote  the  sums  of  n  tenus  of  this  last  eeries,  wo  can  show  as  before 
that  LS,'  =  LS,.  Bat  the  nth  term  of  (3)  can  be  written  in  the  form 
(  -  9  +  12/»-  2/n')/(3  -  2/n)  (3  -  ]/»)3ti  ;  and  therefore  bears  to  the  «th  term  of 
£l/n  a  ratio  which  is  never  infinite.     But  Zl/n  is  divergent. 

By  I  i,  II.,  (3)  is  therefore  also  divergent.     Hence  (IJ  is  divergent. 
/(  ^umld  be  noticed  that  in  the  case  of  an  osciilating  series,  viheit 
L«„=(=  0,  (he  grouping  of  ferTns  may  convert  a  non-amoergent  into  a 
ameergent  series ;  so  thai  we  cannot  in  this  case  infer  the  eowergeney 
of  the  originai  from  the  convergency  of  the  derived  series.* 

'  This  leDiark  is  all  the  more  important  because  the  converse  process  of 
splitting  up  the  nth  term  of  a  seriee  into  a  group  of  terme  with  alternating 
signs,  and  using  the  rules  at  g  S,  often  gives  a  simple  means  of  deciding  as  to 
its  convergency.  The  aeries  1/1.2  +  1/3.4  +  1/6.6  +  1/7.8+  .  .  .  may  be  tested 
in  this  way. 
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Example. 

(■4r-(-i)"— o-rj-o-^.)"-- 

u  obTionalf  ■  DOD'ConTergBnt  oscillating  wries.     But 

{(■4y-(-i)'}-{(»y-(-D>-{('4.)'- 

whoM  nth  term  iB(8n*  +  8n  +  ])/(4n»+2n)',  that  is  (S  +  8/n  +  l/n')/18(l  +  /2n)V, 
is  convergent,  being  comparable  in  the  scale  of  convergence  with  21/n*. 

g  8.]  The  following  role  ia  frequently  of  use  in  the  discus- 
sion of  Bemi-converging  series : — 

Ifu,>u,>u,>  ,  .   .  >u„ >  ,  .  .  and  ail  be positite-,  ihtn 
«,-»,  +  «.-.  .  .  (-)''-i«„+ (-)»»„+,  +  .  .  .        (1) 
eomerges  or  osdilatea  according  ash  u„  =  cir  4  0. 

TlBing  the  notation  of  §  3,  we  have 

inlt»=  ±K+. -««+.  +  ■    •    -^Mn+m). 
=  ±    {"n+.  -  (W»+.  -  «»+.)  -  -    ■    -  }. 
=   *    {(m»+.  -  W„+i)  +  (Wn+. -»»+*)  + -    .    .}. 

Hence  we  have 

«n+i  >  mRn  >  W»+i  -  «n+.  (2), 

numerical  values  being  alone  in  question.     If,  therefore,  lj«„  =  0, 
we  haveLtt„-).|  =  Lu„+,  =  0;  and  it  follows  that  L  ,^  =  0  for  all 

values  of  m.     Also 

so  that  S„  is  finite  for  all  values  of  ii.     The  series  (I)  is  there- 
fore convergent  if  Lu„  =  0. 

If  Lun  =  1  +  0,  then  L  „R„  =  a  or  -  0  according  as  m  is  odd 

or  even.     Hence  the  series  is  not  convergent     We  have,  in  fact, 
L{S,n-n  -  Sm)  -  Lum+i  = «,  which  shows  that  the  sum   of  the 
series  oscillates  between  S  and  S  +  a,  where  S  =  LS„ 
Cor.  The  series 

(«,-«,)-H  («,-«.)  +  .    .    .  +  («„.. -0  +  -    ■    • 

where  u,,  t;,  ...  ore  at  before,  w  converffettt. 


D,a,l,zc.bvG00gIe 


122  ABEL'S  INEQUALTTT  chap. 

Example  1.  The  teriea  Z(-l]*~7»  is  coDvergent,  uotwithBtanding  the 
fact,  already  proTed,  that  2I/n  ia  diTergent. 

Example  2.  2(-l)— '(n  +  l)/ii  U  an  oscillating  series;  but  S(-l)*-> 
{(»+l)/«-^«  +  2)/(»  +  l)^  is  conTorgent 

§  9.]  The  mOBt  important  case  of  periodic  aeries  IS  Sa„cos 
(nfl  +  1^),  where  a,^la  &  function  of  »,  and  i/i  is  independent  of  n, 
commonly  spoken  of  £ia  a  TrigoTiometrkal  or  Fmrier's  Series.  The 
question  of  the  convei^nce  of  thlB  kind  of  Beries  is  one  of  great 
importance  owing  to  their  constant  application  in  mathematical 


We  observe  in  the  first  place  that 

L  If  ^On  be  an  absotukl^  converging  teries  then^anCos{n0  +  ^) 
is  converge. 

This  follows  from  g  4,  I. 

II.  If  0  =  0  or  2**  {k  hang  an  integer),  2a„aw(n^+^)  is 
amvergetii  or  divergent  according  as  Soq  is  convergent  or  divergent. 

This  is  obvious,  since  the  series  reduces  to  Sag  cos  ^ 

III.  If  d=i=0  or  2ATr,  then  2a„  cos  {n$  +  if>)  's  convergent  if  for  all 
vaives  of  n  greater  than  a  certain  finite  value,  a„  constavitly  decreases 
as  n  increases,  in  such  a  vxiy  that  L  Qh  =  0. 

This  is  a  particular  case  of  the  following  general  tfaeorem, 
which  is  founded  on  an  inequality  given  by  Abel : — 

IV.  If '2n„be  convergent  or  osdllatorg,  and  a,,  a,,  ,  ,  .,  o^  ,  .  . 
be  a  series  of  positive  quantities,  constantly  decreasing  as  n  increases, 
so  that  L  o„  =  0,  then  2a„«n  "  convergent. 

Abel's  Inequality  ia  as  follows : — If,  for  all  values  of  n, 

A  >«,  +  «,  +  .  .  .  +  J*B>B, 

where  w,,  «,,...,%  are  any  real  quantities  whatever,  and 

if  a,,  a,,  .  .  .,  a„  be  a  series  of  positive  quantities  constantly 

decreasing  as  n  increases,  then 

o,A  >  o,«,  +  a,M,  +  .  ,  .  +  a^Un  >  a,B. 
This  may  be  proved  as  follows : — Let  S„  =  Mi  +  «,  + .  .  .  +  «„, 
S„'  =  a,M,  +a^  +  ,  .  .  +  dflW^      Then   «,  =  S„   «,  =  S,  -  S„   &c. ; 
and 
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S„'  =  o,S,  +  a,(S,-S,)  +  .  .  .  +  a„(S„-S„.0, 

=  S,(a,  -  a^  +  S,(a,  -  a,)  + .  .  . +  S„_,(ffl„.,-a„)  +  S„a„ 
Hence,  since  S,,  S,,  .  .  .,  S„  are  each  <A  and  >B,  and  (a, -a,), 
{o.-«i),  .  -  .,  (oB-i-ffln),  On  are  all  positive, 
{(a,  -  0.)  +  (a,  -  a,)  + .  .  .  +  (a„..  -a^  +  an}A 

^S„-^{(a,-a,)^{a,-a,)  +  .  .  .  +  (a„., -a,^  +  a„}B; 
that  ia, 

a.A>S„'>a,B  (1). 

Theorem  lY.  follows  at  once,  for,  since  Stiq  ia  not  divergent, 
Sa  is  not  infinite  for  any  value  of  n.  Hence,  by  (I),  Sn'  is  not 
infinite.     Also,  hy  Abel's  Inequality, 

«n+iC>mRn'  =  an+i«B+i +  IIn+iWn+i  +  -    ■    ■  +  «n+mMn+m 

=  S„'+«-S„'>«n+.I>  (2), 

where  G  and  D  are  the  greatest  and  least  of  the  values  of 
»R«(  =  Wn+i  +  «B+.  +  .  .  .  +  Un+m  =  S„+„  -  S„)  for  all  difi'erent 
positive  values  of  m.  Now,  since  Su„  ia  convergent  or  oscillatory, 
S„+„  -  S„  is  either  zero  or  finite,  and  L  a„+,  =  0,  by  hypo- 
thesis. Therefore,  it  follows  from  (2),  that  L  „E„'  =  0  for  all 
values  of  m.     Hence  ^a^Un  is  convergent. 

We  shall  prove  in  a  later  chapter  that,  when 
«„  =  cos  (n^  +  <(•)> 

Sn  =  siointfcos  (i(n+  l)0  +  ^t/BinJft 
If,  therefore,  we  exclude  the  cases  where  6  =  0  or  2hr,  we  see 
that  Sn  cannot  be  infinite.     Theorem  III.  is  thus  seen  to  be  a 
particular  caae  of  Theorem  IV. 

Cor.  Ifa„heas  above,  2(  -  l)''-'a„m{n$  +  ^),  ^„sin  {n0  +  ^X 
and  2(-  l)''"'(i„»n(n^+  <(>)  are  all  convergent. 

CONVERQENCE   OF   A   SERIES   OF  COMPLEX  TERH8. 

§  1 0.]  If  the  nth  term  of  a  series  be  of  the  form  x^  +  y„i, 
where  i  is  the  imaginary  unit,  and  x^  and  yi,  are  functions  of  n, 
we  may  write  the  aum  of  » terms  in  the  form  8b  +  T„i,  where 
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S„  =  x,  +  z,  +  .  .  .+x^, 
Tn  =  y,  +  y,  + .  .  .  +  Jb. 
By  the  sum  of  the  infinite  series  S(x„  +  y„i)  ia  meant  the  limit 
when  n  =  00  of  S„  +  T„i;  that  ia,  (LS„)  +  (LT„)i. 

The  necessary  and  sufficient  amdUion  far  the  coavergency  of 
2(iEB  +  t/ni)  is  therefore  that  Sr„  and  2y„  be  both  convergent. 

For,  if  the  series  Ix^  and  Sy„  converge  to  the  values  S  and 
T  respectively,  2(iF„  +  y„t)  will  converge  to  the  value  S  +  Ti ; 
and,  if  either  of  the  series  "Sx^,  Xy„  diverge  or  oscillate,  then 
(LSn)  -f  (LT„)i  will  not  have  a  finite  definite  value. 

§  11.]  Let  Zn  denote  Xn  +  yn*'>  ajid  let  pn  be  the  modaluB 
and  &n  the  amplitude  of  z„ ;  *  so  that  z^  -  /'n(cos  d»  + 1  sin  6^, 
av,  = /3b  cos  ^m  yn  = /Jb  sin  tf„.  We  have  the  following  theorem, 
which  \&.  sufficient  for  most  elementary  purposes  : — 

The  complex  series  S!f„  is  convergefni  if  the  real  seria  2  mod  3„  is 
convergent. 

For,  since  2pn  is  convergent,  and  pn  by  ite  definition  is 
always  positive,  it  follows  from  §  4,  It  that  2p„  coa  tf„  and 
2p„  sin  6„  are  both  convergent ;  that  is,  'Ex^  and  2yn  are  both 
convergent     Hence,  by  §  10,  Ezn  is  convei^nt.  . 

It  shonld  be  noticed  that  the  condition  thus  established, 
although  sufficient,  is  not  necessary.  For  example,  the  series 
<l-0/l-{l-»)/2  +  (l-t)/3-.  .  .iaconvergentBincel/1-1/2 
+  1/3  -.  .  ,  and  -  1/1  +  1/2  -  1/3  + .  ,  .are  both  convergent; 
but  the  series  of  moduli,  namely,  JZjl  +  v^2/2  +  ^/2/3  + .  .  ., 
is  divergent. 

When  IlZq  is  such  thai  '^modz„  is  convergent,  1^  is  said  to  be 
absolutely  convergent.  Since  the  modulus  of  a  real  quantity  u„  is 
simply  %  with  its  sign  made  positive,  if  need  be,  we  see  that 
the  present  definition  of  absolute  convergency  includes  that 
formerly  given,  and  that  the  theorem  just  proved  includes 
§  i,  IV.,  as  a  particular  casa 

Cor.  If  \nbe  real,  and  z„  a  complex  nun^er  whose  modulus  is 
not  infinite  for  any  valve  of  n,  however  great,  then  2(A„j„)  viHl  be 
absolutely  convergent  if  2X„  is  absolutely  convergent. 

■  Seecbap.  ziL,  %  13. 
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For  mod  {X^^n)  -  mod  Aq  mod  z„ ;  and,  since  IKn  is  absolutely 
coBvergeiit,  2  mod  X„  is  convergent  Hence,  since  mod  z„  is 
always  finite,  S(mod  X„  mod  s„)  is  convergent  by  g  4,11.;  that 
is,  Smod(A^n)  is  convergent.  Hence  I!(X^„)  is  absolutely 
convergent. 

Example  1.  The  asriea  Z^/n  I  is  absolately  convergent  for  all  finite 
T&loesof  :. 

'  Example  2.  The  tones  S^/n  is  absolutely  convergent  provided  modz-cl. 

Examples.  The  series  S(cog0  +  iain  «)"/n,  ia^convergent  i(  S4'0oT2iN'. 
For  the  series  2ooflnfl/B  and  S  sin  nfl/m  ore  convergent  by  §9,  in. 

Example  4.  The  serieB  (eoaS  +  tBinfl)»/n'  is  absolutely  convergent  For 
the  aeries  of  modoU  is  ZIJT^,  which  is  convergent. 


APPLICATION  OP  THE  FUNDAMENTAL  LAWS   OF  ALGEBRA 
TO  INHNITE  SERIES. 

§  12.]  Law  of  AsBodaium. — We  have  already  had  occasion  to 
observe  that  the  law  of  asgociation  cannot  be  applied  without 
limitation  to  an  infiQite  series.  It  can,  however,  be  applied 
without  limitation  provided  the  series  is  convergent.  For  let 
Set'  denote  the  sum  of  m  terms  of  the  new  series  obtained  by 
associating  the  terms  of  the  original  series  into  groups  in  any 
way  whatever.  Then,  if  Sq  denote  the  sum  of  n  terms  of  the 
original  series,  we  can  always  assume  m  so  great  that  S„  includes 
at  least  all  the  terms  in  S„.  Hence  S„'  -  S„  =  jj!t„,  where  p  is 
a  certain  positive  integer.  Now,  since  the  original  series  is  con- 
vergent, by  taking  n  sufficiently  large  we  can  make  pR^  as  small 
as  we  please.     It  follows  therefore  that  L  S„'  ^^  L  S„.     Hence 

the  associaiion  of  terms  produces  no  effect  on  the  sam  of  the  infiniie 
convergent  series. 

g  13.]  Law  of  Comnaitation. — The  law  of  commutation  is  even 
more  restricted  in  its  application  than  the  law  of  association. 
In  fact,  the  law  of  c&mmutaiu>n  can  be  applied  only  to  absolutely 
convergent  series. 

We  shall  consider  here  merely  the  case  where  each  term  of 
the  series  is  displaced  a  finite  number  of  steps.*  Let  Su„  be 
•  3ee  below,  g  S8,  Cor.  2. 
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tha  original  series,  ^/u^  tbe  new  series  obtained  by  commuta- 
tion of  the  terms  of  Su^.  Since  each  term  is  only  displaced  by 
a  £nito  number  of  steps,  we  can,  whatever  n  may  be,  by  taking 
m  sufficiently  great  always  secure  that  S„'  contains  all  the 
terms  of  S„  at  least  Under  these  circumstances  S„'  -  S„  con- 
tfuns  fewer  terms  than  pR„,  where  p  is  finite,  since  m  is  finite. 
Now,  since  'Su^  is  absolutely  convergent,  even  if  we  take  the 
most  unfavourable  case  and  suppose  all  the  terms  of  the  same 
sign,  we  shall  have  L  j,E„  =  0 ;  and,  a  foriwri,  h  S,^'  -  L  S„  =  0. 

Hence  L  S„,'  =  L  S„ ;  which  establishes  our  theorem. 

The  above  reasoning  wmdd  not  apply  le  a  semi-amvergeiU  serUs, 
because  the  vanishing  of  L  j,R„  does  not  depend  solely  on  the 
individual  magnitude  of  the  terms,  but  partially  on  the  alterna- 
tion of  positive  and  negative  signs. 

Biemann  has  shown  that  the  series  Z(- l)'>''ti„,  where 
Ltt„  =  0,  and  2iV-i-i  ^nd  Su„  are  both  divergent,  con,  by  proper 
commutation  of  its  terms,  be  made  to  converge  to  any  sum  we 
please ;  mid  Dirichlet  has  shown  that  commutation  may  render 
a  semi-convergent  series  divergent. 
Example  1.  The  scries 

VI   V2  V»   V  VCJ"-!)' v»»)  " 

ia  convergeat  b;  g  8  ;  bnt  the  aeriea 

which  ia  evidently  derivable  from  (1)  by  comniDtation  (and  a 
which  is  permissible  since  the  terms  nlrimately  vanish),  ii  direi^nt.  For, 
if  ««  =  l/v'(4'»  +  l)  +  l/s/(*'n  +  8)- l/V(2nH-2),  and  iv  =  l/V™i  tilBD 
IrtWr.  =  L {IM*  +  l/m) -Hi/ V(4 -t- 3/m)  -  1/ V!2 -t- 2/m) }  =  1/2  +  1/S -  1/V2  = 
1  -  iV^-  Hence  u„,/v_  is  always  finite ;  and  Zv^  ia  divergent,  by  §  S,  Cor.  4. 
Hence  Zu.,  is  divergent.  (Dirichlet) 
Example  2.  The  series 

1     2^3    4*6  *(2n-l)    (2n)  *  '' 

are  both  conrergent ;  but  tbey  converge  to  different  stuns.     For,  by  taking 


(2), 
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nocMfiTely  three  ftnd  four  t«niu  of  each  BerieB,  we  see  that  the  «ant  of  (1)  liea 
between  '688  and  -883  ;  whereas  the  sum  of  (2}  liea  between  -928  and  1-176. 

Additum  of  Itoo  infinite  series.  If  Zu„  and  1v„  be  both  am- 
vergmt,  and  converge  to  the  vo/ues  S  and  T  respectively,  tlien  S(u„  -f-  ti„) 
is  amvergent  and  converges  to  the  value  S  +  T. 

We  may,  to  secare  complete  generality,  suppose  u„  and  v„  to 
be  complex  quantities.  Let  S^,  T„,  U.  represent  the  sums  of 
n  terms  at  Zu„,  Sv„,  ^li^  -<-  v„)  respectively ;  then  we  have,  how- 
ever great  n  may  be,  Un  =  S„  +  T„.  Hence,  when  n  -  la , 
LUa  =  LSn  +  LT„,  which  proves  the  propoeition. 

g  14.]  Law  of  DialrUmtion. — The  application  of  the  law  of 
distribution  will  be  indicated  by  the  following  theorems : — 

If  a  be  any  finite  guantUy,  and  2!t„  amverge  to  the  value  S,  then 
^v^  converges  to  aS. 

The  proof  of  this  is  so  simple  that  it  may  be  left  to  the 
reader. 

If  "Sun  and  2v„  converge  to  the  values  S  and  T  respectively,  and 
at  least  one  of  the  two  series  be  absolutely  convergent,  then  the  series 
Kir,  +  («,r,  +  M,Ci)  +  .  .  .  +  (Wifn  +  W,P„_i  + .  . .  +  «„»,)  + ,  , ,       (1) 
converges  to  the  value  ST.* 

Let  Sni  T„,  Tin  denote  the  sums  of  n  terms  of  2u„,  ZVh, 
2(w,»a-nVJa., +  .  .  .  + M„ti  J  respectively ;  and  let  as  suppose  that 
£u„  is  abeolutely  convei^nt.     We  have 

S„T„  =  U„  +  L„ 
where  L„  =  iV/„  +  t»,p„_,+  .  .  .  +«„», 

+  M,»„  +  .  .  .  +  u„v, 

+  «*»»« 
=  t(,p„ +  «.(»„  + »„..)+  .  .  .  +«„(»„+  ...  +0^     (2). 

*  The  original  demonrtration  af  thU  theorem  given  hj*  Canchj  in  his 
Anaigti  AlgibriqM  requited  that  both  the  aeriea  Zua,  Zv.  be  sbeolutely  con- 
Tergent.  Abel's  demonatration  i«  inbject  to  the  Hune  restriction.  The  more 
general  form  was  given  by  Hertens,  OrtlU'i  Jour.,  Iziix.  (187S).  Abel  had, 
however,  proved  a  more  general  theorem  (see  g  20,  Cor.),  which  partly  in. 
clodet  the  renilt  in  qoeitiou. 
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If  therefore  re  be  even,  =  2m  say, 

L„  =  [w.p™  +  K.(p„  +  e„_ ,)  +  ...+ i^„(r™ +  .*..+ »„+,)] 
+  [»«+,(''««  +  ■■  ■  +  «'tn+i)  +  -  ..  +  «m(Om+---+''i)]    (3). 
If  n  be  odd,  =  2m  +  1  say, 

L„  =  [«,fm+.  +  (^("m+i  +  P™)  +  ■  ■  -  +  M"*"  +  ■  ■  ■  +  Pm+.)] 
+  [w«.+i(P«.+i  +  ■  ■  ■  +  "».+.)  + .  ■  ■  +  «m+,{''™+,  +  .  .  .  +  P,)]    (4). 

Now,  since  ~v„  is  convergent,  it  is  possible,  by  making  m 
sufficiently   great,    to    make    eacli    of    the    quantities    modc^Mf 
mod (p,„_, +  !!„),■  ,   ,  .,  mod  («„+,+  ,    .    .   +  »m).    ^oiiPm+i. 
mod  (p„  +  P^+i),  .  .  ,,  mod  (Wm+t  +  ■  .  ■  +  "m+i)  m  Bmall  as  we 
please.     Also,  since  modT,,  modT,,  modT,,  .  .  .  modT„,  . .  , 
are  all  finite,  and  mod  (T,  -  T,)  <  mod  T^  +  mod  T„  therefore 
mod(p„+,  +  .  .  .  +t'^),  .  .  .,  mod(c,  +  .  ,  .  +VBn), 
mod{p,^,+  .  .  .  +p„+,),  .  .  .,  mod(t»,+  .  .  .  +Pm+,), 
are  all  finite.     Hence,  if  f „  be  a  quantity  which  can  be  made  as 
small  as  we  please  by  sufficiently  increasing  m,  and  j8  a  certain 
finite  quantity,  we  have,  from  (3)  and  (4),  by  chap,  xii.,  §  11, 
mod  L„ -c  <„(mod  M,  +  mod  «3  +  .  .  .  +modum) 

+  j3(modu„+, +  mod«„+,  +  .  .  .  +mod«„). 
If,  therefore,  we  make  n  infinite,  and  observe  that,  since  Su„ 
is  absolutely  convergent,  mod «,  -t-  mod  u,  +  .  .  .  +  mod  Un  is 
finite,  and  L(modu,„^i  +  modun,^.,  +  .  .  .  +modu„)  =  0,  we 
have  (seeing  that  Lt„,  =  0)  L  mod  L„  =  0.  Hence  LS„T,  =  LU„ 
that  is,  LU„  =  ST. 

Cauchy  has  shown  that^  if  both  the  series  imwlved  be  semi- 
amva-gent,  the  midtipliaUion  ride  does  not  neeessarib/  apply. 


SBini-convergent  ■eries.    The  gi 

Now,  since  T<»-r+l)  =  i(n  +  l)»-  {l(n-H)-r!',  therefore,  for  allT»lna» 
of  r,  r(n-r  +  l)«;i{?i+])*,  oncept  in  tbo  case  where  r  =  i(n,  +  l),  and  then 
there  is  eqnality.  It  follows  thatniodw.>n/i[ji  +  l)>2/(l  +  l/n).  The  tenni 
of  Zw,  are  therefore  ultimately  numorically  greater  than  a  quantity  which  is 
iofioitely  nearly  equal  to  2.     Hence  Zwh  cannot  be  a  convergent  series. 
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SPICUL  DIBCUaSION  OP  THE  POWER  SERTES  2tf»E". 

§15.]  As  the  aeries  ^^Onz"  is  of  great  importance  ia  algebra- 
ical analysis  we  shall  give  a  special  'discussion  of  ite  properties  as 
regards  both  convergence  and  continuity.  Wo  may  speak  of  it 
for  shortness  as  the  Power  Series,  and  we  shall  consider  both  On 
and  X  to  be  complex  numbers ;  say  On  =  rn(cofl  a„  +  i  sin  oa), 
X  =  p(cos  9  -t- 1  sin  B),  where  r^  and  a„  are  functions  of  the  integral 
variable  n,  but  p  and  8  are  independent  of  n. 

§16.]  '2a,i^isamvergentifmodz<'L{moda,ijmodan+^- 

Yqt  the  series  of  moduli  is  ^''np'*,  and  this  is  convergent  if 
L  {p"+^B+i/AnW  1 ;  tliat  is,  if  pL  {r„+,/r„;  <  1 ;  that  is,  if 
P<LK/r,+.}. 

Three  different  cases  arise  according  as  L  {r„/r„.|.J  ia  zero,  a 
finite  positive  quantity  R,  or  <» .  In  the  iirst  case,  SonX"  ta  not 
convergeot  for  any  value  of  x  other  than  0. 

In  the  secood  case  2a^  is  convergent  when  the  point  repre- 
senting X  in  Argand's  Diagram  lies  within  a  circle  whose  centre  is 
the  origin  and  whose  radius  is  R  This  circle  is  called  the  Cirde 
of  Convergence  for  the  power  series  in  question ;  and  R  is  called 
the  Badiua  of  Convergence.  It  should  be  observed  that  nothing  is 
established  for  the  case  where  the  representative  point  lies  on  the 
circle  of  convergence, 

Zli^/n  u  an  exunpU  of  this  class  of  ■arira  ;  here  K  =  1. 

In  the  third  case,  Sohie"  ia  convergent  for  all  values  of  x. 
The  exponantial  wries  Zn'/nt  U  sn  siample  of  tills  class  of  serios. 

§  17.]  If  the  series  la^  be  ahsdvidy  convergent  when  modx 
=  R',  U  will  be  absolutely  amvergeni  when  mod  x  =  R'  <  R'. 

For,  since  So,^"  ie  absolutely  convergent,  2r„R'"  ia  convei'- 
gent  Now,  since  R"  -:  R',  r„R""  <  r„R'".  Hence,  by  §  4,  I , 
StbR'"  is  convei^ent;  that  is,  Sow""  ia  absolutely  convergent 
when  mod  x  =  R". 

g  18.]  Disconiinuily  and  InfinUdy  slow  Convergeneg.     If  the 
nth  term  of  an  infinite  series  be  f{n,x),  where  f{n,x)  is  a  single 
valued  continuous  function  of  x  for  all  intend  values  of  n,  then 
VOL  n  K 
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the  infinite  Beries  £/(n^)  will,  if  convergent,  be  a  single  valued 
finite  function  of  x,  say  <f>(z).  At  first  eighty  it  might  be  eup- 
posed  that  ip(x)  must  necesaarily  be  continuous,  seeing  that  each . 
term  of  f{n,x)  ia  so.  Cauchy  took  this  view ;  but,  as  Abel  first 
pointed  out,  ^x)  is  not  necessarily  continuous.  No  doubt 
2f{n,x  +  h)  and  ^/{n^},  being  each  convergent,  have  each 
definite  finite  values,  and  therefore  2{/(n,x  +  h)  -f(n,z)]  is 
convergent,  and  has  a  definite  finite  value;  bid  Iku  value  is 
not  necessarily  zero  for  aB  values  of  z.  Suppose,  for  example,* 
tiint  f(n^)  =  x/{nx  +  l)(«a:-ar+  1).  Since  f(n,x)  =  tix/{nx  +  1)- 
{n  -  \)zj  {n  -  Ix -i- 1} ,  we  have,  in  this  case,  Sn=»w;/{n2+ !)■ 
Hence,  provided  x*Q,  LS„  =  1.  If,  however,  x=Q  then  S,i  =  0, 
however  great  n  may  be.  The  function  (f^x)  is,  therefore,  in  this 
case,  discontinuouB  when  x=0. 

The  discontinnity  of  the  above  series  is  accomp&nied  by 
another  peculiarity  which  is  often,  although  not  always,  asso- 
ciated with  discontinuity.  The  Keeidue  of  the  series,  when 
K  +  0,  is  given  by 

R„  =  l-S„=l/(n«+l). 

Now,  when  X  has  any  given  value,  we  can  by  making  n  lai^ 
enough  make  l/(nj;  +1)  smaller  than  any  given  positive  quantity 
a.  But,  on  the  other  hand,  the  smaller  x  is,  the  lai'ger  must  we 
take  n  in  order  that  l/(na;  +  1)  may  fall  under  a ;  and,  in  general, 
when  z  is  variable,  there  is  no  finite  upper  limit  for  n,  ind^imdent 
of  X,  say  V,  such  that  if  n  >  f  then  R^  <  a.  When  the  residue 
has  this  peculiarity  the  series  is  said  to  be  fum-unt^orm/y  con- 
vergent ;  and,  if  for  a  particular  value  of  x,  such  as  z  =  0,in  the 
present  example,  the  number  of  terms  required  to  secure  a  given 
degree  of  approximation  to  the  limit  is  infinite,  the  series  is  said 
to  Converge  Inf/niidy  Slowly. 

We  are  thus  led  to  the  following  important  definition.  If, 
for  wdues  of  z  within  a  given  region  in  Argaw^s  Diagram,  toe  can 
for  every  valtte  of  a,  howeuer  small  mod  a,  asiign  for  n  an  vpjper 
limii  V,  INDEPENDENT  OF  x,  sack  that  when  n  >  p  nwrf  E„  <  morf  a, 

*  Du  Boia-Bejinond. 
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then  the  series  "Zfin^)  u  said  to  be  uniformly  coNVERaEHT 
tBithin  the  region  in  guesHon.* 

It  can  be  shown  that,  bo  long  aa  2/(n,x)  converges  unifonnly, 
i^z)  cannot  be  discontinuous ;  but  Du  Bois-Eeymond  has  shown 
by  means  of  the  example  2  {3;/n(na:  +  1)  (tw;  -  a;  +  1)  -  //(na^  +  1) 
{n3?~x+l}}  that  infinitely  slow  convergence  may  not  inyolve 
discontinuity.  In  point  of  fact,  the  sum  of  this  last  series  is 
always  zero,  even  when  x~0;  and  yet^  when  a!  =  0,  the  con- 
vergence is  infinitely  slow. 

The  object  of  the  present  paragraph  has  been,  not  to  intro- 
duce the  student  to  a  discussion  of  exceptional  cases  in  the 
functionality  of  infinite  series,  but  to  lead  him  to  see  the  necee- 
uty  of  the  demonstrations  now  to  be  given  of  the  continuity  of 
the  Power  Series  in  certain  cases. 

§  19.]  As  regards  the  power  series  Sa,^  there  are  two  cases 
of  great  practical  importance — 1st,  when  «»  is  independent  of 
X  and  we  regard  Ea„x"  as  a  function  of  x,  say  ^x);  2nd, 
when  a„  is  a  function  of  n  and  y,  eay  f(n,y),  and  z  is 
regarded  as  constant,  so  that  2/^n,y)x"  is  a  function  of  y,  eay 

*)• 

The  points  involved  were  first  raised  and  discussed  by  Abel ; 
but  the  following  theorem,  together  with  its  elegant  demonstra- 
tion, f  will  give  OB  at  once  all  that  is  here  required. 

Let  /i„  be  indepetident  of  z,  and  iB„(s)  be  a  single  valued  function  of 
n  and  z,  finite  for  all  valves  of  n,  Jwwaier  great,  and  finite  and  am- 
tinwut  as  regardi  z  from  e  =  a  to  z  =  b,  then,  if  2/i„  be  ahsoluiely 
amverfent,  'Sfi„w„(z)  I  is  a  continuous  ftinciion  of  z  from  z  =  a 
toz=^b. 

Let  Sn{z)  =  fx,w,(z)  +  ^Jc,(z)  -H .  .  .  +  ft^wjz),  and  assume  /*„ 
to  be  positive  for  all  values  of  n,  which  will  not  limit  the 

*  .The  diitinctiaD  here  involved  noa  first  pointed  out  bj  Setdel,  ^bhl.  d. 
Bayeruchen  Akad.  d.  Witt.,  Bd.  v.  (18G0).  It  has  aBrained  great  import- 
snca  in  the  Theory  of  Fuuctiaiu  developed  bj  WeieratrasB  and  hi«  followen. 

t  Both  dne  to  Du  Bois-Beymond.  See  JfaiA.  ^nn,,  iv,  (1871).  We  have 
presented  the  original  DotatiDn  and  phraseology  sa  cloaely  aa  posaible. 

I  Under  the  circnmstsncea  mppoeed,  2fi,t0,(z)  ia,  of  catme,  convergent 
by(4. 
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generality  o{  the  demouBtration,  since  S/i„  is  absolutely  con- 
vergent 

Let  Awp  =  vij,{z  +  A)  -  Wp{z),  bo  that  L  Awp  =  0  f or  all  values 
of  p.     Then  we  have 

S„(2  +  A)-S„(z)  =  /i,Aw,  +  /i,Aw,  +  .  .  .+,t„i«„ 

+  /%«-„(«  +  h) 

-^+,TO„+,(«)-/^+.«'™+.{s)-.    .    . 

Let  AWffl  he  a  mean  among  Aui„  Au^  .  .  .,  Aw„  (that  is,  be 
greater  than  the  least  and  less  than  the  greatest) ; 

W„„  a  mean  among  w„+i{3  + A),  Wm+,(3  +  A),  .  .  .,  m„(z  +  A); 
yfmn  "  mean  among  Wni+,(«),  i0m+,(3),  .  .  .,  «■«(«)■ 
Then 

S„(«  +  A)  -  ^{z)  =  AW„S'„  +  (W'„„  -  W„„)„_„R'„ 
where  S'm  and  n-m^'m  Ii^^^  l-l^^  usual  meanings  as  regards  S/i^- 
If,  now,  we  make  n  infinite,  W'„„  and  W„„  become,  by 
virtue  of  our  hypotheses,  finite  detenninate  quantities  for  every 
value  of  m  and  z;  and  we  have 

S,(z  +  A)  -  S„(s)  =  AW,„ S'„  +  {W'„„  -  W™„)E'„. 
Oui- object  is  to  prove  that  L  {S„(3  + A)-S„(3)}  (say,  S„(2±0) 

-S„(j))  =  0.  Now  when  A  =  0,  Ate,  =  0,  AiP,  =  0,  .  .  .,Aw„=0, 
since  all  the  functions  vii(z),  v)t{z),  .  .  .,  w„{z)  are  continuous. 
Therefore,  since  S'„  is  finite  for  all  values  of  m,  owing  to  the 
convergency  of  2/*„„  we  have 

S.(;-  ±  0)  -  S„(,-)  =  (^L  W'„„  -  W„„)R'„        (1). 

We  cannot  be  sure  that  LW„ai  =  ^mmi  '>ut  since  both  are  finite 
their  difference  is  finite.  Hence,  since  R'^  is  the  tesidue  of  the 
convergent  series  S/n^,  by  making  m  sufGciently  great  we  can 
make  R',„  and  therefore  the  right-hand  side  of  (1)  as  small  as 
we  please.  It  follows  that  the  left-hand  side  of  (I)  must  be 
numerically  less  than  any  assignable  quantity ;  that  is,  must  be  zero. 
We  have  supposed  all  the  quantities  involved  to  be  real ;  but 
the  extension  to  the  case  where  ^  and  ti'„(x)  are  complex  is 
obvious  after  what  has  been  said  in  g§  1 0,  1 1 . 
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Ai  an  example,  take  tbe  first  of  the  seriei  discussed  in  %  18.  The  nth 
term  may  bo  written  [l/n'i  {xj{x  +  lln){x-xln  +  lln)\ .  Hbdcb,  if  we  lake 
fi,=  I/n',  w.[x)^xj{x  +  lln){x-x/n  +  l/n],  we  see  that  all  the  conditions  of 
Dn  Bois-Eeymond  6  Theoraa  are  fulfilled,  except  when  k^O  ;  {otw^{x)  =  IIx, 
which  becomes  infinite  when  k=0.  We  conclude  therefore  that  this  infinite 
series  is  a  continuous  function  of  x  for  all  positive  values  of  z  except  x=0,  in 
which  case  the  theorem  does  not  apply. 

Cor.  1.  If  the  power  series  Si^"  be  aiadutely  amvergmt  when 
mod  a:  =  R,  thai,  for  all  vdwa  of  x  such  that  mod  a:  <  R,  2a„3;"  is  a  am- 
Rnuous  fuiKlvm  of  x. 

We  have  a^  =  a„R"{i/R)".  Now  SOnE"  is  an  absolutely 
ooDTergent  series  by  hypothesia.  Hence,  if  we  take  /%  =  OnR" 
M„(a;)  =  (x/R)*,  all  the  conditions  of  Du  Bois-Reymond's  Theorem 
will  be  satisfied,  and  the  corollary  follows. 

Cor.  2.  If  the  power  series  2/(n,y)i''  be  convergent  Khen 
mod  X  =  R  (<  1),  and  f{n,y)  be  a  fwndion  of  y  which  is  finite  and  single- 
valvedfoT  all  valves  of  n,  and  finite,  single-vatved,  and  continuous  as 
regards  y  from  y  =  a  to  y  =  b,  then,  from  y-a  to  y-h,  ij4_y)  = 
2/(n,y)x''  is  a  amtinwms  function  of  y  so  long  as  modx'^'R. 

This  follows  at  once  from  Du  Bois-Reymond'H  Theorem,  if  W6 
take  ii„  =  a^,z  =  y,  and  w„{z)  =  f{n,y). 

%  20.]  We  have  seen  that,  so  long  ae  x  lies  within  the  circle 
of  coQTergence,  the  power  series  Ia.„x'^  is  a  continuous  fimctjon 
of  z.  Nothing,  however,  has  been  established  regarding  values 
of  X  that  lie  on  the  circumference  of  the  circle  of  convergence. 
Hence  the  importance  of  the  following  theorem  of  Abel's,  which 
we  prove  for  real  aeries,  but  whicJi  can  at  once  (see  §  10)  be  ex- 
tended to  imaginary  series. 

If  the  series  2a„  be  amvergent,  and  if  'Za,^  be  convergent  for  ail 
values  of  X  less  than  1,  then    L    IlonX"  =  Sow 

This  is  tantamount  to  asserting  the  continuity  of  SonX"  up  to 
the  circumference  of  its  circle  of  convei^ency,  so  far  as  real 
values  are  concerned,*  If  f(x)  denote  ^„3f  we  have  to  show  . 
that    L   /(t),  say/(l-0),  =2o„. 

1=1-0 

*  Proofs  have  been  given  by  Abel,  Dirichlet,  Du  Bois-Heymond,  and 
others.  The  above  is  a  modiDcation  of  Dirichlet's  demonstration  <see 
LUntvUt^i  Jour. ) 
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Since  ]Sa„  is  convergent,  ii  s,  =  a„  s,  =  a,  +  Oi,  .  .  .,  s„  =  u,  + 
a,  +  .  .  .  +  On, .  .  .  then  «,,  s„  ...,£„...  are  all  finite,  and 
have  for  their  limit  S,  the  sum  of  the  infinite  series  Son-  Also 
w6havea,  =  3„  a,  =  Si-s„  a,  =  s,~8„  .  .  .,  an  =  <«-««-i,  ■  ■  . 

Hence 
f{x)  =  s,-i-{s,-s,)z  +  {s,-s,)3?+  .  .  .  +(s„-g,.,)z»+  .  .  . 

=  3o(l  ~X)+S,^1  -X)+  .    .    .    +B„X"(1  -X)+  .    .    . 

This  transformation  will  be  legitimate  so  long  as  x  is  less 
than  1,  by  however  little. 

Let  z  =  1  —  f.  then  we  have,  however  small  f  may  be, 

/(i-o=<.s+»,a-a+.  ■  ■ +«.-.(! -e—s 
+».(i-f)"f+»»+,(i-f)"+'f+-  ■  ■, 

wherein  n  may  be  taken  as  large  as  we  please. 

Let  now  o-'„  be  a  mean  among  «*  (1  -  fK,  .  .  .,  (l  -  $)'^'W-u 
and  o-n  a  mean  among  s„,  s^+u  *n+ti  ■  ■  ■ 

Then  Li7-'„  is  finite,  and  Lo-n  =  s. 

We  have 

/(i-5)-*n+  li  +  (i-e  +  (i-«'  +  -  ..!{(i-{)v„ 

-«*.'.  +  (! -OV, 
Since  n  may  be  made  as  large  as  we  please,  we  may  cause  £ 
to  approach  the  limit  zero  by  putting  £-  1/n',  and  then  making 
n  =  00 .     Hence 

/(l-0)  =  Lr>  +  L(l-iK)''-«- 
How,  Lcr'„/n  =  0,  since  IVn  is  finite. 

Also    L(l-l/»')"=L{<l-l/n')-"'}-y»  =  ]>-i"'  =  «*-  1; 
and  L<j-„  =  s.     Hence  L{1  -  l/ii')Vn  =  * ;  and  we  have  finally 
/{l-0)=Si 

=  2tt„. 
It  should  be  observed  that  Sa„  need  not  be  absolutely  con- 
vergent, but  if  it  be  semi-convergent  the  order  of  its  terms  must 
not  be  altered. 

"By  considering  the  series  2un^,  Sfniif,  and  the  series 
2{m„o, +  M„-,p,  +  .  .  .  +  «iO„)a:"+^,  which  is  their  product  when 
both  of  them  are  absolutely  convergent,  and  applying  the 
theorem  just  established,  we  easily  arrive  at  the  following 
theorem,  also  due  to  AbeL 
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Gor.  If  each  of  the  series  Su„  and  'Zv„  converge  to  the  limits  u 
and  r  respectivdy,  IheK,  if  the  smes  I^u,^v,+u„.^v,+  .  ,  .  +Mi»n) 
be  convtrgmt,  it  will  amverge  to  m;  arid  this  vnll  hold  even  if  ail 
Vie  three  series  be  oniy  semiamvergeiU. 

§  21.]  Frinciple  of  Indeterminate  Coefficients. 

If  ike  Ttai  series  "Sa^  lie  convergent  for  all  valves  of  x  such  that 
i7iodx:!^R,  and  if  for  all  the  valves  in  question  a,  +  So.^a?' =  0,  then 
B,  =  0,  o,  =  0,  a,  =  0, .  .  .,  o«  =  0, .  .  . 

Since   So^  is   coDvergent,   it    follows    that   L  SOnX"  =  0. 

Since  af  +  ^a^=0  when  x  =  0,  we  must  have  a,  =  0.  There- 
fore, hy  OUT  original  hypothesis,  we  have  Ta^  =  0  for  all  values 
of  a:  such  that  mod  x:^R'  Now,  by  g  14, 2a,^  =  a;2ana?'"\  where 
SonX"'*  is  a  convergent  series  for  any  value  of  x  which  renders 
la,^  convergent.  Since,  then,  we  have  x2a^~'^  =  0  for  values 
otx  other  thanO,  it  follows  that  20^"'  =  0.  But,  since  2a„af-* 
is  convergent,  L  'Za^~^  =  ai.      Thns  we   must  have   ai  =  0. 

Proceeding  in  this  way,  we  etn  show  that  all  the  coefficiente 
must  vanish. 

Cor.  If,  for  all  valves  of  x  such  that  modx:!i>^  Of  +  'Sa^^^ 
b,  +  ^nZ",  both  series  being  convergent,  then  Ua  =  fi«  <h  =  bu  a,  =  b,> 

.    .    .,  an  =  bn,  .   .    . 

For  we  must  have  {a,  -  b,)  +  2(a„  -  b„)j?*  =  0  where,  by  §  13, 
^Oti  ~  ^nK*  ^^  ^  convei^nt  series.  Hence,  by  the  main  theorem, 
Oo  -  &,  =  0,  o,  -  6,  =  0,  &c. 

INFINITE  PRODUCTS. 
§  22.]  The  product  of  an  infinite  number  of  factors  formed 
in  given  order  according  to  a  definite  law  is  called  an  Infinite 
Product.  Since,  as  we  shall  presently  see,  it  is  only  when  the 
factors  ultimately  become  unity  that  the  most  important  case 
arises,  we  shall  write  the  nth  factor  in  the  fonn  1  +  Un- 

By  the  value  of  the  infinite  product  is  meant  the  limit  of 
(l  +  tt.)(H-«,).  .  .{!+«„), 

(which  may  be  denoted  by  n{l  +  u„),  or  simply  by  P„),  when  n  is 
1  without  limit. 
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It  is  obvioos  that  if  Lu»  were  numerically  greater  than  unity, 
then  LP„  would  be  either  zero  or  infinite.  As  neither  of  these 
cases  is  of  any  importance  we  ahall,  in  what  follows,  suppose 
modu„  to  be  always  less  than  unity.  Any  Jinile  number  of 
factors  at  the  commencement  of  the  product  for  which  this  is 
not  true,  may  be  left  out  of  account  in  discussing  the  convei^- 
ency.  We  also  suppose  any  factor  that  becomes  zero  to  be  set 
aside ;  the  question  as  to  convergency  then  relates  merely  to  the 
product  of  all  the  remaning  factors. 

Four  essentially  distinct  cases  arise — 

1st.  LPn  may  be  0. 

3nd.  LP„  may  be  a  finite  definite  quantity,  which  we  may 
denote  by  n(l  +  «„),  or  simply  by  P. 

3rd.  LP„  may  be  infinite. 

4th.  LP,i  may  have  no  definite  value ;  but  assume  one  or 
other  of  a  series  of  values  according  to  the  integral  character  of  n. 

In  cases  1  and  2  the  infinite  product  might  be  said  to  be 
convergent ;  it  is,  however,  usual  to  confine  the  term  convergent  to 
the  2nd  case,  and  to  this  convenient  usage  we  shall  adhere ;  in 
case  3  dirergent ;  in  case  4  oseilleUory. 

g  23.]  If,  instead  of  considering  P,u  we  consider  its  logarithm, 
we  reduce  the  whole  theory  of  infinite  products  (so  far  as  real 
positive  factors  are  concerned  *)  to  the  theory  of  infinite  series ; 
for  we  have 

l0gP„  =  l0g{l+tt,)  +  l0g{l+K.)  +  .    .    .  +  ]0g(l+«„) 

=  2log(l+«„); 
and  we  see  at  once  that 

Ist.  If  21og(l  ■(-«„)  is  divergent,  and  LSlog(l -(-u„)  =  -oo, 
then  n{I  +  «b)  =  0 ;  and  conversely. 

2nd.  If  21og(l  -i-Uh)  be  convergent,  then  n{l  +Un)  ia  con- 
vergent. 

3rd.  If  2  log  ( I  +  «„)  is  divergent,  and  Li  log  (!+«„)=  +  <» , 
then  n(l  +  w„)  is  divergent. 
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4th.  If  21og(l  +1%)  oacillatee,  then  11(1  +%)  08cilUt«s. 

g  p4.]  If  we  confine  ourselves  to  the  case  where  Un  ^"^ 
ultimately  alwajv  the  same  sign,  it  is  easy  to  deduce  a  simple 
criterion  for  the  convergency  of  11(1  +««). 

If  Lu„<  0,  then  2  log(l  +  «„)  =  -  oo ,  and  n(l  +  m„)  =  0. 

If,Lit„>0,  21og(l  +«„)=  +00,  and  11(1  +u„)  is  divergent 

It  is  therefore  a  necessari/  amditionfor  the  convergency  of  11(1  +  «») 
(Aaf  Lb„=0. 

Since  Lt(„  =  0,  L(l +««)"""  =  «;  hence  Llog(l +«„)/Mft=  1. 
It  therefore  follows  from  g  4  that  2log(I  +  %)  is  convergent  or 
divergent  according  as  2«„  is  convei;gent  or  divergent.  More- 
over, if  Un  he  ultimately  negative,  the  last  and  infinite  parte  of 
"Snin  and  2  log  (1  +  u„)  will  be  negative  ;  and  if  u„  be  ultimately 
positive  the  last  and  infinite  part  of  2u„  and  T.  log  (1  +  %)  will 
be  positive.     Hence  the  following  cauclusionB — 

If  Ike  termt  of  Dun  become  vltimaiely  infinitely  small,  and  have 
vltiiaaidy  the  same  stffo,  then 

Ist.  n(l  +w„)  is  convergent,  if  lun  be  convergent;  and  con- 
versely. 

2nd.  n(  1  +  K,,)  =  0,  t/"  2«„  diverge  to  -  oo  ;  and  conversely. 

3rd.  n(l  +«„)  diverges  to  +  aa,  if  2«„  diverge  to  +  oo/  and 
conversely. 

Since  in  the  case  contemplated,  where  u„  is  nltimat«ly  of 
invariable  sign,  the  convergency  of  n(l  +  u„)  does  not  depend  on 
any  arrangement  of  signs  but  merely  on  the  ultimate  m^nitude 
of  the  factors,  the  infinite  product,  if  convergent,  is  Baid  to  be 
absolutely  convergent.  It  is  obvious  that  any  infinite  product  in 
which  the  sign  of  u^  is  not  idlimately  invariaile,  but  which  is  convergent 
when  the  signs  of  %  are  made  all  alike,  will  be,  a  fortiori,  convergent 
m  its  original  form,  and  is  therefore  said  to  be  absolutely  convergent ; 
and  we  have  in  general,  for  infinite  products  of  real  factors,  the  theorem 
that  n(l  +u,t)  is  absolutely  convergent  when  2u„  is  absolutely  con- 
vergent; and  conversely. 

Cot.  If  either  of  the  two  infinite  products  11(1  +%),  11(1  -«„) 
be  absolutely  convergent,  the  other  is  absolutely  convergent. 
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For,  if  Sit,  is  absolutely  convergent,  ho  is  2(  -  m„)  ;  and  con- 
vereely. 

Example  1.  (1  +  1/1'}(1 +  l/iP)  .  .  .(l  +  l/«»)'.  .  .  U  absolutely  conver- 
g«Dt  sines  Zl/m*  U  absolutely  convergent. 

Eiunple  Z.  (1-1/2)  (1-1/3)  .  .  .  (1-1/n)  .  .  .  bu  z«ro  for  ita  ralue 
■ince  Z(  -  1/n)  diveiges  to  -  « . 

liamploS.  (l  +  l/V2)(l  +  l/'v'S)  ■  ■  ■  (1  +  1/V»)  ■  ■  ■  diTBTgea  to  +» 
since  2(1/ V")  diTeigea  to  -I-  m . 

Example  4.  {l  +  l/VI)(l-l/V2)(l  +  l/v'S){l-l/V*>  ■  ■  •  S«"»  the 
sign  of  Ua  is  not  ultimately  invariable,  and  since  tha  seriea  S(  -  1)'*~7V'*  >* 
not  absolutely  convei^nt,  the  rales  of  the  preaent  paragraph  do  not  apply. 
We  muBt  therefore  Bialninathe8eries21og{l+(~l)^VV'™)-  The  terms  of 
this  series  bacoma  ultimately  infinitely  amall ;  therefore  we  may  (see  {  IS) 
associate  every  odd  term  with  the  following  even  term.  We  thus  replsce  the 
series  by  the  equivalent  seriea 

2  log  {I  +  1/V(2n  - 1)  -  1/V{2n)  -  1/V(i»'  -  ^n)\. 

It  ia  easy  to  show  that 

lM2rt-l)-l/V(2»)-I/V(to'-2»)*0. 
for  all  values  of  n  =- 1.  Hence  the  terms  of  tjie  series  in  question  ultimately 
become  negative.  Moreover,  1/V(2»-1)- 1/V(2»)-1/V(*"'~2ii)  ia  ulti- 
mately comparsble  with  -l/2t».  Hence  Zlog(l  +  (-l)^VV")  diveigea  ta 
-CO.  Thevalueof(l  +  l/Vl)(l-l/V2)(l  +  l/V3)(l-l/V*)-  ■  ■  i^there- 
fore  0.    This  is  an  example  of  a  semi-convergent  prodact. 

Example  6.  <'+>e->-V+l»-'-i  ...  The  series  21og(l  +  K,)  in  this 
case  becomes 

(l  +  l)-(l  +  l)+(l  +  i)-(l+i)+.  .. 
which  oscillates.    The  infinite  product  therefore  oscillates  also. 

Example  S.  11(1  -ir-'/n)  is  absolutely  convergent  if  z<:l,  and  has  0  for 
ita  value  when  z=l. 

§  25.]  We  have  deduced  the  theory  of  the  convergence  of 
infinite  products  of  real  factors  from  the  theory  of  infinite  series 
by  means  of  Ic^arithms ;  and  this  is  probably  the  best  course  for 
the  learner  to  follow,  because  the  points  in  the  new  theory  are 
suggested  by  the  points  in  the  old.  All  that  is  necessary  is  to 
be  on  the  outlook  for  discrepancies  that  arise  here  and  there, 
mainly  owing  to  the  imperfectness  of  the  analogy  between  the 
properties  of  0  (that  is,  +a-a)  and  1  (that  is,  x  a -r a). 

It  is  quite  easy,  however,  by  means  of  a  few  simple  inequality 
theorems,*  to  deduce  all  the  above  results  directly  from  the 
definition  of  the  value  of  n(l  +  m„). 
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If  P„  have  the  meaning  of  §  22,  then  we  see,  by  exactly  the 
same  reaaoDmg  as  we  lued  in  dealing  with  infinite  series,  that 
the  necessary  and  snfficient  conditions  for  the  conve^;ency  of 
n(l  +  u„)  are  that  P^  be  not  infinite  foi  any  v&lne  of  n,  however 
large,  and  that  L  (P«+«  -  Pb)  =  0. 

If  we  exclude  the  exceptional  case  where   L  P„  =  0,  then, 

nnce  P^  is  always  finite,  the  condition   L  (Pn+m  -  Pa)  =  0  is 

equivalent  to   L  (P„+„/P„- 1)  =  0,  that  is,  LP,+„/P„=  1. 

If,  therefore,  we  denote  (1  +Mb+,)(1  +«„+,) ...  (1  +Wn+iit) 
Ijy  inQii)  we  may  state  the  criteria  as  follows — 

Tht  necessary  and  sufficient  conditions  for  (he  amvergency  of 
n(l  +  u,)  are  thai  P„  6e  wtf  infinite  for  any  value  of  n,  however  large, 
and&ai  L  „Q„  ^  1. 

If  11,1  be  complex,  then  the  hoo  amdi^ons  obviously  (see  chap. 
xiL)  are  that  mod  P„  be  not  infinite  for  any  value  of  n,  hovxver  large, 
and  iA<rf  L  mod  („Q„  -  1 )  =  0. 

We  shall  not  stop  to  re-prove  the  results  of  §  34  by  direct 
deduction  from  these  criteria,  but  proceed  at  once  to  complete 
the  theory  by  deducing  conditions  for  the  absolute  convergence 
of  an  infinite  product  of  complex  factora 

§  26.]  n(l  +u„)  IS  amvergent  if  TI{1  +nwxiu„)  is  convergent. 

Let  ft,  =  mod  «„,  so  that  p„  is  positive  for  all  values  of  n, 
then,  since  n(I  +p„)  is  convei^ent, 

L((l+p„.^,){l+P„+.).  .  .(l+p,+„)-l}=0      (1). 

Now 

«Q»-1=(1+M„+,){1  +«„+,).   .   .{l+«„+„)-l, 

=  2a„+j  +  2u„+.u„+,  + .  .  .  +  «„+,«„+, . . .  M„+„. 

Hence,  by  chap,  xii.,  g§  9,  11,  we  have 
0>mod(„Q„-l»2prt+,  +  2p„+,p„+,  +  .  .  .  +  p„+ip„+, . . .  ft.+„, 
>(l+ft.+,)(l+p,.+.)..  .{]+p„+„)-l. 

Hence,  by  (1),  L  mod  („<i,  -  1)  =  0. 
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AJbo 

modP„  =  inod(l  +  u,){l  +«,)...(!  +«n)i 

=  mod(l +u,)inod{l +«,) .  .  .  mod(l +t*„)i 

Hence  mod  P«  is  finite,  since  11(1  +  />n)  ia  convei^nt. 

Remark. — The  converse  of  this  theorem  is  not  true ;  as  may 
be  seen  at  once  by  considering  the  product  (1  +  1)(1  -i)(l  +i) 
(1  -  J)  .  .  .,  which  converges  to  a  finite  limit  +  0 ;  although 
(I  +  1){1  +  i)(l  +i)(l  +  1)  .  .  .  is  not  convergent 

WAm  n(l+«„)  is  such  that  Il{l  +  modtin)  is  convergent, 
n(l  +  M„)  M  said  to  be  absolutely  convergent  JJ  11(1  +«„)  be  con- 
vergent, but  n(l  +  modun)  non-convergent,  11(1  +  «„)  «  said  to  be 
semi-amvergenL  The  present  use  of  these  terms  includes  as  a 
particular  case  the  use  formerly  made  in  g  24. 

g  27.]  If  Imodun  be  convergent,  then  11(1  +  u„)  is  absolutely 
convergent ;  and  conversely. 

For,  if  2  mod  u^  be  convei^ent,  it  ia  absolutely  convergent, 
seeing  that  modti„  is  by  it«  nature  positive.  Hence,  by  §  24, 
n(l +moda„)  is  convergent,  Therefore,  by  §  26,n(l+«„)  is 
absolutely  convergent. 

Again,  if  11(1  +  u„)  be  absolutely  convergent,  n(l  -t-modu„)i8 
convergent ;  that  is,  since  mod  u„  is  positive,  11(1  +  mod  u„)  is 
absolutely  convergent.  Therefore,  by  §  24,  Smodua  is  abso- 
lutely convergent. 

Cor.  If  Sun  be  absolutely  convergent,  11(1  +  u„x)  is  absdutdy 
convergent,  where  x  is  either  independent  of  n  or  is  such  a  function  of 
n  that  L  mod  x^  ■xi  when  n=  <x>. 

Example  1.  n(l-2"/n)  is  abtolutely  convorgeot  for  all  complex  values 
BDch  tbat  mDdz<l,  but  is  not  abiolutel;  coavergent  vheu  modz^l. 

£zunpl«  2.  mi-x/n*),  wliara  x  is  independent  of  n,  is  abaolutely  con- 
vergent. 

g  28.]  After  what  has  been  done  for  infinite  Genes,  it  is  not 
necessary  to  discuss  in  detail  the  application  of  the  laws  of 
algebra  to  infinite  products.  We  can  at  once  deduce  the  fol- 
lowing results — 

L  Tlie  law  of  association  may  be  safely  applied  to  the  factors  of 
n(l  4-  u„)  prmnded  L«„  -Q  ;  but  not  otherwise. 
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n.  Tht  law  of  commuta&m  may  he  safely  applied  to  11(1  +  m„), 
prtmded  it  be  abtolutel;/  convergent,  but  not  in  general  othennise. 

HL  If  both  n(l  +  «„)  and  11(1  +  «'„)  be  aisohitely  convergent, 
&ea  n  {(1  +«„)(l  +m'b)}  is  absolutely  convergent  and  has  for  its 

/mii  { n(i  +  «„) }  X  { n(i  +  «'„) } ;  o/so  n  { (1  +  «„)/(i  +  «'„)}  w 

abscltdelt/    convergent,    and   has   for    Us    limit  {11(1  4- u„)  }/{ 11(1 
+  "'■) }  provided  none  of  the  factors  of  11(1  +  «'„)  vanish. 

Since  2 log  ( 1  +  li^wj?) }  =  2^.w„{^)  log  { 1  +  ,^v>^{z)Y"^'*-\ 
If  fi^  and  w„(z)  BatisEy  &11  the  conditionB  of  Du  Bois- 
Rejmond's  theorem,  given  in  §  19,  we  have  "Lfi^viJ^^  =  0, 
L  l<^  { 1  +  ft,w„(3)  }V*w^)  =  1,  and  wjz)  log  { 1  +  /i„w„{j)  i'"^"***) 
utisfiee  all  the  conditions  imposed  upon  vin(^  alone.  Hence 
2  log  { 1  +  /inVn(2} }  is  a  continuous  function  of  s  from  2  =  a  to 
z  =  &     Hence 

IV.  If  fi^wnd  wjz)  satisfy  the  conditions  of  ^n,n(l  +/i„w„(s)) 
wa  continuous  function  of  z  from  z  =  a  io  z  =  b. 

Cor.  1.  i/"  2a^  6«  convergent  when  jnod  x  =  'R,  then  11(1  +  a„a^) 
conwr^  /o  .^(it),  where  if,{x)  is  a  finite  amtinwus  function  of  x  for 
ail  values  of  x  such  that  mod  x  <  R. 

Cor.  2,  If  f{n,y)  be  Jiniie  and  stnglcvalued  as  regards  n,  and 
faute,  smgU^ued,  and  continvaus  as  regards  y  from  y  =  a  to  y  =  h, 
and^tf  ^f{n,y)af  be  absolutely  convergent  when  mod  X  =11,  (<.!),  then, 
lotong  as  modx'^R,  n(l  +f(n,y)3f^)  converges  to  ip{y),  where  i/^)  is 
a  finite  continuous  function  of  y  from  y-atoy  =  b. 

Cor.  3.  If  2iin  be  absolutely  convergent,  then  11(1  +  a„x)  con- 
verges to  ^x),  where  il^x)  is  a  finite  and  continuous  function  of  x  for 
all  finite  values  ofx,  hoteever  targe. 

We  can  also  establish  for  infinite  products  the  following 
theorem,  which  is  analogous  to  the  principle  of  indeterminate 
coefficients. 

V.  If,  for  a  continuum  of  values  ofx  includtn^  0, 11(1  +  OnX")  amd 
n(I+(,^)  be  both  ahsolutely  convergent,  and  II(l+a,^)« 
n(l+J^),  ttrno,  =  6,,a,  =  6„  .  .  .,  a„  =  6„,  .  .  . 

For  we  have 

21og(l+a,^)  =  21og(l+6,^), 
both  the  series  being  convergent. 
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Hence  for  any  value  of  x,  however  small,  we  have,  after  divid- 
ing by  a;,  2a,^'"Mog{l  +o„arY'*'=2S,^'"M<>g(l  +6,^")"**". 
Since   L  log(l +o„3;")^'*^=  1,   we    have,   for  very    small 

1=0 

values  of  x, 

ffl,P,  +  a,P^  +  aJ'^+  .  .  .  =  &,Q,  +  ^Q^+6.Q^+.  .  .    (1), 
where  P„  P„  .  .  .,  Q„  Q,  differ  very  little  from  unity,  and  all 
have  unity  for  their  limit  when  x=Q. 

Hence,  since  So^"'  and  26,^"'  are,  hy  virtue  of  our  hypo- 
theses, absolutely  convei^ent,  we  have 

L  (aJ'^  +  o,Py  +  .  .  .)  =  0 
»-o 
L  (6,(ix  +  5.Q^  +  .  .  .)  =  0 

Hence,  if  in  (I)  we  put  x  =  0,  we  must  have 
<i,LP.  =  S,  LQ,. 

But  LP,=IjQ,  =  1;  therefore  o,  =  fi,.  Eemoving  now  the 
common  factor  1  +  a^x  from  both  products,  and  proceeding  as 
before,  we  can  show  that  <^  =  6, ;  and  so  on. 

%  29.]  The  following  tboorem  gives  an  extension  of  the 
Factorisation  Theorem  of  chap,  v.,  §  15,  to  Infinite  Products. 

If  ij/(x)  =  11(1  +  a^)  be  convergent  for  all  valites  of  x,  in  the 
sense  thai  L  mod  Pn  =t=  Bt)  ■  onti  L  mod  («Q»  -  1 )  =  0,  toA«n  n  =  w ,  no 
matter  what  value  m  may  have,  then  ^x)  will  vanish  if  x  have  me  of 
the  w/iiM  -  l/oi,  -  1/a,,  •  .  .,  -  1/a,,  .  .  .,  and,  if  ip{x)  =  0,  ihm 
X  vaat  have  one  of  the  values  -  l(a,,   -  Ija,, .  .  .,  -  l/Or, .  .  . 

In  the  first  place,  we  remark  that,  by  our  conditions,  the 
vanishing  of  L„Q„  when  n  =  <o  is  precluded.  For,  if  „Qh  = 
/>(co8  ^  +  i  sin  <^),  mod  („Q„  -  1)  =  { (p  cos  <^  -  1)'  +  (p  sin  <f>yy'*. 
Hence  we  must  have  L{(pcos</)-  I)*  +  (fiBin(^)'}  =  0,  which  leads 
to  L(/}COB<^- 1)  =  0,  Iv> sin </)  =" 0 ;  that  is,  to  LpcoB^^l, 
Lp sin  1^  =  0.  Hence,  nQ„  =1  +h  +  ki,  where  k  and  k  have  each 
0  for  limit  when  n  -  m .  The  exceptional  case,  mentioned  in 
§  23,  where  2  log  (1  +  a„x)  divei^es  to  -  oo ,  and  n(l  +  a^)  con- 
vei^  to  0  for  all  values  of  x,  is  thus  excluded. 
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Now,  whfttever  n  may  be,  we  have 

«")  =  P..Q.  (1). 

Suppose  that  we  cause  x  to  approach  the  value  -  l/Or-  We 
taa  always  in  the  equation  (1)  take  n  greater  than  r;  so  that 
1+0^  will  occur  among  the  factors  of  the  integral  function  ?„. 
Heuce,  when  x=  -  l/or,  we  have  P„  =  0,  and  therefore,  since 
.Q.+  oo,vK-lK)-0. 

Again,  suppose  that  ^i)  =  0.  Then,  by  (1),  P„«,Q„  =  0. 
But,  since  n  may  be  as  large  as  we  please,  and  L  aQn=  1  when 
))=  00 ,  we  can  take  n  so  lai|;e  that  ^Qn^  0.  Hence,  if  only  n 
be  large  enough,  the  integral  function  P„  will  vanish.  Hence  x 
must  have  a  value  which  will  make  some  one  of  the  factors  of 
Pn  vanish ;  that  is  to  say,  x  must  have  some  one  of  the  values 
-  l/a,,  -  l/o,, .  .  ,  -  l/Or,  .  .  . 

It  should  be  noticed  that  nothing  in  the  above  reasoning 
prevents  any  two  or  more  of  the  quantities  a,,  a,, .  .  .,  a,, .  .  . 
from  being  equal  to  one  another ;  and  the  equal  members  of  the 
series  may,  or  may  not,  be  contiguous.  If  there  be  /*„  con- 
dguouB  factors  identical  with  1  +  a„3:,  the  product  f{x)  will  take 
the  form  11(1  +  Of^Y" ;  and  it  can  always  be  brought  into  this 
form  if  it  be  absolutely  convergent,  for  in  that  case  the  commu- 
tation of  its  factors  does  not  affect  its  valua 

Cor.  \.  If  X  lie  vnihin  a  cmtmuvm  (z)  which  indudes  all  the 
values 

-1/a.,     -1/a.,     .  .  .,     -IK,.  :  .  (A), 

<^  - 1/*..    -  V*->    ■  ■  -.    -  V^».  ■  ■  ■  (B), 

if  n(l  +  a^y^  a/ttd  11(1  +  S^i)'"  he  absolrUeiy  eonvergeni  for  all 
values  of  X  in  (x),  iff{x)  and  g(x)  be  dejmite  fimdwas  of  x  vihick 
become  neither  zero  nor  infinite  for  any  of  the  valves  (A)  or  (B),  and 
^ftf^  "^  «i/u«t  ofxm,  (z), 

/(»)n(i  +  ,vf  -  »»n(i  +  s^r  (1), 

then  mutt  each  factor  in  the  one  product  occur  in  the  other  raised  to 
the  same  power;  and,  far  all  the  values  of  x  in  (x), 

/W-»W  (2). 

For,  since,  by  (1),  each  of  the  products  must  vanish  for  each 
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of  the  values  (A)  or  (B),  it  foUowa  that  each  of  the  quantitieB 
(A)  must  be  equal  to  one  of  the  qo&ittJties  (B) ;  and  act  verta. 
The  two  series  (A)  and  (B)  are  therefore  identical. 

Since  the  two  infinite  producte  are  absolutely  convergent,  we 
may  now  arrange  them  in  auch  an  order  that  a,  =  f>„a,  =  b„  .  .  ., 
&c.,  ao  that  we  now  have 

/(.)(1  +  «,.)"(!  t  v^r .  •  ■  -  »W(1  +  •.»)"(!  +  'W)"  •  ■  ■  (3)- 

Suppose  that  ^i  +  fi,  but  that  /i,,  say,  is  the  greater ;  then 
we  have,  from  (3), 

/(«)(i +»,»)"""(i  t'i'r-  ■  .-j(>^)(i +«.)■■. . .  w 

Now  this  is  impossible,  because  the  left-hand  aide  tends  to  0 
as  limit  when  x=  —  \/a„  whereas  the  right-hand  side  does  not 
vanish  when  x=  -  l/o,.  We  must  therefore  have  ih  =  yi',  ■'nd, 
in  like  mamier,  /i,  =  c. ;  and  ao  on. 

We  may  therefore  clear  the  first  n  factors  out  of  each  of  the 
products  in  (1),  and  thus  deduce  the  equation 

/W.a,-!7(«).Q'»  (6), 

where  ^Q,,  and  „Q'„  have  the  usual  meaning.  The  equation 
(5)  will  hold,  however  large  n  may  be.  Hence,  since  L«Q„ 
=  L  ooQ'b  =  li  we  must  have 

Cor.  2.  From  this  U  follows  that  a  given  fuTietion  of  x  uAich 
vanishes  for  any  of  the  values  (A)  and  fat  no  others  within  the  con- 
tinwim  (x),  can  be  expressed  vrithin  (x)  as  a  convergent  infiniie  product 
of  the  form  /(o;)n{l  +  a„xy^  (itAere  f(x)  m  ;&»(«  and  not  zero  for 
all  finite  values  of  x  within  (x) ),  if  al  all,  in  one  way  only. 

If  the  infinite  product  be  only  semi-convergent,  the  above 
demonstration  fails. 

It  may  be  remarked  that  it  is  not  in  general  possible  to 
express  a  function,  having  given  lero  points,  in  the  form  described 
in  the  corollary.  On  this  subject  the  student  should  consult 
Weierstrass,  Abhandlut^en  ana  der  FuneHonenlehre,  p.  14  et  seq. 
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ESIIHATION   OF  THE  BESmCE  01-  A  CONVEROING  SERIES   OR 
INFINITE  PRODUCT. 

§  30.]  For  many  theoretical,  and  for  some  practical  purposes, 
it  is  often  required  to  assign  an  upper  limit  to  the  residue  of  an 
infimte  series.  This  is  easOy  done  in  what  are  by  far  the  two 
moet  important  cases,  namely  : — (1)  Where  the  ratio  of  converg- 
ence {p^  =  ^n+,/^n)  ultimately  becomes  less  than  unity,  and  the 
terms  are  all  ultimately  of  the  same  sign ;  (2)  Where  the  terms 
Dltimately  continually  diminish  in  value,  and  alternate  in  sign. 

Case  (1).  It  is  essential  to  distinguish  two  varieties  of  seriea 
under  this  head,  namely : — (a)  That  in  which  p^  descends  to  its 
limit  p ;  (b)  That  in  which  pn  ascends  to  its  limit  p. 

In  case  (a),  let  n  be  taken  so  lat^e  that,  on  and  after  n,  p„  is 
always  numerically  less  than  1,  and  never  increases  in  numerical 
value.     Then 

R«  =  «n+i  +  «n+i  +  ^.+.+ ■    ■   -. 

=  «n+i  I  1  +  ^^'  +  ^^^^  .  '^'  +  ...[, 
t  ««+.      ttn+.      Wn+.  J 

=  «»H-i{l  +Pn+i +Pn+iPn+«  +  /'«+ipn+tPB+»  +  '    ■    ■}■ 

Therefore,  if  dashes  be  used  to  denote  the  numerical  values, 
or  moduli,  of  the  respective  quantities,  we  have 

R'n>-MV+i{l +p'n+i  +  A+i'  +  -    ■   -tt 

>«'„+./(! -«W«'»+.)  (1). 

And  also,  for  a  lower  limit, 

E»-t «■.+./(! -p)  ,  (2). 

In  case  {b),  let  n  be  so  large  that,  after  n,  pn  is  numerically 
less  than  1,  and  never  decreases  in  numerical  value.     Then 

E«  =  K»+l{l+P»+. +P«+^+. +  ■  ■   ■}■ 
E'„>w»+,{l+p  +  /  +  .  .  .}, 

>«'„+./(! -P)  (3); 

And  we  have  also 

K,H:«v,/(i-p»+.), 

^:.',+,/(i -«■„>•»+,)  (*)■ 

Case  (2).  When  the  terms  of  the  series  ultimately  decrease 
and  alternate  in  sign,   the  estimation  of  the  reddne  is  still 
VOL.  K  L 
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simpler.  Let  n  be  eo  large  that,  on  and  after  n,  the  terms  never 
increase  in  numerical  value,  and  always  alternate  in  sign.  Then 
we  have 

R'n  =  «'n+|-«'n+i  +  "'n+»--    ■   ■ 

>"'„+,  (5); 

«+.-«'„+.  (6). 

§  31.]  Eetidtu  of  an  Infinite  Produd.  Let  ua  consider  the 
infinite  products,  11(1  +u„)  and  11(1  -Un)]  m  which  u„  becomes 
uUmaidy  posiUtie  and  less  than  unity.  If  the  series  Su„  converge 
ia  such  a  way  that  the  limit  of  the  conrergency-ratio  p„  ia  a 
positive  quantity  p  less  than  1,  then  it  is  easy  to  dbtain  an 
estimate  of  the  residue.  Let  Q,u  Q'„  denote  the  product  of  all 
the  factors  after  the  nth  in  11(1  +  u„)  and  11(1  -  ii„)  respectively, 
so  that  Qn>I,  and  Q'n<l.  We  suppose  n  so  great  that,  on 
and  after  n,  ii„  ia  positive,  pn  leas  than  1 ,  and  either  (a)  /j„  never 
increases,  or  else  (b)  />„  never  decreases.  In  case  (a),  Su„  folia 
under  case  (1)  (a)  of  last  paragraph ;  in  case  (b),  Su„  falls  under 
case  (1)  (6)  of  last  pan^sph.  We  shall,  as  usual,  denote  the 
residue  of  Su„  by  &„;  and  we  shall  suppose  that  n  is  so  large 
that  modIt„<l. 

Nov  (by  chap,  zxiv.,  §  7,  Example  2), 

Q„  =  (l+«„+0(l +«„+.).  ■  -, 

>  1  +  «„+.  +  M„+,  +  .    .    .,       ■ 

>l+R„  (I). 

Q'„  =  (l-«„+,)(l -«„+.).  .  ., 

>1-H„  (2). 

Also, 

i/Q«-{i-««W(i+%+Jl{i -"«+./(! +««+.)}■  ■  ■- 

>1-«»W(1 +•*»+.) -«n+./U +"»+•)-■    ■    ■. 
>!-««+.-  «»+.  -  .    ■    ■, 
>1-En- 
Whence  Q»  -  1  <  IW(1  -  Kn)  (3). 

In  hke  manner, 

1/Q'„  =  (1  +  «„+ J(l  -  «,+,)}  ( 1  +  H„W(1  -  «-+.)}  ■  •  -. 
>  1  +  «,,+,/(l  -  «n+,)  +  ««+,/(l  -  ««+,)  +  .   .   ., 
>!+«„+.+!*„+,+  .    .    ., 
>1+It„. 

Whence  1  -  Q'„>  B„/(l  +  R„)  (4). 
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From  (1),  (2),  (3),  and  (4)  we  have 

R»<Q«-l<IWtl-R»)  (5); 

IW(1+R„)<1-Q'„<R„  (6). 

Since  upper  and  lower  limits  for  K,,  can  be  calculated  by 
means  of  the  inequalities  of  last  paragraph,  (5)  and  (6)  enable  us 
to  estimate  the  residues  of  the  infioito  products  11(1  -t-  u„)  and 

n(i-«.). 

tbutmple.  Find  ui  appei  limit  to  the  residue  of  11(1  -a^/it),  a:<l. 

Here  u„=a:"/7i,  pK^x/il  +  lln),  p=x.  The  Bflriea  lias  an  ascending  con- 
vergency-ratio  ;  and  we  have  EH-ittM-H/tl -/t)<a~+''/(n  +  l)(l -*}.  There- 
fore, 1-  Q',<j:~+^/(m-l-l)(I  -x).  Hence,  if  P'„  be  the  nth  approximation  to 
11(1 'Sf/n),  P.  diCTerB  from  the  value  of  the  whale  product  by  tew  than 
100  i"+Vt>H-I)(I  -X)  'I,  of  P',  itself. 

CONVERGENCY   OP  DOUBLE  SERIES, 

%  32.]  It  will  be  necessary  in  some  of  the  following  chapters 
to  refer  to  certain  properties  of  aeries  which  have  a  doubly  in- 
finite number  of  terms.  We  proceed  therefore  to  give  a  brief 
sketch  of  the  elementary  properties  of  this  class  of  series.  The 
theory  originated  with  Caucby,  and  the  greater  part  of  what 
follows  is  taken  with  alight  modifications  from  note  viii.  of  the 
Analyse  Algibrique,  and  §  8  of  the  EimirUs  Anali/figws. 

Let  MB  consider  the  doubly  infinite  series  of  terms  repre- 
sented in  (1).  We  may  take  as  the  general,  or  specimen  tenn, 
u^„,  where  the  first  index  indicates  the  row,  and  the  second  the 
column,  to  which  the  term  belongs.  The  assemblage  of  such 
terms  we  may  denote  by  Su,„,„;  and  we  shall  speak  of  this 
aasembl^e  as  a  Double  Smes.* 

A  great  variety  of  definitions  might  obviously  be  given  of 
the  sum  to  a  finite  number  of  tenns  of  such  a  series;  and, 
corresponding  to  every  such  definition,  there  would  arise  a 
definite  question  regarding  the  sum  to  infinity,  that  is,  regarding 
the  convergency  of  the  series. 

There  are,  however,  only  four  ways  of  taking  the  sum  of  the 
double  series  which  are  of  any  importauce  for  our  purposes. 

*  Somatimei  the  term  "  Series  of  Double  Entry  "  ia  used. 
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DIFFERENT  DEFnJITIONS  OF  THE 


Pint  Way. — We  may  define  the  finite  sam  to  be  the  snm  of 
&11  the  mn  terms  within  the  rectangular  array  OKMN".  This 
we  denote  by  S^„.  Then  we  may  take  the  limit  of  this  by 
first  making  m  and  finally  n  infinite,  or  by  first  making  n  in- 
finite and  finally  m  infinite.  If  the  result  of  both  these  limit 
operations  is  the  same  definite  quantity  S,  then  we  say  th&t 
'Sittm,n  amverges  to  Sin  the  fa-it  way. 


A 
B 
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Xl.I 

Vl.l 

Ul.l 

"1.4 

'h.m 

«l,w-l 

-- 
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^..^ 

*h.m 

'd.-tl 

«».l 
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«..^. 

«<.I 

Ul.l 

u«.i 
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u... 
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^.. 

«-.-.>  !  .  .  . 

^., 

-.. 

^,. 

U..! 

«... 

U..M4   1   .   .   - 

a 

h" 

U-H-l.l 

"-tl,* 

«»H.4 

"»«.■ 

It  may,  however,  happen — lat,  that  both  these  operations 
lead  to  an  infinite  value ;  2nd,  that  neither  leads  to  a  definite 
value ;   3rd,  that  one  leads  to  a  definite  finite  value,  and  the 
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other  not ;  4th,  that  one  leads  to  one  definite  finite  yalue,  and 
the  other  to  another  definite  finite  value.*  In  all  these  caaea 
we  say  that  the  series  is  non-convergerU  for  the  first  isay  of 
naianing. 

Second  Way. — Sum  to  n  terms  each  of  the  series  formed  by 
taking  the  terms  in  the  first  m  horizontal  raws  of  (1) ;  and  call 
the  sunw  T,,„,  T,.„,  .  .  .,  T„,„.     Define 

S'm,»  =  T,,„  +  T,,„  +  .  .  .+T„,„  (2) 

as  the  finite  sum. 

Then,  supposing  each  of  the  horizontal  series  to  converge 
to  Ti,  T„  .  .  .,  T„  respectively,  and  2T„  to  be  a  convergent 
series,  define 

S'  =  T,  +  T,  +  .  .  .  +  T„  +  .  .  .ad«  (3) 

SB  the  sum  to  infinity  in  the  second  waj/. 

Third  Way. — Sum  to  m  terms  each  of  the  series  in  the  first 
n  columns;  and  let  these  sums  be  U,,„,  U,,„,  .  .  .,  TJn.m- 
Define 

S"„,n  =  U,,m  +  U,,„+.    .    .+U„.„  (4) 

as  the  finite  sum. 

Then,  supposing  these  vertical  series  to  converge  to  U,,  U„ 
.  .  .,  Uh  respectively,  and  2U„  to  be  a  convergent  aeries, 
define 

S"  =  U,  +  U.  +  .  .,+U„  +  .  .  .adoo  (6) 

as  the  sunt  to  infinily  in  the  third  way. 

So  long  OS  m  and  n  are  finite,  it  is  obvious  that  we  have 
S'™,„  =  S"„.„  =  S„.„j 
so  that,   for  finite  anmination,   the  second  and  third  waj^s  of 
summing  are  each  equivalent  to  the  first. 

The  case  is  not  quite  so  simple  when  we  sum  to  infinity.  It 
is  clear,  however,  that 

S'=^LJ^L_S,„.n}  (6); 

and  S"=  \7{  I  S„,„}  (7); 

*  ExampUa  of  aome  of  tfaeae  casea  are  given  in  S  3S  balow. 
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BO  th&t  S'  and  S"  will  be  equal  to  each  other  and  to  S  when  the 
two  ways  of  taking  the  limit  of  S„,n  both  lead  to  the  same 
definite  finite  result.* 

Fmtrth  Way, — Sum  the  terms  which  lie  in  the  successive 
diagonal  lines  of  the  array,  namely,  AA',  BB',  CC, .  ,  ,,  KK' ; 
and  let  these  sums  be  D„  D„  .  .  .,  Dq^.,  respectively  ;  that  is, 
D,  =  M,,„  D,  =  M,^  +  «,,,,  .  .  ..  Dn+,  =«,,«  + «,^-,  +  .  .  .+««,,. 

Define 

S"'„  =  D,  +  D,+  .  .  .  +  D„  (8) 

as  the  finite  sum ;  and,  supposing  SD„  to  be  convergent,  define 

S"'  =  D,  +  D,  +  .  .  .+D„  +  .  .  .ad«)  (9) 

as  the  mm  to  infinity  in  the  fourth  way. 

The  finite  sum  according  to  this  last  definition  includes  all 
the  terms  in  the  triangle  OKK' ;  it  can  therefore  never  (except 
for  ni  =  n=I)  coincide  with  the  finite  sum  according  to  the 
former  definitions.  Whether  the  sum  to  infinity  (S'")  according 
to  the  fourth  definition  will  coincide  with  S,  S',  or  S",  depends 
on  the  nature  of  the  series.  lb  may,  in  fact,  happen  that  the 
limits  S,  S',  S"  exist  and  are  all  equal,  and  that  the  limit  S'"  is 
infinite,  t 

§  33.]  Dmible  xries  in  which  Die  tarns  are  all  nttiiruUely  of  the 
saim  st(pi.  By  far  the  most  important  kind  of  double  aeries  is 
that  in  which,  for  all  values  of  m  and  n  greater  than  certain 
fixed  hmits,  «„,«  bas  always  the  same  sign,  say  always  tlie 
positive  sign.  Since,  by  adding  or  subtracting  a  finite  quantity 
to  the  sum  (however  defined),  we  can  always  make  any  finite 
number  of  terms  have  the  same  sign  as  the  ultimate  terms  of 
the  series,  we  may,  so  far  as  quoations  regarding  conver^ency 
are  concerned,  suppose  all  the  terms  of  Su^^n  to  have  the  same 
(say  poaitive)  sign  from  the  beginning.  Suppose  now  (1)  to 
represent  the  array  of  terms  under  this  last  supposition ;  and  let 
us  farther  suppose  that  2m,„^„  is  convergent  in  the  first  way. 

Then,  since  L(S,„+p,„+,-S„,„)  =  S-S  =  0,  when  m=oo, 
n  =  00  whatever  p  and  q  may  be,  it  follows  that  the  sum  of  all 

itx  below,  §  s.'i. 
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the  terms  in  the  gnomon  between  NMK  luid  two  parallels  to 
NM  and  MK  below  and  to  the  right  of  these  lines  reapectively, 
most  become  as  small  as  we  please  when  we  remove  NM  suffi- 
cientlf  far  down  and  MK  sufficiently  far  to  the  right. 

From  this  it  follows,  a  fmiiori,  seeing  that  all  the  t«rms  of 
the  array  are  positive,  that,  if  only  m  and  n  be  sufficiently  great, 
the  sum  of  any  group  of  terms  taken  in  any  way  from  the  residual 
terms  lying  outside  OKMN  will  be  as  smalt  as  we  please. 
Hence,  in  particular, 

let  The  total  or  partial  residue  of  each  of  the  horizontal 
Beriea  vanishes  when  n  =  co . 

2nd.  The  same  is  true  for  each  of  the  vertical  series. 
3rd.  The  same  is  true  for  the  series  SD„. 
The  last  inference  holds,  since  8"'n  obviously  lies  between 
S,.,.,andS„.i.„_,. 
Hence 

Theorem  I.  If  ail  ike  terms  of  2m,^,„  he  positive,  and  if  the 
aeries  bt  comergenl  in  the  first  sense,  then  each  of  &e  horisonitd  series, 
each  of  the  vertieal  series,  and  the  diagonal  series  milt  be  convergent, 
and  the  dottble  series  will  be  cmvergenl  in  the  ramining  three  loayt, 
always  to  the  same  limit. 

It  we  commutate  the  terms  of  a  double  series  so  that  the 
term  it»i,n  becomes  the  term  «nt',ii'i  where  m'  =f(m,n),  n'  =  (?(m,n), 
f{m,n)  and  g{m,n)  being  functime  of  m  and  n,  each  of  ithich  has  a 
distinct  naive  far  merg  distinct  pair  of  valves  of  m  and  n  (say  non- 
repeating functions),  and  each  of  which  is  finite  for  ail  finite  valves 
of  m  and  n  (Eestriction  A*),  then  we  shall  obviously  leave  the 
convergency  of  the  series  unaffected.     Hence 

Cor,  1.  If  Swm^n  be  a  series  of  jmsiOve  terms  convergent  in  the 
first  way,  then  any  commvtatitm  of  its  terms  {under  Restriclitm  ji) 
iaiil  leave  its  cmulergency  unaffected  ;  that  is  to  say,  it  will  amverge  in 
all  the  f<mr  ways  to  the  same  limit  S  qs  before. 

'  No  mch  retrtrictiOQ  U  ueusllj  mentioned  bj  writers  on  this  sabject ; 
bnt  aome  sncb  TMtrietioD  u  obTioail;  implied  when  it  is  s«id  that  the  teimi 
of  «n  absolntelf  coavergent  series  aie  commutative  ;  otherwise  the  character- 
istic propert;  of  a  cosTergent  seriee,  namel}',  tliat  it  has  a  Taniahing  reaidne, 
woald  not  be  cbnaerved. 
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Cor.  2.  If  the  terms  {all  posiHve)  of  a  amvergent  «tn^  seria 
2«„  be  arranged  into  a  dotMe  series  "Zu^-fi-,  where  m'  and  n'  are 
fmictions  of  n  sulked  to  Bestrktum  A,  then  2m„',„'  vnil  converge  in 
all  four  ways  to  the  same  limit  as  2u„. 

It  should  be  noticed  that  this  last  corollary  gives  a  further 
extension  of  the  laws  of  commutation  and  association  to  a  series 
of  positive  terms ;  and  therefore,  as  we  shall  see  presently,  to 
any  absolutely  convergent  series. 

Let  us  next  assume  that  the  series  Su^^n  is  convergent  in  the 
second  way.  Then,  since  2T„  is  convergent,  we  can,  by  suflS- 
oiently  increasing  m,  make  the  residue  of  this  aeries,  that  is,  the 
sum  of  as  many  as  we  choose  of  the  terms  below  the  infinite 
horizontal  hue  NM,  less  than  |c,  where  <  is  as  small  as  we 
please.  Also,  since  each  of  tbe  horizontal  series  is,  by  our 
hypothesis,  convergent,  we  can,  by  sufficiently  increasing  n,  make 
the  residue  of  each  of  them,  leas  than  (/2m ;  and  therefore  the 
sum  of  their  residues,  that  is,  as  many  as  we  please  of  the  terms 
above  NM  produced  and  right  of  MK,  less  than  ^e.  Hence,  by 
sufficiently  increasing  both  m  and  n,  we  can  make  the  sum  of 
the  terms  outside  OKMN^,  less  than  t,  that  is,  as  small  as  we 
please.  From  this  it  follows  that  2u„,,„  is  convergent  in  the 
first  way,  and,  therefore,  by  Theorem  L,  in  all  the  four  ways. 

In  exactly  the  same  way,  we  can  show  that,  if  2u„,,n  is  con- 
vergent in  the  third  way,  it  is  convergent  in  all  four  ways. 

Finally,  let  us  assume  that  2u„,_„  is  convergent  in  the  fourth 
way.  It  follows  that  the  residue  of  the  diE^onal  series  XD,  can, 
by  making  p  large  enough,  be  made  as  small  as  we  please. 
Now,  if  only  m  and  n  be  each  lai^e  enough,  the  residue  of  S^^ 
that  is,  the  sum  of  as  many  &s  we  please  of  the  terms  outside 
OKMN,  will  contain  only  terms  outside  OKK',  all  of  which  are 
terms  in  the  residue  of  S'",,.  Hence,  since  all  the  terms  in  the 
array  (1)  are  positive,  we  can  make  the  sum  of  as  many  as  we 
please  of  the  terms  outside  OKMN  as  sntall  as  we  please,  by 
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nificiently  increasing  both  m  and  n.  Therefore  I)u„,n  ib  con- 
rei^nt  in  the  first  w&j,  and  coneeqiiently  in  all  four  ways. 

Combining  tiiese  results  with  Theorem  I.,  we  now  arrive  at 
the  following : — 

Theorem  TL  If  a  dtmbte  series  of  posiiive  terms  convert  in  any 
one  of  the  four  ways  to  the  limit  S,  it  also  converges  in  all  the  other 
three  ways  to  the  same  limit  S ;  and  the  subsidiary  single  series, 
hmzontal,  vertical,  and  diagonal,  are  all  convergent. 

Cor.  Any  single  series  2m„'  consisting  of  terms  selected  from 
^Uih,B  {itnder  Re^ridton  A)  will  be  a  convergent  series,  if  ^u^.n  ^ 
eonva-gent. 

Bestriction  A  will  here  take  the  form  that  n'  must  be  a 
function  of  m  and  n  whose  values  do  not  repeat,  and  which  is 
finite  for  finite  values  of  m  and  n. 

Example.  The  double  series  Sury  Is  convergent  for  all  valaea  of  z  and  y, 
Mich  that  0<a!<+l,  0<y<+l. 

For  tho  (ni  +  l)th  horizontal  Beries  is  s?"Zy",  which  converges  to  k~/(1  -y) 
»inceO-cy<  +  l.  Also  £r"/(l -J/Jconvergaa  to  1/(1 -2)(l-p)aiiicoO<*< +1. 

g  34.]  Absolutely  Convergent  Double  Series. — When  a  double 
series  is  such  that  it  remains  convergent  when  all  its  terms  are 
taken  positively,  it  is  said  to  be  Absolutely  Convergent. 

Any  convergent  series  whose  terms  are  all  ultimately  of  the 
same  sign  is  of  course  an  absolutely  convergent  series  according 
to  this  definition. 

It  is  also  obvious  that  all  the  propositions  which  we  have 
proved  regarding  the  convergency  of  double  series  consisting 
solely  of  positive  terms  are,  a  fortiori,  true  of  absolutely  conver- 
gent double  series,  for  restoring  the  negative  signs  will,  if  it 
affect  the  residues  at  all,  merely  render  them  less  than  before. 

In  particular,  from  Theorem  II.  we  deduce  the  following 
which  we  may  call  Caucht/s  test  for  the  absdute  convergency  of  a 
doable  series. 

Theorem  III.  If  «'„,„  be  the  numerical  or  positive  value  of 
»„_„,  and  if  aS,  the  horizontal  series  of  2m'„^„  be  convergent,  and  the 
turn  of  thar  sums  to  infinity  also  convergent,  then 

let.  The  Horizontal  Series  of  Si%,s  are  all  absolutely  convergerU, 
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and  the  mm  of  their  sums  to  infimty  converges  to  a  definite  finite 
limit  8. 

2nd.   Su„,n  converges  to  S  in  the  first  mu/. 

3rd,  AH  the  VerHeal  Series  are  absdiiidy  convergent,  and  th^ 
sum  of  their  sums  to  infinity  converges  to  S, 

4tb.  The  Diag<mai  Series  is  aisolutely  convergent,  and  converges 
UtS. 

5th,  Ang  series  formed  bg  taking  terms  from  2tt„,M  (under 
Be^rictwn  A)  is  absoliUelg  convergent. 

The  like  condtisions  also  follow,  if  cM  the  verOeal  series,  or  if  the 
diagonal  series  of  Su'„^„  be  convergent. 

Cor.  If  2w„  and  2ii„  be  each  absolutely  cmvergerU,  and  eoiaerge 
to  B  and  V  respectively,  then  2(«„Pi +  «„_,»,  + .  .  ,  +  tt,ti„)  M  oSso- 
htely  convergent,  and  converges  to  tiv. 

For  the  aeries  in  question  is  the  diagonal  series  of  the  double 
series  2w„p„,  which,  as  may  be  easily  shown,  satisfies  Caiichy'a 


This  is,  in  a  more  special  form,  the  theorem  already  proved 
in  §14. 

Eiunpla  1.  Find  the  coodition  that  the  doable  series  1  -t-  £(  -  )".C_Z'>~'^ 
(n>nt)  be  atiMilately  cocTergent ;  and  find  its  earn. 
The  «eriefl  may  be  arraiiged  thna : — 

l+a+a^-h  .  .  .  +«"+  .  .  , 

-y-iyx-Zyi?-  .  .  .  -(n  +  l)yif-  .  .  . 

+t/'+Sy^+6j^+.  .  .  +l(»+l)(n+a)ift!"+.  .  . 

(-r»-+(-}--tiC,r»:+(-)-,»fA!r^+.  .  .+{-)",M.Crfri-+, . . 

ir  z'  Mid  y*  be  the  moduli,  or  pMJtive  vtdaes,  or  x  and  y,  thou  the  aeriea 
Su'„,n  correaponding  to  the  sbove  trill  be 

l+X'+3f+.    .    .  +!"+.    .    . 

+  j/'  +  ay'z'  +  V^+-  -  .+(n  +  iyi''"+.  .  . 

In  order  that  tbe  horizontal  wriea  in  this  last  nuy  be  oonTOi^gent,  it  ii 
necessary  Mid  snHicient  that  x'<l. 

Also  T'n=v''*/(l-i^)'*+' ;  hence  the  necessary  and  lafficient  condition 
that  ST"™  be  convergent  is  tbat  y'<l-3!',  which  implies,  of  course,  that 
y'<l. 

Tbe  given  series  will  therefore  aatiefy  Caucby's  conditions  of  absolute  cod- 
vergency  if  tnodx<:l,  modz  +  mod{f<l,  and  consequently  also  mody-cl. 

Thftse  being  fulfilled,  wo  hsTO  T»  =  (  -  )-j"/(l  -i)"+' ; 
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^■=>4-,{--i^-.+  ...<-)-(A)-...}, 

_  __1 

l-x+y' 
ndthemimof  the  leriea  in  whateTBTordei  we  take  its  terms  U  1/(1- ai  +  p). 
Example  2.  If  «,=ic>'  +  ie>^  +  a^'^'+ .  .  ..  where  ii!<],  show  that 


2' 

^1*1- 

.=2«,^ 

!■•      X"-      ^ 

Lit  S  denots  the  series  on 

the  left. 

Then  S  may  be  w 

lesthns. 

^(■'V 

E''+X  + 

.  .+.■■+. .  0 

+|<»+"' 

+  ■>■  +  . 

.+.)•+...) 

+  ^{0  +  0 

t^+.  . 

.+■!'+.  ..) 

Now  each  of  the  Tertical  series  is  sbsolntel;  convergent,  and  we  have 
U,=a!»"(l-l/2-4-i)/(l-l)  =  a^(2-l/2").  2U,  la  of  the  game  order  of  con- 
vergence OM  ^e^,  hence  it  is  absolutelj  conve^nL  Also  all  the  t«nns  of  the 
double  serial  are  positiTe.  The  doable  series  therefore  satisfies  Cauchj's 
conditioiis;  and  its  sum  is  the  same  as  that  of  2U.,  orof  rr..     Now 

2T.=u./2°  +  uv'2'  +  «V2'-f-.  .  .; 
and  2tT,  =  Ia!'"(2-l/2"), 

Hence  the  theorem. 

§  35.]  Exaw^es  of  the  exertional  cases  that  arise  when  a  dmibU 
series  is  not  absottitdy  amvergetU.  It  may  help  to  accentuate  the 
points  of  the  foregoing  theory  if  we  give  an  example  or  tvo  of 
the  anomalies  that  arise  when  the  conditions  of  absolute  con- 
vergency  are  not  fulfilled 

Example  1.  It  is  easy  to  construct  double  sariea  whose  horizontal  and 
vertical  series  are  absolutely  convergent,  and  which  nevertheless  have  not  a 
definite  sum  of  the  first  kind  ;  but,  on  the  other  hand,  have  one  definite  sunt 
of  the  second  kind  and  another  of  the  third  hind. 

If  the  finite  sum  of  the  first  kind,  S...,  of  a  doable  series  be  k+^m,n), 
irhere  A  is  iDdependcDt  of  m  and  n,  then  it  is  easy  to  see  that 

•...-/i'».»)-/t"-i.»)-/t",»-i)+/t»-i.--i)- 

Henoe  tre  have  only  to  givey(m,n)  snch  a  form  that 
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ftnd  we  Bhall  have  s  Miiea  whoM  aams  of  the  second  and  third  kind  are  not 
alike,  and  which  conaeqnently  haa  no  definite  eum  of  the  Grat  kind, 

Suppoae,  for  example,  thatytiiijii)  — (m4-l)/(m  +  n  +  2),  then 
tfc,.,=(m  +  l)/(m  +  n  +  2)-m/(™  +  «+l)-(m  +  l)/('»+»  +  l)  +  '»/(»i  +  »), 
=  (m-n)/(m  +  «)(m  +  n  +  l)(m+n  +  2). 

It  ie  at  onc«  obrions  that  the  sums  of  the  second,  third,  and  fonrth  kind 
for  this  eeriee  are  all  different.  For  in  the  first  place  we  obaerre  that 
«_,,=  -Uii.a><  Hence  there  ie  a  "skew"  arrangement  of  the  teTTDi  in. the 
array  (1),  each  that  the  terma  equidistant  from  the  deiter  diagonal  of  the 
array  and  on  the  same  perpendicular  to  this  diagonal  are  eqnal  and  of  oppoait« 
sign,  thoee  on  the  diagonal  itself  being  zero.  Each  term  of  the  diagonal  serin 
£Da  la  therefore  zero  ;  and  the  sum  of  the  fourth  kind  ia  0. 

Also,  owing  to  the  arrangement  of  signs,  we  have  Ti.,a=  -  U..,. ;  and, 
since  each  of  the  horizontal  and  each  of  the  vertical  seriet  in  this  case  is 
convergent,  T„=  -  Um,  and  therefore  S'=  -  S*. 

Now 

T,^.=  I  ((«t+J)n/(v«+ii+2)-l/(w+«+l)}  -m{l/{M+«+l)-l/(m+n)H 
="m  +  l}{l/(»t  +  »  +  2)-l/(«i  +  2)}-«|l/(m  +  n  +  l)-l/(m  +  in. 

T^=-(m+l)Hm+2)+7AHm  +  l)=--iHvt+l){m+2). 

The  series  ZT_  ia  therefore  absolutely  convergent ;  and  its  sum  to  infini^ 
is  obviously  ~l-<-1/2= -1/2.  Hence  the  doable  seriea  has  for  its  sum 
~l/2,  +1/2,  or  0,  according  as  we  enm  it  in  the  second,  third,  or  fourth  way. 

At  first  eight,  the  reader  might  suppose  (seeing  that  the  horizontal  series 
are  all  absolutely  convergent,  and  th&t  the  sure  of  their  actual  sums  ia  also 
absolutely  convergent)  that  this  case  ia  a  violation  of  Canchy's  criterion. 
But  it  is  not  so.  For,  if  we  take  all  the  terms  in  the  mth  horizontal  series 
positively,  and  notice  that  the  terms  begin  to  be  negative  after  tn=n,  then 
we  see  that  Tm  the  sum  of  the  positive  values  of  the  terms  in  the  mth  series 
ie  given  by 

r,=  r  ««..-     S    »„,., 

=  (m  +  l){l/(2m  +  2)-l/(m  +  2)!-m{l/(2w+l)-l/(M  +  l)| 

-(TO  +  l){0-l/{2ni  +  2)!+miO-l/(2«  +  l)l, 

=  l-2m/(2«i  +  l)-(m  +  l)/(m  +  2)  +  m/(m  +  l), 

=(m»+7<t+J}/(m+l){m+2)(2w+l). 

Now  the  convergence  of  ST'.  Is  of  the  same  order  e*  that  of  Zl/m,  that  ia 
to  say,  IT"™  is  divergent  Hence  Cauchy's  conditions  are  not  fully  aatiafied  ; 
and  the  anomaly  pointed  out  above  cesses  to  be  sorprising.  The  present  case 
ia  an  eicellent  example  of  the  care  required  in  dealing  with  double  series 
which  are  wont  to  be  used  somewhat  recklessly  by  beginners  in  mathematics.* 

•  Before  Canchy  the  reckless  use  of  double  series  and  consequent  perplexity 
was  not  confined  to  bcginnen.  See  a  curious  paper  by  Babbsge,  Pkil.  Trans. 
B.S.L.  (1319). 
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Example  2.  The  donble  eerieB  E(  -  )*t*l/m",  whose  horiamtal  and  verti- 
cal  aeries  are  each  aemi-convergent,  converges  to  the  gum  (tog  2f  iu  the  ucond, 
third,  or  fourth  waj  (see  chap.  xiviiL,  S  9,  and  Ezercieea  XIIL  \i).  But 
alteration  in  the  order  of  the  terms  in  the  array  would  alter  the  sum  (aM 
chap.  zxviiL,  g  4,  Example  S). 

Example  3.  If  the  two  eeriea  ZOi,  and  £^n  convei^  to  a  aud  b  reapactively, 
and  at  least  one  of  them  be  absolatelj  convergent,  then  it  follows  from  %  11 
that  the  donblfl  Mries  ^aj>n  converges  to  the  same  anm,  namely  ab,  in  all  the 
fonr  ways,  although  it  is  not  absolutely  convergent,  and  ita  eum  ie  not  inde- 
pendent of  the  order  of  its  terme. 

The  same  also  follows  by  g  20,  Cor.,  provided  Za,,  Zi,,  S(a.fri  +  a.-iit 
-f  .  .  .  +aiiH)  he  all  convergent,  even  if  no  one  of  the  three  be  alwolately 
convergent* 

V,  however,  both  "La^  and  ££.  be  semi-convergent,  then  the  diagonal  series 
may  be  divergent,  although  the  series  converges  to  the  same  limit  iu  the 
eecond  and  third  way.  This  happens  with  the  series  2(  -  )"'+"l/(?nti)"  where 
a  is  a  quantity  lying  between  0  and  }.  This  series  obviously  convetges  to  the 
finite  limit  (1  -  l/2"  +  l/3*-  .  ,  .  j' in  the  second  and  third  ways.  For  the 
diagonal  series  we  have 


Hence,  if  a=i,  LD.<t2*;  and,  if  a<},  IjD.  =  «,  when  n  =  n.      Therefore 
ZD.  diverges  if  0  <  a  >^ }. 


IBIAOINABY   DOUBLE   SERIE3. 

g  36.]  After  what  has  been  laid  down  in  §  10,  it  will  be 
obvioua  that,  in  the  first  instance,  the  convei^gency  of  a  double 
series  of  imaginary  terms  involves  simply  the  convergency  of 
two  double  series,  each  consisting  of  real  terms  only. 

It  is  at  once  obvious  that  each  of  the  two  double  aeries, 
^(■n.ni  ^j3)H,n>  ^^  ^  absolutely  convergent  if  the  double  series 

*  See  Stolz,  AUgemeine  ArithmetO:,  Th.  I.,  p.  318. 
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2  V(o'»i,n  + /S'm.n)  "»  Convergent  Hence,  if  «'„,„  denote  the 
modulua  of  u„,„  -  a„,B  +  iiSm.m  we  see  that  2w,„,„  wiil  converge 
to  the  same  limit  in  all  four  ways  if  2u'„,„  be  convergent. 
In  this  case  we  say  that  the  imaginary  series  is  absolntely 
coQvei^ent. 

Since  all  tiie  terms  «'„,„  are  positive,  we  deduce  from 
Theorem  IL  the  following : — 

Theorem  IV.  If  all  the  hmeotUtU  series  in  the  double  series 
formed  by  the  moduli  of  the  terms  of  £u„,n  he  convergent,  and  the  sum 
of  (hMr  sums  to  inftnUy  be  aiso  convergent,  then  the  series  Sunt.n  w 
absolutely  convergent,  and  all  its  subsidiary  series  are  also  absolutely 
convergeni. 

Here  subsidiary  series  may  mean  any  series  formed  by  select- 
ing terms  from  Sum,»  under  Restriction  A.  Theorem  IV.,  of 
course,  includes  Theorem  III.  as  a  particular  case. 

§  37.]  The  following  simple  general  theorem  regarding  the 
coavergency  of  the  double  series  Tojn.ti^'T/^  wiU  be  of  use  in  a 
later  chapter. 

If  the  fiwduli  of  the  coe^icierUs  of  the  series  1^_„3?'y  have  a 
finite  upper  limit  A,  then  2(i„,„  a?^  is  absdviely  convergent  for  all 
values  of  x  and  y  such  that  mod  x<l,  mod  y  <  1. 

For,  if  dashes  be  used  to  indicate  moduli,  we  have,  by 
hypothesis,  a'^„J-A.  Hence  the  series  2a'„_„z'"y  is,  a  fortiori, 
convergent  if  the  series  IXx'^^y""  is  convergent ;  that  is,  if 
Se*"^"  is  convei^nt.  Now,  as  we  have  already  seen  {§  33), 
this  Last  aeries  is  convergent  provided  x'<  1  and  ^<  1.  Hence 
the  theorem  in  question. 


Examine  the  convergency  of  tha  series  whose  nth  terms  are  the  follov- 
ig:— 

(1.)  (l  +  n)/(l  +  »»).  (2.)  it'l{nP  +  a). 

(3.)  e-A.  (4.)  I/(n»±l). 

(6.)  iMn^-njIVi-VC"-!)!-  («■)  ■i-/(a-  +  =^). 

(7.)  (nl)^/{2n)!.-  (8.)  n*/"!- 

(6.)  Uy+^Viz-^))'".  (10.)  »log|(2»+l)/(2«-l)!-l. 
(H.)  1-3-6  .  .  .  (2»-l)/2-4-e  .  .  .  2n. 
(12.)  {l/r  +  l/2-+.  .  .  +  i/o/«". 
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(la.)  l/(a«  +  iX  <14-)  »/(«»'  +  *)■ 

(IS.)  vKm-\) .  .  .  (m-n+l)/«-.  (16.)  |(n +!)/(» +2)|-/». 

nT  \  av      1.1.  •  "•    jn(m+l)    in(>n+l)(ro+2)  .  . 

(17.)  sbo,  fb.1  it^.n/t  j.ti)(Uii  +  ■  ■  ■  "  '»'"^"' " 

diTOTgeDt  ucordiDgain-m:-  or  >1, 

(18.)  Sliowth4ta"-+a''**-'/(*t-'l+a'/*+"t-*-"'+"fl"+^+  .  .  .  iscanTerg- 
eat  OT  diyergent  ftCMrding  ia  a<:  or  <!/«.  (Bonrguet,  ifiruv.  Ann.,  ser. 
ii.,  t  18.) 

(19.)  Eiamina  the  ooQVBTgency  of  Zl/n'"^'!/", 

(20.)  Show  that  2!n''/(n  +  l]*^  u  conrergect  or  divergent  accordiiig  u 
a>  or  H.     (Bertnind.) 

(21.)  Sbow  that  £l/nl<^n{logIogn^' is  coDvergeot  or  dirergenb  accord- 
ing as  a>  or  <1. 

(22.)  Show  that  Zl/(n  +  l-t-cosnr)'  U  conTergent.  (Catalan,  TraiU  £l. 
d.  Siria,  p.  28.) 

Eismine  the  coD7ergeDc;  of  tlie  following  iofinite  prodncta :— 

(23.)  n{l+/(n)7-},  whera/(ji)  is  an  int«gr»l  function  of  n. 

(24.)  nKi*'  +  a!)/(a!»-  +  l)t.  (25.)  nlnt+'An-mn+'H- 

(26.)  If  ^(n)  be  coaveigent,  show  that,  whsn  n=a>, 

L(n(i.+/N  )("-="'- 

(27.)  If  p  denote  one  of  the  series  of  primes  2,  S,  6,  7,  11,  .  .  .,  then 
■^/ip)  >■  convergent  ir£/(p)/logpia  convergent.  (Bonnet,  LiouvUle's  Jour., 
Tui.  (ISIS),  and  Tchehichef,  it.,  xvii.  (1952).) 

(28.)  If  a:<l,  show  that  the  re uiainder  after  n  terms  of  tlie  series 
l'-z+2'a'+3'a!'+.  .  . 
ia<(«  +  l)'^V{l-(l  +  l/»)'»!- 

(29.)  If  ii«,  Ub  .  .  .,  Us  he  all  positive,  and  SUn«"  be  convergeDt  for  til 
Tallies  of  z*  <  a*,  then 


1-2 


I-    ».-(.+l>.*.^,+!IL!^fii'«V„-ta. 


will  be  convsigeut  between  the  same  limits  of  x. 

(SO.)  Point  ont  the  Callacj  of  the  following  reasoning : — 
Let  Z=l+i+i  +  .  .  .  adoo, 

then  log;j  =  l-i  +  i-l  +  .   ■  ■ 

=  (l  +  J  +  i  +  .   .  ,)_2(l  +  J  +  i  +  .  .   .) 
=  2-22/2  =  0. 

<81.)  If  p  uid  p' be  the  ratio*  of  convergence  of  Zl/P^l()l){I^^l}>-*>  and 
Sl/Pr(»){''"}'**'  (■»  S  8).  then  L(p,'-ft,)P^i(»)  =  a,  when  n=«.  Wliat 
condnaion  followa  regarding  the  convergence  of  the  two  Beries ! 

(32.)  If  2u.  ii  divergent,  then  ZUt^Sn-i"  Is  diveigent  if  a>l  (where 
Sa=i(i-f  Ui+  •  .  .  -t-Un),  and  Zi^Sn'^'  is  oouvergent  if  a>0.     Hence  show 
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tli«t  there  oan  be  no  fUuction  ^b)  snch  that  every  series  2uh  ia  convergeot  or 
divergent,  according  u  L  ^n>Ua=  or  ^0.    (Abel,  (Envra,  ii.,  p.  197.) 

(33.)  If  ZUn  be  any  convergent  seriea  whose  terms  are  vltinmtely  posidve, 
we  can  alwaja  find  another  convei^nt  serieai  Zv„  whose  terms  are  ultimately 
poutive,  and  such  that  Lt^Ua^m. 

If  Su„  be  any  divergent  eeriee  whose  terms  are  ultimately  positive,  we 
can  always  toA  another  divergent  series  whose  t«rma  are  ultimately  positive, 
and  such  that  Lu„/v„  =  «. 

(These  theorems  are  dae  to  Du  Bois-Rsymoud  and  Abel  respectively  ;  for 
concise  demonstrationa,  see  Thomas,  Ekmentart  Theorie  dtr  AnalytiKhen 
Funetiomn.     Halle,  ISSO.) 

(3*.)  If  «,ri.i/«,=(ii"+An^i  +  .  .  .)/(»-  +  A'«^'+.  .  .),  then  2««  will 
be  convergent  or  divergent  according  as  A-A'>  or  >-l.  (Gauss,  B'erte, 
Bd.  iii.,  p.  139.) 

(85.)  If  u»t.]/M,=a-|9/n  +  >/n*  +  i/»'+  .  .  .,  than  Sit,,  is  convergent  or 
divergent  according  as  a<  or  >1.  If  a=l,  Sun  is  convergent  only  if  i3=-l. 
(Schlomilch,  ZeUachr./.  MtUK.,  i.,  p.  74.) 

(36. )  Z1/uh  is  convergent  if  u,rhg  -  Su.^.!  +  u,  is  constant  or  ultimately  in- 
creaaea  with  n.     (lAorent,  Ntmv.  Ann.,  ser.  ii.,  t.  8.) 

(S7.)  If  the  terms  of  Zu,  are  ultimately  positive,  then — 

(I.)  If  Hn)  can  be  found  such  that  ^n)  is  positive,  Lf(n)ti„=0,  and 
L{f(n)u„/UH+i- V'('l  +  1)(  >0,  Suh  is  convergent. 

(II.)  If  f(n)  be  such  that  L^nK=0,  Li^a)ajtt,+i- f(fl  +  I)!  =0,  and 
L^»}uJj^n>uJu,+i-V<7H-])l*0,  2u.  is  divergent. 

(III.)  If  Un/u,^]  can  be  expanded  in  descending  powers  of  n,  Zu.  is  con- 
vei^nt  or'divergent  according  as  L(iiu,,/u,^i-(n+ 1)}  >  or  t>0. 

(IV.)  If  u„/u,t4.i  can  be  expanded  in  descending  powers  of  ii,  Zu,  is  coU' 
vergent  or  divergent  according  as  Lnu,-  or  ^=0.  (Eummer's  Criteria, 
CrOys  Jour.,  liii  (18S6)  and  ivi.) 

(38.)  If  the  terms  of  Zu„  be  ultimately  positive,  and  if,  on  and  after  a 
certain  value  of  n,  a^u,Jiin^i- a^is- il,  trhere  a.  is  a  fouctian  of  «  which 
is  always  positive  for  values  of  n  in  question,  and  fi  is  a  positive  constant, 
tlien  Zu,  ia  convergent. 

From  this  rule  can  be  dedocad  the  rules  of  Cauchy,  De  Morgan,  and 
Bertnnd.    (Jensen,  C!Mn;>(«*  Jbndus,  c.  vi.,  p.  729.    1838.) 

Disease  the  convergence  of  the  following  double  series : — 
(89.)  2(-)-i^/b.  (40.)  2(-l)-ir"/»l. 

(11.)  2{(n-l)-/n~+'-n~/(n+l)-t'l- 

(42,)  SjfVAm  +  «).  (43.)  21/(m  +  «)>. 

(44.)  Sl/(m  +  n).  (45.)  Sl/(m'-n»). 

(46.)  Under  what  restrictions  can  l/(l+x+y)be  expanded  in  a  double 
series  of  the  form  l+2A„.,iB^  I 

(47.)  If  Su,.,.  converge  to  S  in  the  first  way,  and  if  its  diagonal  series  be 
convergent,  show  that  the  diagonal  series  convergKa  to  S  also. 
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Deduce  Abel's  Tlieorem  regarding  the  product  of  two  semi-coDvergent 
ieri«8.    (See  Stolz,  Math.  Aim.,  xxiv.) 

(48.)  Ifu,^Un_i  canbe  expanded  in  a  seriesoftbeforml-t-ai/n+ag/n'+, . ., 
thow  that 

r.  irai=0,  (i]=0,  . . .,  a,^i=0,  ttfi^  0,  then  u„=4(+Vn/n>  where  u  ia  a 
diflnite  coDstant  ^  0  and  +  <o,  and  liv^  is  finite  irhen  n  =  a3. 

3°.  If  ixi  ^  0,  and  the  real  part  of  Oi  be  positive,  then  Lu„=n  when 

3°.  If  St  #  0,  and  the  red  part  of  ai — 0,  tiieu  Lub  ia  not  infinite,  but  is 
Dot  definite. 

1*.  If  oi  +  O,  and  the  real  part  of  Sibe  uegatife,  then  Ltifl=0. 

Applj  theie  retnlta  to  the  diacnssion  of  the  conTergeacy  of  ^a^,  and, 
ia  puticular,  to  the  Hypergeametric  Seiies,  and  t«  the  following  series  i — 

2^+,^»:-i-yO",    Zx"/fi^+".     2«(W(n.  +  ™)',     S(-)-,C,^(m  +  n}'. 
(See  Weientnui,    Uber  die   Thtorie   die   AntUytitchtn,    FiK!uWU.  —  OrtlU'i 

(49. )  Discoss  the  conTergence  of  S  »C„(a  -  b^)— '(i  +  «?)"- 
(GO.)  If  u.  and  n.  be  poiitiTe  for  all  vslnes  of  n,  nerer  increase  when  n 
incnasea,  and  he  soch  that  Lll,  =  0,  Ln,=Oi  when  n=« ,  find  the  nocesaary 
and  aofBdeot  condition  that  Z(uHVi-fU|.-ii^-t-.  .  .  + iiii^,)=2u.xSiv.    (Sev 
Friu^eim,  Malh.  Ajoi.,  Bd.  zxL) 
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CHAPTEE   XXVri. 
Binomial  and  Multinoinial  Series  for  any  Index. 

BINOMIAL   BERIES. 

§  1.]  We  have  already  shown  that,  when  m  ia  a  positive 
integer, 

(1  + 1)-  =  1  +  „C,ar  +  „Cy  + . .  .  +  „C^  + .  . .  +  „Cw^     (1 ), 
where  „Cn  =  m(m-l)  .  .  .  (m-n+l)/»!  (2). 

When  m  is  not  a  positive  integer,  „Cn,  althongh  it  has  still  a 
definite  analytical  meaning,  can  no  longer  be  taken  to  denote 
the  number  of  n-combinations  of  m  things;  hence  our  former 
demonstration  is  no  longer  applicable.  Moreover,  the  right-hand 
side  of  (1)  then  becomes  an  infinite  series,  and  has,  according 
to  the  principles  of  last  chapter,  no  definite  meaning  unless  the 
eeriea  be  convergent  In  cases  vhere  the  series  is  divergent 
there  cannot  be  any  question,  in  the  ordinary  sense  at  least, 
regarding  the  equivalence  of  the  two  sides  of  (1). 

As  has  already  been  shown,  the  series 

1  +  ™0,a;  +  „C^  +  .  .  .  +  «C»i?»  +  .  .  .  (3) 

is  convergent  when  x  has  any  real  value  between  -  1  and  +  1  ; 
also  when  x  =  +  1,  provided  m>  -  I ;  and  when  z=  -  i,  pro- 
vided m>  0.  We  propose  now  to  inquire,  whether  in  these  cases 
the  series  (3)  still  represents  (1  -tx)™  in  any  legitimate  sense. 

In  what  follows,  we  suppose  the  numerical  value  of  n>  to  be 
a  oommensunible  number;*  also,  for  the  present,  we  consider 

*  Ifnt  be  incommensurable  we  mmt  mppoEB  it  replaced  by  s  commeuBiir- 
able  approziniation  of  enffident  accuracy, 
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only  real  r&lues  of  x,  and  nnderatand  {1  +x)™  to  be  real  and 
positive. 

§  2.]  If  we  aasutne  that  (1+  x)™  can  be  expanded  in  a  con- 
vergent aeries  of  ascending  powers  of  x,  then  it  is  easily  shown 
that  the  coefficient  of  af  must  be  m(ni  -  1)  .  .  .  (m-n+l)/»l. 

For,  let 

(1  +  x)"  =  (Zo  +  dill!  +  a^  +  .  .  .  +  a„a;"  +  .  .  .        (1) 
where  a,  +  a,a!  +  a^+  .  .  .  +a^+  ...  (2) 

is  convergent  so  long  as  mod  x  <  B  (it  will  ultimately  appear 
thatR=:  1).  Then,  if  h  be  so  small  that  mod  (x  +  A)  <  R,  we  have 
(l+a:  +  A)'"  =  a,  +  a,{a:  +  A)4-o,(a!  +  A)'  +  ...  +  <i„<z  +  A)"  +  . . .  (3), 
the  aeries  in  (3)  being  convei^nt  by  hypotbesia. 

Hence  by  the  principles  of  last  chapter,  we  have 
(1  4-  a;  +  A)"  -  (1  +  a:)"'        {x-vh)-x        {z  +  k)'  -^ 

(l+a:  +  A)-(l+ij!)    ^"^  {x  +  k) -x'^ '^  {x  +  h)'-x  '^  '  '  ' 

the  Beriee  in  (4)  being  Btill  convergent  Hence,  if  we  majie 
h  =  0,  and  observe  that 

'■  (n..ti)-!it4  ° "■(■")'-■ 

{x  +  h)-x  ' 

by  chi^  zxv.,  §  12,  we  have 

m{\  +a!)'"-^  =  (i,  +  2a^+  .  .  .  +na„af"i+  .  .  .     (5), 

where  tJie  series  on  the  right  must  still  be  convergent  since 

L(»+ l)a„+i/»M„  =  Lii„+i/a„  when  »•■«.  Hence,  multiplying 
hy  1  +X,  ve  deduce 

m<l  +  «)"  =  », +  <a,  +  2a,)a!+. .  .  .  +  {na„  +  (n  +  l)o,+,}3?' +  .  .  ., 
that  is, 

ma,  +  mUiX  +  .  .  .  +  ma^  +  .  .  .  =  a,  +  (a,  +  2a,)a;  +  .  .  .  +  {»w„ 
4(«+l)a„+,}i»+.  .  .  (6). 
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By  chap.  zxvL,  §  21,  the  coefficients  of  the  powers  of  ic  on 
both  sides  of  (6)  must  be  equal.     Hence 

ffl,  =  ma„  2a,  =  (m  -  IK,  .  .  .,  (n  +  1K.+,  =  (m  -  nK, .  .  .  (7). 
From  (7)  we  deduce  at  once 
a,=ma„    a,  =  m(m~  l)aj2],  .  .  . 

an  =  m{m~-\)  .  .  .  (m-)i  + l)a,/n!,  .  .  . 

To  determine  a^  we  may  put  x^O.     We  then  get  from  (1), 

0,  =  1*"  =  1  (if  we  suppose,  as  usual,  the  real  positive  value  of 

any  root  involved  to  be  alone  in  question).     We  therefore  have 

(l+a)'»=l+2„C„ir»  (8). 

The  theorem  is  therefore  established ;  and  we  see  that  the 

hypothesis  under  which  we  started  is  not  contradicted  provided 

mod  z  <  1,  this  being  a  sufficient  condition  for  the  convergency  of 

§  3.]  Although  the  assumption  that  (1  +  x)"*  can  be  expanded 
in  a  series  of  ascending  powers  of  x  leads  to  no  contradiction  in 
the  process  of  determining  the  coefficients,  so  long  as  mod x<l; 
this  fact  can  scarcely  be  regarded  as  sufficient  evidence  for  the 
validity  of  a  theorem  so  fundamentally  important.  We  proceed, 
therefore,  to  establish  the  following  theorem  in  which  we  start 
from  the  series  in  the  first  instance. 

WJunever  ihe  series  1  +  Z„G,;j"  is  coavergent,  Us  sum  is  the  real 
potitux  value  of  (I  +  x)™. 

The  fundamental  idea  of  the  following  demonstration  is  due 
to  Euler ;  *  but  it  involves  important  additions,  due  mainly  to 
Cauchy,  which  were  necessary  to  make  it  accurate  according  to 
the  modfflu  view  of  the  nature  of  infinite  seriea 

Let  us  denote  the  series 

1+™C,K  +  „C^+  .  .  .  +„Cnaf+  ...  <1) 

by  the  symbol  f{m). 

So  long  as  -l-<x<+l,  /(t»)  is  an  absolutely  convergent 
series,  and  (by  chap,  xxvi.,  §  19)  is  a  continuous  function  both 
of  m  and  of  x. 

*  Ifov.  Comm.  iUng).,  t  xix.  (177G). 
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Hence,  tn,  and  m,  being  any  real  values  of  m,  we  have 
/(m,V(™^  =  {1  +  2„,C^}  {1  +  2,^0,^}. 
=  1  +2(„^C„  +  ^C.„,C„.,  +  ^C.„,C„-.  +  -  ■  ■  +«.C„>-    (2), 
wha«  the  last  written  series  is  convergent  (by  chap.  zzvL,  §  11), 
sinoe  the  two  series,  1  ■*■  S„,G^  and  1  +  £^,0,^,  am  absolutely 
convergent 

Now,  by  chap,  xxiii.,  §  8,  Cor.  5, 

miC„  +  oi,C|,ii,C^-i  +  Bi,C,ohCB_.+   .    .    .    +m,C„  =  m,-HB,C„; 

hence  /('».)A'».)  =  1  +  2™,+«,C,^, 

=f(m,  +  m.)  (3). 

In  like  muiner,  we  can  show  that 

f(mj  +  m,)fijnt)  =f{m,  +  m,  +  jti^ 
Hence  /(m,)/(m,l/(m,)  =  /(m,  +  »n,  +  m,) ; 

and,  in  general,  v  being  any  positive  int^er, 

/{m,)f(m,)  .  .  .  y(m,)  =/(m,  +  m,  +  .  .  .  +m,)     (t). 
This  result  may  be  called  the  Addiiion  Theorem  jot  tht 


If  in  (i)  we  put  t»,=m,=  .  .  .  =m,=  l,  Uien  we  deduce 

where  v  is  any  positive  integer. 

If  in  (4)  we  put  m,=m,=  .  .  .  =m,=i'/g,  where  p  and  g 
are  any  positive  integers,  and  also  put  f  =  g,  we  deduce 

{Mi))''M  («)■ 

Hence,  by  (6),  {fykW  -  {/(!))>•  (7). 

Agftin,  if  in  (3)  we  pat  iai=mfm,=  -  jn,  we  deduce 

f(,m)f(-m).f{m-m).m  (8). 

Hence  A -») '/lOWW  (9)- 

These  properties  of  the  series  (1)  hold  so  long  as  -  1  <i<+  1, 
and  they  are  snfiBcient  to  determine  its  sum  for  all  real  values 
of  m. 
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For,  Binee  ,C,-1,  ,C,  =  0, .  .  .,  iC„-0, .  .  .  ,C,  =  0,  ,C,  =  0, 
.  .  .,  ,C„  =  0, ...  we  have 

Suppose,  now,  m  to  be  a  positive  integer.     Then,  by  (5), 

(l+3;)"'=^m)=I+„C,3;  +  „C^+ .  .  .  +„C„3?"     (10), 

where  the  aeries  terminates,  since  mCn+i  =  0>  wPm+t  =  0,  .   .  . , 

when  m  is  a  positive  integer.     This  is  another  demonstration  of 

that  part  of  the  theorem  with  which  we  are  already  familiar. 

Next,  let  ffi  be  any  positive  commensurable  quantity,  aay 
p/g,  where  j>  and  q  are  positive  integers.     Then,  by  (7), 

Wrt))' -(!+«)'  (")• 

Henci  J{p/q)  is  one  of  the  qth  roots  of  the  positive*  quantity 
(1  +  z)P.  But  fipjq)  is  necessarily  real ;  hence,  if  (1  +  a^)'/' 
denote,  as  usual,  the  real  positive  ^h  root  of  (1  +  x)!*,  we  must 
have 

/)>/«)  =±(1 +')■"'  (12). 

The  only  remaning  question  is  the  sign  of  the  right-hand  side 
of  (12). 

Since  A?/?)  ^  ^  continuous  function  both  of  pjq  and  of  x,  its 
equivalent  ±  (1  +  x}'''i  must  be  &  continuous  function  both  of 
pjq  and  of  x.  Now  (1  -t-x)i^9  does  not  vanish  (or  become  in- 
finite) for  any  values  of  pjq  or  of  x  admissible  under  our  present 
hypothesis ;  and  being  the  equivalent  of  a  continuoua  Amotion  it 
cannot  change  sign  without  passing  through  0.  Hence  only  one 
of  the  two  possible  signs  is  admissible ;  and  we  can  settle  which 
by  considering  any  particular  case.  Now,  when  z  =  Q,  f{p/q)  =  +  1 . 
Hence  the  positive  sign  must  be  taken ;  and  we  establish  finally 
that 

f(plq)=+{l+x)P'-', 
that  is, 

(1 +«)"•=  l+„C.a!  +  „C^+.  .  .+„C,^  +  .  .  .       (13X 
when  m  is  any  positive  commensnrable  quantity. 

*  P<witiv«,  sinca-I<z<l,  bj  hypothesis. 
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Finally,  let  m  be  any  negative  commenaurable  quantity,  say 
m=  -m',  where  m'  is  a  real  positive  com  mensurable  quantity. 
By  (9)  we  have 

fi-'m:)=mif{^')  =  VM')- 

Hence,  by  (13), 

/(-m')  =  l/(l+^r, 

=  (1 +»;)-"', 
that  is, 

(l+a:)«=l+„C.a:  +  ™C/  +  .  .  .  +  „Crfi!»  +  .  .  .       (H), 
where  m  la  any  commensurable  negative  quantity. 

The  reaulta  of  (10),  (13),  and  (U)  establish  the  Binomial 
Theorem  for  all  values  of  x  such  that  -l<i<+l.  It  remains 
to  consider  the  extreme  cases. 

When  a;  =  +  1,  the  series  (I)  reduces  to 

1+B.C.  +  «C,  +  .  .  .  +  ™C„  +  .  .  . 
This  series  is   semi-convergent  if   -l<m<0,  absolutely  con- 
vergent if  m>0.     Hence,  by  Abel's  Theorem,  chap,  zxvi.,  §  20, 
(l+T^--^   L    {l+„C,a;  +  „C^  +  .  .  .+„C,^  +  .  .  .}, 

that  is, 

2'»=W™C.  +  „C,  +  .  .  .+„C„  +  .  .  .  (15), 

provided  m>  -1,  with  the  condition  that,  when  -l<m<0, 
tiie  order  of  the  terms  in  the  series  of  (15)  must  not  be  altered. 
If  0<x<I,  we  have,  by  the  general  case  already  established, 
(l-a:)"=l-„C,a;  +  „C.x'-.  .  .  (  -  )"„C„3?' + .  .  . 
Hence,  unce  the  series 

l-mC,+„C,-.  .  .  (-)"„C„  +  .  .  . 
IB  convergent  if  ni>  0,  we  have,  by  Abel's  Theorem, 
(l_rro)"=   L   (1-„C.:e  +  „C^-.  .  .(-)"„CrfK»  +  .  .  .), 

1=1-0 

that  is, 

0  =  1-„C,+„C,-.  .  .(-)"„C„  +  .  .  .        (16), 
provided  m  be  positive. 

The  resulta  of  (15)  and  (16)  complete  the  demonstration  of 
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the  Binomial  Theorem  in   all  cases  where   its   validity  is  in 
question. 

Cor.  If  x^y,  it  follows  from  the  above  result  that  we  can 
always  expand  {x  +  yf  in  an  absolutely  convet^nt  series.  We 
have  in  &ct,  it  x>tf,  that  is,  yjx <  1, 

{a;  +  y)'»  =  !i:^l  +  y/z)~ 
=  =«~{l+™C,(y/^)+„C.(y/z)'+.  .  .+„C„(y/^)-+.  .  .[, 
=  a!«  +  „C,a?»-'y  +  „C^-y  +  .  ..  +  „G^-y  +  .  .  .     (17); 
and  itx<y,  that  is,  x/g <  1, 

(x  +  y)»  =  y»(l+a:/y)". 
=  y-{l+„C,(z/y)  +  „C.<2/yy  +  .  .  .  +  „C„(^/y)'' + .  .  .J, 
=  y"  +  mCy"-'a;  +  „Ctf'»-V  +  .  .  .  +  mC„y"-'W  +  .  .  .     (18). 

If  m  be  a  positive  integer,  both  the  formulie  (17)  and  (18)  will 
be  admissible  because  both  series  terminate.  But,  if  tn  be  not  a 
positive  integer,  only  one  of  the  two  series  will  be  convergent. 

%  4.]  The  general  formuln  of  last  paragraph  contain  a  vast 
number  of  particular  cases.  To  help  the  atadent  to  detect  these 
particular  cases  under  the  various  disguieea  which  they  assiime, 
we  proceed  to  draw  hia  attention  to  several  of  the  more  com- 
monly occorring.  The  difiSculties  of  identification  are  in  reality 
in  most  cases  much  smaller  than  they  at  first  sight  appear.  We 
assume  in  all  cases  that  the  values  of  the  variables  are  such  that 
the  series  are  conveigent 

EiAiDple  1, 

{l+x)->  =  l-x  +  =?-  .  .  .+(_-y^+.  .  .; 
(l-»!)-i  =  l+iK+a!'+  ,  .  ,  +af+.  .  . 
For  {l+i)-'  =  l  +  2_,C,^i 

Md  _iC,=  -l(-l-l}(-l-2).  .  .{-l-a+l)/«l, 

=  (-)"1.3.3.  .  .n/»l, 

and  -iC,(-*)-=(-)-(-)-a!-=(-)»^ 


Example  2. 

tl+a^)-»=l-aE+8z'-. 

.  .  +  (-)-(«+l)af- 

{1-i)-'  =  1+2j;  +  3«'  +  . 

.  .+{»  +  l)z-  +  .  . 

r                         _rf;.=  -2(-2-l).  . 

.{-2-M  +  l)/nl, 

=  (-)-(n  +  l). 
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Enunple  8. 

(l+«)-'=l-Sx  +  &c>-.  .  .+(-H(n  +  l)("  +  2)a!-  +  . 

(l-at)-»=l  +  8a!  +  ea^  +  .  .  .  +  i('»  +  l)(»  +  2>i?'+ -  -  ■ 

Biunple  1. 

(l+i<!)'=l+i*-ia?+Aa!'-.  .  .+(-)"-'■ 
l.B.6. 


_,1.3.S.  ■  .  (2n-3) 


Exampla  5. 

1.3.5.  ■  .  {2n-l) 


(l-*r»=l+i!it+|ai'+A^+ 
Example  6. 


:m-2)(m-4).  .  .  (m-2w  +  2) 


liji+  f  wnm-»jtm-' 


.  m<m-a)(m- 4).  .  ■(m-a«  +  2)^ _^ 

2.4.(1.  .  .  2b  ■^  +  --- 

Example  7. 

dt^y-n-i'*''-""':'!'-  ■  -"—f-n',.; 

?.2j.3g.  .  .«« 

'        '  g.2q.3q  .  .  .  nq 

Ezampls  6. 

(1-,)— H-Z""'-^"-  |^;<-»»-'U 

It  win  be  obeerved  that  the  coefficient  of  a^  in  this  last  ezpaoMon,  when 
m  b  integral,  ie  (we  chap,  xxtv.,  g  10)  the  nninber  (^H,)  of  n-combination) 
of  m  things  when  lepetitian  ie  aUowed.     It  ia  therefore  osual  to  denote  this 
coefflctent  by  the  symbol  nHa,  m  being  now  Dnrestricted  in  valne.      We 
■hall  ratnni  to  thia  fanction  later  on. 
EzBDiple  9. 
H(H-a!)-+(l-*)-(=l+«(V+.C*r*+.  .  .+.C!».«*"+-  ■  ■; 
i{(l+xr-{.\-xr]=mO^+J^+  ■  ■  . +,.'V-|!i^'+ .  .  . 

UUimaU  Sign  of  Iht  Terms. — Infinite  Binomial  Series  belong 
to  one  or  other  of  tvo  clasaea  ae  regards  the  ultimate  sign  of 
the  terms — Ist,  those  in  which  the  signs  of  the  terms  ore  ulti- 
mately alt«niat6ly  positive  and  negative;  2nd,  those  in  which 
all  the  terms  are  ultimately  of  the  same  sign. 
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If  X  uid  m,  duDOte  poaitiTe  quontitiea  (m  of  coorse  not  a  poiitiTa  integer}, 

Ut.  Theexpuiiionsof  (l  +  z)~  and  (l  +  z)""  both  belong  to  the  fintelaM. 

In  <1  +3s'^  tlu  first  negative  t«rm  will  be  thtt  containing  a^t^,  when  » ia 

the  leaat  integer  which  exceeds  m.     In  (l+z)-~  the  Bret  negative  term  i«  of 

comae  the  second. 

2nd.  The  expansions  of  (!-»)",  (1-aj)-",  both  belong  to  the  second 
ekes.  In  (1  -x)"  the  terms  will  have  the  aame  sign  on  and  after  the  term 
in  a^,  n  being  the  least  integer  which  exceeds  m,  and  this  sign  will  be  +  or 
-  according  u  n  ii  even  or  odd.  In  (1  -  z)~"  all  the  terms  are  positive  after 
the  first. 

§  S.]  A  great  variety  of  eeriea  suitable  for  various  purposes 
can  be  readily  deduced  from  tbe  Binomial  Series ;  and,  conversely, 
many  series  can  be  summed  by  identifying  them  with  psrticular 
cases  of  the  Binomial  Series  itself,  or  with  some  series  deduoible 
from  it. 

The  following  cases  deserve  special  attention,  because  they 
include  so  many  of  the  series  usually  treated  in  elementary  text- 
books OS  particular  cases,  and  because  the  methods  by  which  the 
summation  is  effected  are  typical 

Consider  the  series  Z^n)„CnX",  where  ^n)  is  any  int^ral 
function  of  n  of  the  rth  degree.  Such  a,  series  sttiiida  in  the 
same  relation  to  the  simple  Binomial  Series  as  does  the  Integro- 
Geometric  to  the  simple  Geometric  Series.  We  may  therefore 
speak  of  it  as  an  Inlegro-Btnomial  Series. 

We  may  always,  by  the  process  of  chap,  v.,  g  22,  establish 
an  identity  of  the  following  kind, 

^n)  =  A.  +  A,n  +  A^w -  1)  + . . .  +  A^n -  1). .  .(n- r  +  1)   (1), 
where  A*,  A, ,  A,,  .  .  .,  A^  are  constants,  that  is,  are  independent 

Offl. 

We  can  therefore  write  the  general  term  of  the  Int^ro- 
Binomial  Series  in  the  following  form  : — 

^n)«CrfE-  =  A.„C„af*  +  A,»„C„:K"  +  .  .  .  +  A,M(n-l)  ... 

(n-r+l)„C,^, 
=  Aa„C„a:"  +  mA,a!„_,C„_ia?'-i 
+  m(m-l)A,a:'„_,C„.,a!»-*  +  .  .  .  +  m(m-  I).  .  . 
:   ;  {m-T+l)ArA.-rC^-r^-'      (2). 
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Hencci,  if  the  aniumatjon  proceed  from  0  to  oo ,  we  evidently 
hare 

2^'>)«C^  =  A,2„C„a:"  +  mA,!Ki„_,C„_,J!»->-f .  .  . 

D  0  1 

+  mim-l)...{m-r+  l)A,af|„.^„.,3*-'-  (3), 
=  Aa(l  +  ir)"  +  7nA,tc(l  +  a;)""*  +  .  .  . 

+  m<m  -  1)  .  . .  (m  -  J-  +  l)A,z'(l  +  ar)"--. 
Since  all  the  Binomial  Series  are  evidently  complete.*    Hence 
iW»)mC„*"  =  { A,  +  mA,zli\  +  it)  +  m{m  -  l)A,^l(l  +zy*.  .  . 
+  m(m-l)  .  .  .  <m-r+l)A^/(l+a:)'-}(l+x)'»       <4); 

and  the  summation  to  infinity  of  the  lutegro-Binomial  Series  is 
effected,  f 

The  formula  will  atill  apply  when  m  is  a  positive  integer, 
although  in  that  case  the  series  on  the  left  of  (4)  has  not  an 
infinite  number  of  terms.  The  only  peculiarity  is  that  a  number 
of  the  terms  within  the  crooked  bracket  on  the  right-hand  side 
of  (4)  may  become  zero. 

Cor,  ^e  can  in  general  sum  the  series  2.^n)„C„3;*/(n  +  a)(B  +  6) 
.  .  .  (n  +  k),  where  a,  b,  .  .  .,  k  are  vneqiud  potiiive  iniegers,  in 
aseeading  order  of  magnitude. 

For  by  introdncing  the  factors  »  +  1,  n  +  2,  .  .  .,  n  +  a  -  1, 
n  +  a+l,R-i-a  +  2,  .  .  .,  n  +  b-1,  &c.,  we  can  reduce  the  general 
term  to  the  form 

^«)™+tC„+tx"+*/(m  +  l)(m  +  2).  .  .{m  +  k)^       (S)  ; 

where  y^n)  is  an  integral  function  of  n,  namely,  •jtjrt)  multiplied 
by  all  the  factors  introduced, 

*  If  the  lower  limit  of  Bummation  be  not  0,  then  tlie  Binomia]  Series  on 
the  right-hand  side  of  (3]  will  not  all  be  complete,  and  the  aom  will  not  be 
Hmte  BO  simple  as  in  (1). 

t  It  JMj  be  remuked  that  the  aeries  la  evidently  conte^ent  when  x-cl. 
The  examination  of  the  conTergence  when  x=  1  will  form  t,  good  exerciM  on 
chmp.  xxvi. 
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Hence 

fU^Ui^lin  +  a){n  +  b)...{n  +  k) 

=  PlK«W»C„+»J?'+*)/(fl.+  lKm+2).  .  .{m+k)^    (6). 

The  summation  of  the  series  inside  the  crooked  bracket  may 
be  effected ;  for  it  is  an  Integro-Binomial  Series.  Hence  the 
sammatian  originally  proposed  is  always  possible. 

We  hare  not  indicated  the  lover  limit  of  the  annunation,  and 
it  is  immaterial  what  it  is.  Even  if  the  lower  limit  of  summa-. 
tion  be  0,  the  Binomial  Series  into  which  the  right-hand  aide  of 
{6)  is  decomposed  will  not  all  be  complete  (see  Example  6, 
below). 

It  should  also  be  noticed  that  this  method  will  not  apply  if 
m  be  such  that  any  of  the  &ctora  m+\,  m+2,  .  .  .,  m  +  k 
vanish.  In  such  cases  the  right-hand  side  of  (6)  would  become 
indeterminate,  and  the  evaluation  of  it^  limit  would  be  trouble- 
some. 

The  above  method  can  be  varied  in  several  ways,  which 
need  not  be  specified  in  detail  It  is  sufficient  to  add  that  by 
virtue  of  Abel's  Theorem  (chap,  xxvi.,  g  20)  all  the  above  aumma- 
tiona  hold  when  x=  ±1,  provided  the  series  involved  remain 
convergent 

Eiample  1.  To  expand  {x  +  y)^  in  s  higlilj  convergent  «eri«a  when  z  and 
y  are  nearly  equal     From  the  obvions  identities 

{(^+y)/2i,|-=i2j//(x  +  l/)l  — il-<^-»)/(»=  +  y)r-. 
{x  +  yy{lli.2x)'±ll{2y)~]  =  {l+{x-y)Hx  +  },)}-~±{l-{x-v)/('=-i-y)i~', 
we  deduce  at  ooce 

(:.+j)-  =  2-,-{l  +  24-)-H.(?^)"}, 

.nr{..«..C-if)-}, 

where    »H,=nt{m  +  l)  .  .  .  (m+»-l)/«l, 

g-+'anrf ,  ,  m{m  +  l}/a:-v\'  ,  m{w+l)(BH-2){m  +  3)  fx^V 
=  «f  +  ir  t^"^      21      [x-i-yj  *  11  \x  +  yj 


AU  thew  «eriei  are  highly  conveigeut,  since  («  -  y)/(a+y)  U  small. 


D,a,l,zc.bvG00gIe 


XXVI I 

EXAMPLES 

2.  To. 

UD  the  aeries 

hmr^'M'*- 

IfwedenotathLi 

K!rieBby«i  +  «s+u,+  . 

2.6. 

.  .{2  +  (n-2)3[  2- 

a  that 


in         w 

(-IK-i-nX-i-H).  - 


,li^„Q). 


=  1/^8. 
Therefore,  t(j+wi+«i+ .  .  .  =1-1/^3. 

Example  3.  To  snm  the  Mriee 

mtm-l)    m(nt-l)(m-2) 
m+        ^        +  ^2 

whsDeter  it  is  cosTergent. 
Bare  we  have 

^_^^    w(m-l)(iH-2).  .  .(m-n)^ 

_Pl<m-l)(m-l-l).  .  .  (m-l-«+l 

Hi 

«i+i<a+ui+.  .  .  =»t{l+,».iCi+«-iCi+.  .  -I 
=Ji({l+l}"-'=m2— 1, 
prarided  m  - 1  >  - 1,  that  ia  m  >  0. 

It  ihonld  be  obeerred  that  we  hare  at  once  from  3  2  (G)  the  equation 

m{l+x)-^'  =  l„Ci  +  2„Ca+.  .  . +Ji«C,af^'+ .  .  .  (I), 

from  wMob  the  abore  result  follows  by  putting  «=I. 

B;  repeating  the  process  of  g  2,  we  shonld  dednce  the  eqiutioii 
«(m-I)..  .{ro-t  +  l)(l+i>»-»=1.2...*»C,  +  2.8.  .  .(*  +  l)«C*tia!  +  .  .  . 

+(n-t+lKn-t+2).  .  .«»C.a!-*+.  .  .    (2), 
whence  it  follows  that 

m(m-l)...(m-i  +  l)2— *=1.2...*«C*+2.3,..{*  +  l)«Cn.i+...  (8), 
provided  m>-t.      These  Tesnlts  might  alM  be  easil;  established  by  the 
method  first  nsed. 

Example  t.  To  snm  the  series 

1.2.  .  .  *'^2.B.  .  .{i  +  l)'^8.4.  .  .  (t+2)        ' 
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Here  we  hftre 

.0^ 

"-+'   {«+lH«+2).  .  .(«+*)■ 

~(mTiKS  +  2).  .  .  (m+4^  ' 

(1+a.)-**  1 

{m  +  l)[ni  +  2),..(m  +  i><:'    (b.  +  1)(«.+  2).  ,  .  (m+t)i*'      "^ 

+  .  ■  ■  +»t*C,.^r»-'l +  {«!  +  «»+«•+■  ■  -J. 
Therefors 
«!+«.+«.+       -('+'r^*-l-.M*(V--^Ctf^--.--4*C.-.»^-'  a, 
»!  +  «.  +  «,  +  .  {m+l)(ni  +  2)  .  .  .  (m-i-ky  '*'' 

If  ni>  "k-l,  thugiTMOB  B  partJcnUr  case 

{2-+*-l-'"2"^,ti0.}/{m+l)(m  +  2).  .  .  (m+i)    (5). 

The  fonaake  (1),  (2),  (3),  {i),  and  (5)  contain  of  conne  a  conaidenbla 

Tuietj  of  particnlAT  caaei. 

Ezunple  E.  Eraloate  2i('„(Vc". 

Let  n*^A«  +  Ain  +  Ati>(n-l]  +  A^n-I}(n-2),  then  we  b&vs  the  follow- 
ing c4lcnUtian  to  determine  A«,  Ai,  Ai,  A)  (see  chap,  v.,  S  22). 
1  +0  +01  +  0  A«=0, 

1  0  +1+1 

1  +1I+1  A,=l, 

2  0  +2 

l|  +  3  A,=S,A,=1. 

Si^ii.C,ii>!'= 0 .  ZmO^  +  lmidL-iC«_,i^i  +  8Bi(m  -  l)z^2,,,-iC„-»i?^ 
0  0  1^  s 

+  m(m  - 1)  [m  -  2>iJIU-iC»-^-», 

=ou<l  +  *!)— '  +  Sm(«-lMl  +  !«ir->  +  m('»-l)(m-2>«\l  +  *r-», 
-  {«iW+»t(8Bi-l)i'+nu!}Cl  +1)—*. 
Examples.  Enltiate  Z.C^/(n+2)[n+l). 

,C^      _     (i.  +  1)(»  +  8).^Cm^»^ 
(»  +  2}(»  +  i)~a\m+l)[m  +  2)(m  +  a){m+4j' 
(n+ 1 )(»+ 8)  =»• +4»  +  3, 

«A,  +  A,{»+*)+Arf«  +  i}(»  +  8). 
1  +i  +3 
-4     0  -J  +0 

1  +0I  +  8  A,=  3, 

-8     0-8 

l|-8  Ai=-8,  A,=l. 
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cm  I  EXEBCISES  IX 

Wb  therafore  have 


{Sl^(U^^f^-^^  +  i> 


J.  [8  { (1  +  z)"t*  - 1  -  ^Ci^  -  ..t.C^t' 


+  (m  +  *)(fii  +  8>B>{(l  +  z)-+>-l-»t^i<!}l 

BXIROISBB  IX 
Eipuiil  each  of  the  following  in  ascending  powan  of  « to  5  terms ;  and  in 
each  CMe  write  dom  and  siinplir]'  the  coefficient  of  x'. 

(1.)  (!+=:)».  (2.)(l-x)-i.  (3.)  (!-«:)-» 

(4. )  (2  -  i<i)l.  (6. )  (a + 8a!)l.  {fl. )  ^(.^  -  >^). 

(7.)  y(l-«c).  (8.)  1/(1-Sa?)*.  (9.)  (z-l/a:)-. 

(10.)  Writedown  the  first  four  terms  in  the  ezpaosion  of  {{a+x)Ha~x)}i 
in  Mcending  power*  of  x. 

Detomine  the  nameric*!!}'  greatest  term  in 

(11.)  {S+*)i,  *<S.        (13.)  {2-8/2)'w.  (18.)  (l-S/?)-"*. 

(II.)  Find  the  greatest  term  In  (l-t-x)'',  when  z=f,  n=i. 
(IG.)  If  n  be  a  poBitive  integer,  find  the  greatest  term  in  (n  -  l/n)*~4^. 
(le.)  The  stun  of  the  middle  terms  of  (1  +xy  for  all  even  Tallies  of  n 
(including  0)  is  (l-4t)-*. 

(13.)  Show  that,  if  m  exceed  a  certain  ralne,  then 
^^_,  .  (w+l>«  ,  (w  +  l>m(w-l)(TO-B)  , 
■^      21       *  II 

(19.)  Sum  the  series 

.-i.H-nmtt,t2i);<fj^'-i.t3.)-<-,';''-"t . . ., 

for  each  valnes  of  m  as  reader  the  series  convergent 
<20.)  V»-J  +  4  +  |^.f    ■    ■ 

ran  "  '-    ■'     '■',"■' 
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176  EXERaSBS  IX  cEAr. 

(23.)  Sum  to  inGnity 

6*6.12*8.12.18^ 
(8t.)8niiitlMwriw 

«Hbi-1)+ J  j —  +  .  .  .  + -(,—2)1 +  .  .   ■. 

for  SQcli  Tilnea  of  m  u  render  the  aaries  convergenL 
(24.)  If  n  be  even,  aliaw  tb&t 

7i[th-2)  .  .  .  (2n-2}/l.S  .  .  .  (n-l)=2--'. 
(26.)  In  the  eipangion  of  {l-z)-»no  coefficieot  cku  be  «q<ul  to  the  next 
followiog  anleBB  ill  the  coefficients  are  eqoaL 
(29.)  Prore  hy  iniluctioii  that 

,  ._.m(m  +  l),  .m(m  +  l)  ■  ■  ■  (m-)-r-l)_(m+r)l 

i  +  B»+       ^       +  .  .  .   +  J.,  ro!r!    ' 

where  r  is  a  pontive  integer.    Hence  ehov  that,  if  x<  1, 

(27.)  The  mm  of  the  first  r  coeffidente  in  1/  :^(1  -  z) :  the  coeffident  of 
the  rdi  lerm  =  l  +  <i(r- 1)  :  1. 

(28.)  If  F(«)  =  l  +  ^  +  ^^+?<i±i].5^±^V+.  ...  the  aerie. 
being  abeolutelr  courei^iit,  then 

F(a)F(i)-F(«  +  i). 
What  ia  the  condition  for  the  conrergency  of  the  seriei  f 

(2S.)  Show  that 

J-,C,f+.cJ-.  .  .  =Il-i(n  +  l)*  +  li(l-«)-«V(«  +  l)(«+2)- 

Snm  the  foUowiog  series,  ao  br  aa  the;  are  convetgent ; — 
(30.)  2Cft-l)M«-l)  ■  •  •  (»t-n  +  l>«!"/nl,  fromn=l  to«  =  <». 
(31.)  S(-)"-"{n  +  l)('»  +  2)l-8-5  .  .  .  (2n-E)z"/«l,  rromn=0  toi»=». 
(32.)  Xm(in  +  1)  .  .  .  (m+n-l>c"/(tt+9)B!,  fromii=0  ton=«, 
(33.)  i:{n-l)'l.*.7  .  .  .  (8»-2)/(n  +  2)(n  +  8)n!,  from  n=I  to  »=•. 

(SI.)  Why  doe.  the  method  of  sammation  given  in  g  6  not  apply  to 

2ir/(»  +  l)I 

SERIES  DEDUCED  BT  EXPANaiON  OF  RATIONAL  FUNCTIONS  OF  X. 

%  6.]  Since  every  rational  function  of  x  can  be  expressed  in 
the  fonn  I  +  F,  where  I  is  an  integral  function  of  x,  and  F  a 
proper  rational  fnution,  and  since  F  can,  by  chap.  viiL,  §  7,  be 
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ixni  EXPANSION  OF  (2  -pi)/(l  -  JW  +  q3^)  177 

expressed  in  the  form  ZA.(a:  -  a)  -  ",  where  A  is  constant,  it  follows 
that  for  certain  v»Ines  ot  x  a.  rational  function  of  x  can  be  ex- 
panded in  a  series  of  ascending  powers  of  x,  and  for  certain 
o^er  values  of  x  in  a  series  of  descending  powers  of  x.*  We 
afaall  have  occasion  to  dwell  more  on  the  general  consequeDces  of 
this  result  in  a  later  chapter,  where  we  deal  with  the  theory  of 
Recurring  Series.  There  ore,  however,  certain  particular  cases 
which  may  with  advantage  be  studied  here. 

§  7.]  Serm  for  a^ressing  oT  +  ^and  (a»+>  -  j8"+')/(a  -  ^  in 
terms  of  aP  and  a  +  P,n  being  a  positive  integer. 

K  wo  denote  the  elementary  symmetric  functions  a  +  jS  and 
«^  by  ;>  and  q  respectively,  it  follows  from  chap,  xviii,  g  2,  that 
we  can  express  the  symmetric  functions  a"  +  /3",  (a"+'  -  /S""*"')/ 
(a  -  ^)  as  follows  ; — 

a»  +  ^  =  aj)»  +  a,j)»-^  +  . .  .  +  Orp^-^q^  + .  .  .  (1% 
{o*+>  -  y5"+^)/(a  -P)  =  b^  +  h^-^q  + . . .  +  i,f"-*s'-  + . . .  (2), 
where  both  series  terminate. 

By  the  methods  of  chap,  viii.,  g  8,  or  by  direct  verification 
we  can  establish  the  identity 

2-j«  2-(,  +  ^>r ^.^_        ,3V 

1  -px  +  gf      {I  -  ax){\  -px)~l-aX^l-lix         ^^'■ 

Now  if  z  be  (as  it  obviously  always  may  be)  taken  so  small 
that  jw  -  ga^  <  1,  we  have  by  the  Binomial  Theorem 

fZ^^^j^^(2-j«){I -0«:-jr>)}-i  =  (2-;«:){l +(;«!-5z^ 
+  (px-^'  +  .  .  .+{px-  ja^"  + .  .  .  }  (4). 

Now  (by  chap,  xxvi.,  §  34)if  z  be  taken  between  -a  and  +a, 
a  being  such  that  the  numerical  value  of  ±j>a±ja'<l,  that 
arrangement  of  signs  being  taken  which  makes  ±pa  ±  qa.'  greatest, 
then  each  of  the  terms  on  the  rightrhand  side  may  be  expanded 
in  powers  of  x  and  the  whole  rearranged  as  a  convergent  series 
proceeding  by  ascending  powers  of  z. 

*  Strietl;  speakiiig,  this  ia  as  jrgt  established  oolj  for  cwea  tvhero  a  ii 
real.  Th«  cues  wheio  a  ie  unaginuy  will,  bowerer,  be  covered  bj  tbs  ex- 
teosiou  of  the  Bmomisl  Theorem  giTsn  in  chap.  xxix. 
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8  a"  +  /?"  IN  TERMS  OF  a 

We  thus  find  that 
2-px 


=  {2-px){l+2(y»-„.,Cy-^  +  „..Cj^-V- 


1  -px  +  g: 

+(-n-rC,r-v+--K'i  (5). 

=  2{1  +  2  &c}  -pc[l  +  2  &c.}  (6). 

The  coefficient  of  a?*  on  the  rigbt-liand  Bide  of  (6)  is 
2{p"-„-,Cj>''-^  +  „..C^'-V+  ■  ■  ■  +(-)VrC,j>"-V 

+  ■  ■  ■}-?{?"-' -».,Cj)''-''s +  „..{>"- v  +  . . . 

Now 

2„.^-„.,..C,  =  n(«-r-l)(«-r-2)  .  .  .  (ft-2r+l)/r!. 
Hence 


-P^     ^ 


2.x{r-,V-«*'^V-v- 


I  -px  +  g3? 


,„(„-,-!)(„-, -2)...(„-2,tl)^..,^^l, 


Again 

r +  J  — w  =  { 1  +  ox  +  o'a:'  +  .   .  ,  +  a"a!"  +  .   .   .]  +  {l  ■*  ^ 

+  ^3f+  .  .  .  +^'+  .  .  .], 
=  2  +  S(a»  +  |8")i»  (8). 

All  the  series  Involved  in  (8)  will  be  absolutely  convergent, 
provided  z  be  taken  so  small  that  mod  ax  and  mod  /3x  are  each 
<  1.  Now,  by  (3),  the  series  in  (7)  and  (8)  must  be  identical 
Hence,  comparing  the  coefficiente  of  a?*,  we  must  have  (by  chap, 
xzvi.,  §  21) 


<9), 
As  we  have  indicated  (by  using  =  ),  the  equation  (9)  is  an 
algebraical  identity,  on  the  understandii^  that  p  stands  for  a  +  /3 
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uid  q  for  a/3.     The  last  tenn  will  or  will  not  contain  p  according 
tania  odd  or  eren. 

In  like  manner,  from  the  identity 


l-px  +  ^      \-(a  +  l3)x  +  a^J^      \l-<iX~l-^ia-t 

we  deduce 


nihject  to  the  same  remarlia  as  (9). 

It  we  write  the  aeriea  (9)  in  the  reverse  order,  and  observe 
that,  when  n  is  even,  =  2m  say,  only  even  powers  otp  occur,  and 
that  the  term  which  contains  ^  is 
/ _ !«-. 2in{m  +  3^1){m  +  3-2)  ,  .  .  (2s+l) 
^    '  (m-s)l  iri     > 

that  is, 

/     \m  1 2'"("'  +  s-  l)(«i-f-8--2).  ..(w>+  l)m(CT-  1). . . (m - s  +  1) 
'--'   '  (2i)! 

j^j— , 

tiut  IB, 


(2,)l  '-^      • 

tiien  we  Have 

r-a-if^-'H-  ^^,    V?-'--  ■ . 
.(-)--<'°'-"'(„),""'-'~Vr--..}  (n 

Similarly,  we  have 

a"»+i  + /3»»+> .  ( -  )»(2m  +  1)  I  «•«  -  !5Lii)2  j>,"-' 

(™  +  2Hrf-J^^ 

fi!  ^^ 

,(,.  » .  -  IK"-'  -  !■)  ■  ■  ■  K  -  '^■)  „._,  .■■.^,      1 

^     '^  (2»-l)!  ~^        ■■■) 

(9-). 
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(2s -1)1 

j^r-'+-  ■  ■}  <in 

Since  a  and  j6  are  the  rooU  of  the  quadratic  funcUon 
:^-ps  +  g,  we  may  replace  a  and  ^  in  the  above  identitiea  by 
J{y  +  «/(p*- 45)},  and  i  {i'~  ■^(p'~  *?)}  respectively.  H 
this  be  done,  and  we  at  the  same  time  put  p  =  x  and  -  4}  =  /, 
we  deduce  the  following : — 

n()i-r-l)(»-r-2)..,(n-2r+l)___,         ) 

»"<-fr''V— <-      ^,    ^'V-'<-  ■  ■  • 

..>--2')(n'-4-)...(.'-2T:2')  ) 

(2,)1  "^^^     +•■■}■ 

if  n  be  even ; 

.i{,^-'*  "<";ri5  ^-. ,  «"'=  mi  -_!■) 

*,..+  .(.'-- l')(.--3')...(.--2rT) 

'^        ■■■*  (3.+ 1)1 

it^+'f"-"-'  +  . . .    j  .  2  «  be  odd. 
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1  + 

■j(^*<n}'-{'- 

v/(i'  + 

J")}" 

;^-V+              («-r-l)(„-r-2) 

»-3)(« 
2!2 

X"    y+  .  .  ,  + 

rn" 

3!          i^ 

'+    .     . 

«(«■■- 2').  . 
(2, 
if  B  b6  even ; 

-1) 

41 

■}• 
-3J) 

n*- 

liXn'-S")  .  .  . 

»'-2. 

35 

}• 

(2>)1 
if  ti  be  odd. 

WlO"). 


These  aeries  are  important  in  connectioii  with  the  theory  of 
the  circnlar  and  hyperbolic  functions. 

§  8.]  A  alight  exteneion  of  the  method  of  last  paragraph 
enables  dh  to  find  exprasumt  for  the  sum  and  for  the  mmier  of 
r-ary  products  of  n  Utters  (repetition  of  each  letter  being  allowed). 

The  inverse  method  of  partial  fractions  gives  ns  the  identity 
l/(l-a,x)<l-a^)   .   .   .   (l-a^)^2A/l-a^)-i  (H 
where  A,  =  o«"-V(a.  -  «,)  (a.  -  «.)  .  .  .  {a,-a„). 

Also,  since  (1  -  o,a:)"^  =  1  +  2o/af,  we  have  (by  chap,  xxvi., 
§  14),  provided  x  be  taken  small  enough  to  secure  the  absolute 
convergency  of  all  the  series  involved, 

=  (1  +  2o,'-af)  (1  +  SotV)  .  .  .  (l+So^'af)       (2), 

where  „Kr  is  obviously  the  sum  of  all  the  r-ary  products  of 
a„  Of,  .  .  .  a„.  Since  the  coefficients  of  af  on  the  right-hand 
sides  of  (1)  and  (3)  most  be  equal,  we  have 

„K,^2a."+'-V(ci.-a,)K-<0   ■   ■   ■   (».-0         (4)- 
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If,  for  example,  there  be  three  letters,  a„  a„at,  wt  have 


~  ("i  -  <h)  ("i  -<h)     {".  -  "i)  (<h-<hi     K  -  "i)  {<h  -  <h) 

(«.  -  a.)  (a,  -  a,)  (a,  -  a.) 

If  TO  put  a,  =  0,=  .  .  .  =ii„=l,  then  each  of  the  terms  in 
„Kr  redacei  to  1,  and  „Er  becomes  „Hr.     Hence,  from  (3), 

{1-:e)-»=1+2JI^  (6). 

Equating  coefficients  of  tf  on  both  sides  of  (6),  ire  have 

»Hr  =  »(«  +  l)  .  .  ■  {n  +  r-l)lT], 

a  result  already  found  by  another  method  in  chap,  xziii.,  §  10. 

§  9.]  Some  interesting  results  can  be  obtained  by  expanding 
l/(y +  ^)(y  +  a;  + 1)  .  .  .  (^  + lE  +  n)  in  descending,  and  in  ascend- 
ing powers  of  y. 

If  we  write 

l/{y  +  '^)(y  +  ':+l)  ■  ■  ■  (s*=^^n)=XAJj,^x  +  r)-\ 
then  we  find,  by  the  method  of  chap,  viii.,  §  6,  that 

l=M-0(-r+l)-  .  -  (-1)1-2  .  ..  («-r). 
Hence       A,  =  ( -  )\C,./» ! . 

Therefore 

nl/(y  +  !.)(y  +  3;  +  l)...(y  +  >,  +  n)  =  2(-rHC,<y  +  x  +  r)->  (1). 
Hence,  if  F,,  P«  P„  .  .  .  denote  respectively  the  sum  of 
X,  X  +  1,  .  .  .,  z  +  n,  and  of  their  products  taken  2,  3,  ...  at  a 
time  (without  repetition),  we  have 

-2(-)'.C,{l  +  r(-)-(i-+ry}  (2), 
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where  we  sappoee  y  to  liave  a  ralue  bo  large  that  all  the  series 
involved  are  conveigent. 

Since  there  is  no  power  of  l/y  less  than  the  nth  on  the  left 
it  (2),  the  coefficient  of  any  such  power  on  the  right  must 
vaniah.     Therefore 

(x  +  ny~^C,(x  +  n-iy-t-^C'^x  +  n-2y-...{-)'V=0   (3), 
where  s  is  any  positive  integer  <  n. 

Equating  coefficiento  of  1/y*  l/y"+',  and  1/?"+^  we  find 
(z  +  n)"-nC.(z  +  n-l)»  +  „C.(^  +  n-2)''-.  .  . 

(-)"x"  =  n!  (4); 

(3:  +  ft)''+>-„C.(a:  +  ft-l)»+i  +  „C^3;  +  H-2)''+i-.  .  . 
(-)nj?'+i  =  nrp„ 

=  {n-^\y.{x  +  ^)  (5); 

{x  +  n)"*"  -  „C,{a:  +  n  -  1)"+=  +  „C,(ic  +  n  -  2)''+2  _ .  .  . 
( -)»af+!i  =  «!(?,' -P,), 

=  K«  +  2)I{ie'  +  TtE  +  -^jn{3H  +  1)}  (6); 

and  BO  on. 


Agiun  from  (1)  we  have 

where  Q„  Q„  Q^  .  .  .  are  reepectively  the  sum  of  l/x,  l/(a!  +  I), 
.  .  .,  i/{x  +  n),  and  the  BumB  of  their  products  taken  2,  3,  .  .  . 
at  a  time.  From  (7),  by  expanding  and  equating  coefficients  ol 
y,  we  get 

«l  (1     _I_  _1_  > 

x(x  +  l)  .  .  .  {z  +  n)U'^x  +  l*-  ■  ■  ■^C^  +  n)/ 

If  we  put  x=  I,  we  get  the  following  curious  relation  between 
thesumof  thereciprocalsof  I,  2,  .  .  .,  n ■»■  1,  and  the  recIprocalB 
of  their  squares : — 
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hill 


n+li      1' 


<-)V't)-  <»'■ 

g  10.]  We  have  now  exemplified  most  of  the  elementaiy 
processes  osed  in  the  transformation  of  Binomial  Series.  The 
following  additional  examples  may  be  iisefiil  in '  helping  the 
stadent  to  thread  the  intricacieB  of  this  favourite  field  of  exercise 
for  the  tyro  in  Mathematics. 

Eutmplal.  Find  tbe  coafficient  of  ir  in  theeipuudon  of  {l-z)'/(l-f  z)" 
in  uoending  powen  of  x. 

U  {l  +  x)-*''  =  l  +  2thf>f,  than  (l-i)'/(l+*)"  =  fl -2at+i?){I  +  So,.af). 
Hsuce  the  cocfflcieot  reqairsd  ii  a,-  20,-1  +  in-i-  If  ve Bobatitute ths  actual 
valiMt  of  0,,  a,_i,  a„-t,  ve  find  that 


a.-2fl.-,+<i._,  =  (-)-(]6«»-a»-l)5^ 


■  (fa-3) 


'  2.4.6  .  .  .  2n  ' 
Example  3.  It  J{x)  =  at  +  aix  +  a^  +  .  .  .,   then  the  coeffident  of  3f  id 
ths  elpandoQ  of/(zY(l-z)~  in  aKendiag  poirera  of  z  fa  n*  _Hr  +  Oi  »Hr-i 
+  <iii>Hr-i  +  .  .  .+1^     Thia  follows  at  once  from  the  eqnatioQ 
yi;z)/(l-j!)"'  =  (a,  +  2a^)(l  +  S^^). 
In  ptrticnlar,  if  wb  pnt^i)=(l-a)-"and  ni=l,  wededoee  that 
.rt.iH,=>H,+.H^i+.H^  +  .  .  .  +  1; 
and,  if  we  pat/;z)=(l  -a;)"",  we  deduce  that 

,^H,=«H,  +  _H^,  ,Hi  +  „Hr-s.B,  +  .  .  .+,H„ 
remlta  which  have  already  appeu«d,  in  the  particnlor  case  where  m  and  »  ara 
integral  (see  chap,  xiiii.,  g  10). 
Example  3.  Show  that 
«(V2+»+iCW2'+»+A/2'  +  .  -   ■  8d»=l  +  „C,  +  .C  +  .  .  .+,C^,    (1). 
Tho  left-hand  ride  of  (1}  ii  obvioual;  the  coefficient  of  if  in 

X  =  (1+!1!)~/2  +  (H-k)"+V2'  +  {1+j;)»^/2»+.   .   .  ftd». 
Now  X  =  i(l+z)ni  +  ill  +  zV2|+{(l+z)/2}"  +  .  .  .  ad«=], 

=(l+z)-/2il-(l+ii)/2},  if  we  suppose  Kl. 
=  (l  +  z)-/(l-z), 

=  l  +  E(l  +  ,Ci  +  „C  +  .  .  .  +  ,C.><!«, 
by  last  example.     Hence  the  tbaorem  folloin. 
Example  1.  Sum  the  aeriea 

n-3    («-4)(n-fi}    t«-S)(»-6)(«-7) 
2!  *  31  11 

being  a  pontiTe  integer. 
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The  equations  (9"' )  of  g  7  being  ilgebraical  identities,  we  may  enbetitDte 
tbamn  ftn?  ralnes  of  x  ind  y-V6  choose,  bo  long  u  no  ambigaitj  arises  in 
the  determination  of  the  funcUons  inTolved.  We  ma;,  for  example,  put 
z=  -  1  and  i/=2i.     We  thus  find 

{z■,+^}^{^l:l^2!•}■.,-H.-^). 

Hence,  if  u  and  u*  denote,  u  ntnal,  the  two  imaginary  cnbe  roola  of  +1, 

S={I+(-)"-'('^  +  "*')}/". 
If  we  eTilnate  i^  +  u^  for  the  foar  cases  where  n  ha 
BaJ:2,  Bm  +  S  (remembering  that  ii^  =  ],  a(-'  =  u', 
S  haa  the  valaes  -  1/n,  0,  S/n,  and  3/n  Teapectivel;. 

Example  G.  Snm  the  seriea 
S-1  4.  «t«-l)  ,  i>(»-l)(n-2)(it-S)    «(«-l)(»-2)(»-S)(n-<)<«-[i) 
°       ■^2(2r+l)'^    2.i(2r  +  lK2r  +  8)  2.*.6(2r  +  l)(2r+3)(2r  +  6) 

+.  .  . 
K  being  a  poeitiTe  integer. 

If  wedenotetheseiiesb;  l+ui-j-ui-i-ug-f-.  .  .,  than 


.  .  .  2»(2r+l)(2r+3)  .  . 
a'-)l(r+l)(r+2)  . 


-2j)l{2r  +  2»)!i: 

restricting  r  for  the  present  to  be  a  positive  int^er.    We  maj  therefore  write 
«!(2r}r 

"•-(¥+20  r 

Now  phC.  ia  the  coefficient  of  a?"  in  the  expansion  of  a^'^^d  +  1/a?)^ ;  that 
Is,  intheoipan»ionofa*-**{V(l  +  l/K')!''"t*-  Hence  2i(,i8  one  part  of  the 
coefflcient  of  a^  in  the  eipansion  of 

(n  +  2r)!^ 
Hence  2S  is  the  whole  coeCBcient  of  ^  in  the  expansion 


T-»i*C*+iiV 


|^[U  +  xV(l  +  l/:^}'^+|l-i.V(l  +  l/"!^}"**'I- 


^^^^{i+V(i+'^)}'^'+{i-V<i+^)|-*X 


Now,  by  9  7, 


=  2-t*-Jl  +  s' 


f,  .y(n  +  2r)(u  +  2r-«-l)(«  +  2r-«-8)...{«  +  2r-2»  +  l)^\ 
t  "~  ~~U)i  "  2^/' 


le  coefficient  of  a^  in  which  is 

(a  +  2r)(«  +  r-l)(n- 
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-2-M.-ill(2'-)J{™+2r)(n_+r-n  ! 

=  2-1  ("_+»- l)(n  +  '-j:_2)^L_('-+l) 
(»  +  2r-ljjn  +  2r-2).  .  .(Sr  +  l')' 
[b  thoa  effected  for  all  integral  values  of  r.  So  far,  how- 
ever, as  r  u  coucemed,  ths  formula  arrived  at  might  be  reduced  to  an 
idnitity  batween  tiro  integral  fnnctions  of  r  of  finite  degree.  Suidb  we  have 
■bown  that  thia  ideutit;  holds  for  an  infinite  number  of  particular  valnea  of 
r.  It  must  (chap,  v.,  B  IS)  bold  for  all  valnea  of  r.  The  mmmation  is  there- 
fore genend  so  far  as  r  is  co&canied. 

BxKBOtSBS  2. 

Find  the  coefficient  of  af  in  the  expansion  of  the  following  in  ascending 
powers  of  ic 

(1.)  xHx~a)(_x-b)(p-c).  (2.)  a-M/(z-o)(x-J){«~e). 

(S, )  af***l(x  -  o)  (*  -  i)  (a:  -  c),  where  m  ia  a  positive  integer  <  r  -  3. 
(i.)  {t~x)Hi-x)a-xy>.  .       (6.)  2a^/(!B-l)'(z'-(-l). 

(e.)(i-j«)-(i-jie)--. 

(7.)  If  (I  -  33:)*/(l  -  2z)*  be  expanded  in  ascending  powers  of  x,  the  co- 
efficient of  le"!'  '  is  ( - l)"(r - 2n)V~',  n  and  r  being  positive  iategcre. 

(8.)  Find  the  numericallj  greatest  term  in  the  expansion  of  [a-x)J(b  +  x)* 
in  ascending  powers  of  x. 

(0.)  Show  that 
(x+P){x  +  -ip)...{x  +  «?i 

-'^!.'-'   -—(FJr "^^' 

and  hence  show  that 

(10.)  If  w  be  a  positive  integer,  show  that 

1--C,+»C-  .  .  .<-)-MC.=t-)-^,C.. 
(11.)  If  n  be  an  even  positive  integer, 

,C.-»C,^i._Oi-t-,.C-,..C-.  .  .-*-.C.=(-)"'>_CW>. 
(12.)  If  m  and  n  be  positive  integers,  show  that 
■Ct-«jiC,-i-«Ci-(»-i)/9C,.i-t-»C4-(>>-iuiC^-f-.  ■  ■ -<-.Cte-(«-»>uA 
_m'(in'-g').  .  .  (m'-2n-2') 
(2»)  1 
«C, .  i^viiP,  +  M  ■  («-»V5C,.i  +  ,C,  -  (»^jC.-i  +^ .  +  »C^, .  ,„-»^i)„C 
_w(m'-l'Km'-3').  .  ■(m'-2«-i') 
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(18.)  Show,  by  Bqn«tiiigco«fflciflnUintlieeip«nBionof  (I-aj-")"^!  -a;)-" 
where  ni  U  s  positive  Integer,  th»t 

*-"+ — ?o7w— +  ■   ■  ■    +(-!)" ;„,„ =  0. 


,C,-,(ii+.C.i-  ...  =0. 

(16.)  U{l+x)-*=l+a,x*a^'+  . . .,  sum  the  series  l-«,+iii -o,+  .  .  . 

(19.)  If  {l+xf=J+aiK+a^+  .  .  ,.  then   l-oi'+u,'-  .   .   .   = 
(-l)-2»<2«-l).  .  .  (n  +  l)/n!. 

_r!_     2V  +  1)I  (-I)^(2r)l_(-1)- 

^^'•' r1ir(r-l)l8I         "   "         0f(2r  +  l)!   "2r+l' 

(18. )  'i"l/4'^rl)'i2n  -  2r)! = (4»)i/l-  {(2n) !}  >. 

(19.)  8umtonterm«2(2»i-2}l/2*^'n{(»-l)Ii'. 
(SO.)  Sum  thewriea 

(21.)  Find  for  what  valaca  of  n  the  following  series  sra  coDTergent ;  and 
show  that  when  tbey  &re  conTergeut  their  sums  are  u  given  below. 

1      «      1      ,«(n-I)     1 (m-l)I 

m~l!i«  +  l''      2!      m  +  2     '  '  "  "(n+l)(»i  +  2)  .  .  .  (n+ir.)  ' 

In      1        n(n-l)     1 (m-l)1_     _(_^(,     .o-M 

w     llm+1^      2t      m+2  (»  +  l)(ji  +  2) .  .  .  (jH-ro)^"**^^' 

--*.(V.2-l*+.  .  .+(-)— '2'^  +  (-)~ll, 
m  ID  both  cases  being  s  poMtive  iatf^er. 


(28.)  's"  's"fr+''"'^+ft-'--^»^<m+,  +  l)l 

'     '  ,^0    j-0  rUl(m-r) I («-»)]  mini 

(24.)  The  number  of  the  r-aij  prodncts  of  three  letters,  none  of  which  is 
to  be  raised  to  a  power  >  the  nth,  where  n  <  r  <  2ii,  is 
r(8»-r)  +  l-|7i{n-l). 
[26.)  Prove,  tor  a,  b,  e,  that  Xa'Ha-b)[a-c)=0,  ifr=0,  orr=l  ;  =1, 
if  r— 2  ;  and  genelslise  the  theorem. 

(20.)  Show  that 

n(i-e)(ii!-aa')(g»-g''-)    i(<  -  a)(at  -  M')(6- -  i'-)     c{a-b)(ai-af){tf'-^~) 

a-a!      '        ""^  b-b'  ■**  c-e" 

=  (6-e){e-«)l(.-J)(6e-aa')(oa-BJ')(ai-«^)S_/ttfc, 

where  aa'=bb'=c^,  and  S^-j  is  the  sotn   of  the  (n(-3)-ai7  prodncta  of 

a,b.e,  a',  V,  €.  (Hath.  Trip.,  1680.) 
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<S7.]  If  8f  be  the  som  of  the  r-trj  prodncts  of  the  roota  of  the  equation 

if + oise^'^ + a^r-' •*■ .  .  .  +a,=0,  then 

0  =  8i  +  8n»i  +  (ii, 

0=S,+  a..,o,  +  S„_ja,+  .  .  .  +a,. 

0  =  S,+  Sr-iai  +  8,-^+.  .  . +8_n,. 

(WrooakL) 
(28. )  If  3,  be  the  sum  of  the  r-aiy  products  of  n  letters,  P,  the  snm  of  the 
products  r  at  a  time,  £,  the  eam  of  their  rth  powers,  then 

S,=nS,-{n-l)P,S^,+  .  .  .   +{-inn-r)P„ifr<n-l. 
=nS,-{n-l)P,8,^,+  .  .  .    +{-l)""P..,8_^,,irr->«-l. 

(Meth.  Trip.,  1882.) 
(29.)  If  i)=(l-ax]-'(l-^)~'.  .  .,  the  number  of  ways  of  distribntini;  n 
thiuga,  \  of  which  are  of  one  sort,  /t  of  another  sort,  .  .  .,  into  p  boxes 
placed  in  a  row  is  the  coefficient  of  ^o^^  .  .  .  in  the  expulsion  of  (o- 1)' in 
ascending  powers  of  z,  naraelj, 

«i-,Cit(»+,CjUi-  .  .  ., 
where  a,  =  {p+\-t)'.ip  +  it-»)L  .  . /(y-«)  lX!(p-»)l/tI.  .  . 

(Math.  Trip.,  1SS8.) 
(30. )  'With  the  same  data  as  in  last  question,  show  that  the  whole  namber 
of  wajs  of  distributing  the  things  when  the  order  in  which  they  are  arranged 
indde  each  box  ia  attended  to  is 

nl(«-l)l/(n-p)I(j7-l)lM/ilrl.  .  . 

(Math.  Trip.,  1SS8.) 

Show  that 

(31.)  1  +  1/2+.  .  .  +l/ii;=,Ci-iA  +  i.Cs-  .  .  . 

tSS!.)  1 31      ■*+  6,  ^     ■      ■~2n.  +  r 

,33.)  i-^;2.^"!J!^iv-'"'t'-'-';i""'-^'2'^. . .  =(-1)". 

(84.)  If  m  and  n  are  both  positive  integers,  and  m>M,  then 


-IL fm-.i)(.^-n-l)(m-n-2)(m-«-3) 

,,,.-.„.^^        "^  2!('»  +  2)l 

1.3.5  .  .  .  (2PI-I) 
■   ■   ■   -  (m  +  n)l 

(35.)  If  r  be  a  positive  intefter, 
.  jl^'^,  1  f^-l'»'"-g'>_.  I  (''-n(^-g)(''-9')^  I     .  .J. 
=  (a:  +  2)^'-n^(>!+2}^  +  ^C,():  +  2)^-,-.Ci(i  +  2)'^^+  .  ■  ■ 
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HULTINOUUL  THSOREM  FOE  ANY   INDEX. 

§  11.]  Consider  the  integral  function  a,x  +  a,;^+  .  .  .  +a^, 
whose  absolute  term  vanishea,  the  rest  of  the  coefficients  being 
real  quantities  positive  or  negative.  Confining  ourselves  in  the 
meantime  to  real  values  of  x,  we  see,  since  the  function  vanishes 
irbeo  2  =  0,  that  it  will  in  all  coses  be  possible  to  assign  a  posi- 
tive quantity  p  such  that  for  all  v^ues  of  x  between  -  p  and  +  p 
we  shall  have 

a^x  +  0^  +  .  .  .  +  a^  <  1  (1 ). 

In  fact,  it  will  be  sufficient  if  f>  be  such  that 
ap  +  ap  +  .  .  .  +ap^  <\ 
where  a  is  the  numerical  value  of  the   numerically  greatest 
among  a,,  a„  .  .  .,  a,.     That  is,  it  will  be  sufficient  if 

Mi-rt/a-p)"!; 

a  fortiori  (supposing  p<\)  it  will  be  sufficient  if 

ap/(l-p)<l; 
that  is,  if  p<l/(o+l)»  (2). 

p  is,  in  fact,  the  numerically  least  among  the  roots  of  the 
two  equations 

(^af  +  .  .  .  +  a,x  ±  1  =  6, 
as  may  be  seen  by  considering  the  graph  of  a,:tf  -i-  .  .  .  +  a,z. 

Therefore,  whether  m  be  int^ral  or  not,  provided 
~p<x<  -t- p  we  can  always  expand  (1  +  a,x  +  a^  + .  .  .  +  i^af)" 
in  the  form 

l+2„CXfl,a!  +  ay+.  .  .+a^y  (3); 

and  the  series  (3)  will  be  aiadutely  convergent  whether  m  be 
positive  or  negative.  Hence,  sinoe  a,x  +  a^  +...■¥  a^  ia  a 
terminating  series  and  therefore  has  a  finite  value  for  all  values 
of  X  positive  or  negative,  it  follows  from  the  principle  established 
in  chap,  zzvi.,  §  34,  that  we  may  arrange  (3)  according  to  powers 

*  This  IB  merely  &  lower  timit  for  p  \  in  snj  indiridual  ca«  it  wonld  in 
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of  X,  &nd  the  result  wilt  be  a  power  series  which  will  converge  to 
the  sum  (1  +a,»;  +  a^+  .  .  .  +0^)"*  so  long  as  ~p<x<  +  p. 

Since  sib  a  positive  integer,  we  can  expand  „C,  (oiX  +  a^  + 
.  .  .+  a^)'  by  the  formula  of  chap,  zziii.,  §  1 2.  The  coefficient 
of  «"  in  this  expansion  will  be 

2„C,S  !  fl,"'0  .    .    .  Or"'/". !  a,  t  .    .    .  a,  ! , 

that  is, 

•2a^a^...a^^itt{m~\)..  .  (m-s+ l)/a.l«,! .  .  .  a,!     (4), 
where  the  summation  extends  over  dl  positive  integral  values  of 
a,,  a,, .  .  .,  Or,  including  0,  which  are  such  that 

a,  +  a,+  ...+ar  =  «l  ,g, 

Oi  +  2a,  +  .   .   .  +  ra,  =  B  i"  '■ 

In  order,  therefore,  to  find  the  coefhcient  of  3f>  in  (3)  we  have 
merely  to  extend  the  summation  in  (4)  so  as  to  include  ail 
values  of  s ;  in  other  words,  to  drop  the  first  of  the  two  restric- 
tions in  (5). 

Heace,  whether  m  be  inie^al  or  not,  provided  x  be  small  ewmgh, 
we  haw 
{1  +a,x  +  a^  +  ,  .  .  +  0^" 

.  1  +  2*LzJi^^j_liSZ^i±iVV  .  .  .  «,V  (6X 

OKsammaiim  to  be  extended  tmr  allpmtive  inlegrai  values  of  a„  a,, 
.  .  .,  Or,  indvding  0,  such  lh(U 

tti  +  2a,  +  .  .  .  +  ro,  =  n. 

The  details  of  the  evaluation  of  the  coefficient  in  any  parti- 
cular case  are  much  the  same  as  in  chap,  zxiii.,  §  12,  Example  3, 
and  need  not  be  fartJier  illustrated.  It  need  scarcely  be  added 
that  when  n  is  very  large  the  calculation  is  tedious.  In  some 
cases  it  can  be  avoided  by  transforming  I  -(-  a,x  +  o^z*  -f .  .  .  +  a,^ 
before  applying  the  Binomial  Expansion,  but  in  most  cases  the 
application  of  the  above  formula  is  in  the  end  both  quickest  and 
most  conducive  to  accuracy. 
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Eumple.  To  find  the  coefficient  of  ii^  in  (l+aj+i*.  .  . +z')-. 

WehaTe 

(l+a:  +  ic>+.  .  .  +afT={{l-2r^)l{l-x)\"'. 

=  {l-z-«)-Hl+i;.H^). 
Hence,  if  n-cr  +  1,  the  coefficient  of  z"  is  simplj 

,H,=  ni(m+l).  .  .(m  +  «-l)/n!; 
bnt  if  w-^r+l,  the  coefficient  of  i^is 

i>Hn  -  mPl  -  nUii-r-I  +  wCi .  nHn^ir-l  —  .    -    . 


NUMERICAL  AFFROXIHATIOH  BT  MEANS  OP  TBE  BINOMUL 
TERORBM. 

g  13.]  The  Binomial  ExpauBion  may  be  used  for  the  purpose 
of  ftpprozimatiag  to  the  nnmerical  value  of  (1  +  x)".  Accordii^ 
as  we  retain  the  first  two,  the  first  three,  .  .  .,  the  first  n  -^  1 
terms  of  the  series  1  +  „C|X  -i-  nC^  +  .  .  .,  we  may  be  said  to 
take  a  firet,  a  second,  ...  an  nth  approximatioQ  to  (I  +  x)". 

The  principal  points  to  be  attended  to  are — 

1st,  To  include  in  our  approximation  the  terms  of  greatest 
nnmerical  value ;  in  other  words,  to  take  n  bo  great  that  the 
nnmericall^  greatest  term,  at  least^  is  included. 

2nd,  To  take  n  so  great  that  the  residue  of  the  series  is  cer- 
tainly less  than  half  a  unit  in  the  decimal  place  next  aftor  that 
to  which  absolute  accuracy  is  required. 

3rd,  To  calculate  each  of  the  terms  retained  to  such  a  degree 
of  accuracy  that  the  accumulated  error  from  the  neglected  digite 
in  all  the  terms  retained  is  less  a  unit  in  the  place  next  after 
that  to  which  absolute  accuracy  is  required. 

The  last  condition  is  easily  secured  by  a  little  attention  in 
each  particular  case.     We  proceed  to  discuss  the  oUier  two. 

g  1 3.]  The  order  of  the  nvmerieaXly  ^eatest  term. 

In  the  case  of  the  Binomial  Series  (1  +  xf*,  if  f  denote  the 
numerical  value  of  x,  so  that  0  <  f  <  1 ,  we  have  for  the  numerical 
value  of  the  convergencyratio  w„+i/i*n 
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""     ^m* n+1^' 

according  as  m  -  n  is  positive  or  negative. 

Hence  it  is  obvious,  in  the  first  place,  that  if  ~l^m<+l, 
that  ia,  if  m  be  a  positive  or  negative  proper  fraction,  the  condi- 
tion (r„  <  1  is  satisfied  from  the  very  beginning,  and  the  first 
term  will  be  the  greatest. 

If  m>  +  I,  the  condition  <rB<l  is  obvionaly  satisfied  for  any 
value  of  n  which  exceeds  m;  in  fact,  the  conditJon  will  be  satis- 
fied as  soon  as 

(m-n)f<«+I, 
that  is,  n>(mf  -  1)/(1  +  g)  (2), 

the  right-hand  side  of  which  is  obviously  leas  than  m.     This  con- 
dition is  satisfied  &om  the  beginning  if  f  <  3/(m  -  1). 

If  m  be<-l=  -/t,  say,  where  /*>  1,  the  condition  <r„ <  1 
will  be  satisfied  as  soon  as 

(fi  +  n)l  <n  +  1, 
that  is,  n>(j^-l)/(l-^)  (3). 

This  condition  is  satisfied  from  the  beginning  if  f  <  2/(/i  +  1). 

§  14.]  Upper  limit  of  the  rmdue.  We  have  seen  that,  ulti- 
mately, the  terms  of  a  Binomial  Series  either  (1)  alternate  in  sign 
or  (2)  are  of  constant  sign. 

To  the  first  of  these  classes  belong  the  expansions  of  (1  +  x)"* 
and  (1  -<-  x)"^,  where  x  and  m  are  positive. 

If  n  be  greater  than  the  order  of  the  numerically  greatest 
tenn,  and  in  t^e  case  of  (1  -i-  x)*"  (see  %  4)  also  >  m,  then  the 
residue  may  be  written  in  the  form 

E»=±K+.- «,»+.  +  «„+.-.  .  .)  (1), 

where  Un+i,  Un+n  Un+B  -  ■  -  are  the  numerical  values  of  the 
various  terms,  and  we  have  Wn+i>'*B+.>WB+»>  ■  ■  - 

Hence,  in  the  present  case,  the  error  committed  by  taking  an 
nth  approximation  is  numerically  less  than  u„.).i.    In  other  words, 
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^  vx  ttcp  at  the  term  of  the  nth  order,  thefoUoaing  term  is  an  upper 
timii  for  the  error  of  the  approximaiion. 

Cor.  A  loaer  Imut  for  the  error  is  obtwusli/  u„+,  -  w^+p 

The  expandons  of  (1  -  x)™  and  (1  -  x)~™  belong  to  the 
second  class  of  series,  in  which  the  terms  aie  all  ultimately  of  the 
same  sign.  It  will  be  convenient  to  consider  these  two  expan- 
sions separately. 

In  the  case  of  (1  -a;)",  if  we  take  n>«i,  then  we  shall 
certainly  include  the  numerically  greatest  term;  and  o-^  the 
numerical  value  of  the  convei^ency-ratio,  will  be  (n  -  m)xl(n  +  1), 
that  is,  {1  -  (m  +  l)/(n  +  I)}  x.  This  continually  increases  as  n 
increases,  and  has  for  its  limit  x,  when  n  =  so .     Hence 

"■«+.  <''i.+t<  .   .   .   <x<l- 
Therefore,  u^+„  u„+»  .  .  .  having  the  same  meaning  as  before, 

K„  =  ±  (it„+,  +  %+,  +  u„+,  +  ...), 

Therefore 

ModE„<«„+,(l+J;  +  !E'  +  !E'  +  .   .    .), 

■         <Un+,/(l-x)  <2). 

Hence  the  error  in  this  case  is  immerieally  less  than  Un+i/(l  -  x), 
and  itisia  excess  or  m  defect  according  as  the  least  integer  lohich 
exceeds  m  is  even  or  odd  (see  §  i). 

Cor.  A  lower  limit  for  the  error  is  obvumslyUa+,l(l -trn-t-i)>lli<'l 

i»,  -C,+,a?'+V{l  -(»+!-  mW("  +  2)}. 

Id  the  expansion  of  (1  -  x)'"^,  all  the  terms  are  positive ; 
and,  in  order  to  include   the  greatest  term,  we   have  merely 
■  totak«n>(ffliB-l)/(l-a:). 
We  have,  in  this  case, 

„.=(»+ «.>./(« + 1) = (1  -  (1  -  „)/(„ + 1))!, 
-(i+(».-i)/(«+i)K. 

Hence,  if  m  <  1, 

<rB+,«r»+,<  .  .  .  <x<l, 
TOU  U  O 
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and  an  upper  limit  of  E„  will  he  Un-t-i/(l  -  z)  (u  tn  lait  ease,  a  lotoer 
HtoU  being  w„+,/(l  -o-„+,),  that  is,  ^„+,a*+Y{l  -(«  +  !+  m)zl 
(«  +  2)}. 

Ifm>l, 

and  an  itpper  HmU  of  £„  will  be  Un+i/(l  -  (^n+iX  '^  **< 
™H«+,z"+Y(l-(»+l+m>t/(n  +  2)J,  o  lower  limii  bein^  Un+i/ 
(1-x). 

The  error  for  (1  - 1)"™  is,  of  course,  tdways  in  defect 


^29  =  (3' +2)'/'= 8(1  + a/3»)w, 

=  i*)  +  «i-i*a  +  Mi-Ut  .... 
Tlie  Srat  term  is  here  the  greatest ;  aod  the  terms  altercate  in  mga  altar  tii. 
Also  u„  vrltten  ID  tbe  moat  canvenient  form  for  calculating  I 

'^•'(/M^)9A)(JA)lM)  ■  ■  ■  (tit) 


+ 

- 

«,=«,2/81  = 
«,=u,4/162  = 
«,=v,10/24S  = 
«4  =  t^lfl/82*  = 

3  ■000,000,00 
74,074,07 

7M7 

■001,828,» 
8,72 

3  074,148.34 

■001,852,71 

■001,832,71 

«,  =  uj22/40E  20 

Hence  tlie  error  in  defect,  due  to  negleot  of  tlie  residue,  amount*  to  leas 
than  2  in  tbe  seventh  place.  The  error  for  neglect  of  digila  does  not  exceed 
1  in  the  eeTt<tit)i  jiUce.  Therefore,  tbe  beat  6-place  approximation  to 
*/i,i  is  3-072,317.  In  Barloir's  Tables  we  End  3-072,316,8  given  as  thevalue 
to  7  places. 

Ezstuple  2.  To  calculate  (l-x)''/(l  +  z-<-x')''  to  a  second  approximation, 
«  being  amo]!. 
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where  hi{^Br  pov«n  of  « thaa  3?  hftva  «e»in  been  negUoted  in  diatribntiiig 
the  prodnct ; 


(1.)  The  general  term  in  the  eiponsion  of  (i+x  +  y  +  xs)l(}.+z  +  y)  in 
C-l)-t^m  +  n-2)li«!-V/(»i- !)!(«- 1)!. 

Detenuine  Umita  for  x  within  which  the  fallowing  mDltinomikU  cut  ba 
ezpuided  in  conveigent  scriea  of  ucending  powers  of  x:  and  find  the  co- 
eScientaof 

(2.)  «'m(l-2ir+j!'-8i')-t,  (8.)  a*in  {l-Sa!-7a!'  +  a!^-l. 

(6.)  ie'in(l-&E+a>-i^)-f.  (fl.)  af  in  (2  +  8«  +  i')-». 

(7.)  Show  that  in  {'Ba'-t-tax  +  ix')-^  the  coefficient  of  «*■  i«  ^3a)->^' ; 
and  that  the  coefficient  of  every  third  term  Tanishea. 

(8.)  ^le  coeffident  of  :^  in  (l-l-x+i^)~  (ma positive  int^er)  iB 


IW'  ■  ■  ■ 

(B.)  The  coefficient  of«*+"  in  (l  +  ie)/{l +«+«>)»  ia  -(r  +  1). 
(10.)  ETalnala  '!l*/(l 00/99),  and  ■^(1002/998),  each  to  10  places  of  deci- 
mals ;  and  demonitrate  in  each  caae  the  accuracy  of  jonr  approximation. 

Find  a  Gnt  approiiination  to  each  of  the  following,  z  being  email :  — 
|a;  +  V(z'  +  l)|'--{;e-V(=c'-M)l'- 

{12.)(l+x)(l+rx)il-i-r^)...Hl-x){l-xni-^)''...     ■ 

(13.)  V(2-V(2-V(2-  .  .  .  -  V(l+")  ■  ■  ■  )!);  where  V"  repeated 


(U.)  If  a;  be  amall  compared  with  N^  then  ^/[H'  +  ):)  =  V +  *lfS  + 
N»/2(2N'  +X),  the  error  being  of  the  order  af/W.  For  eMmple,  Show  that 
V{tOt)^IOiWs,  to  8  pUcea  of  decimals. 

(16.)  If  p  differ  from  N*  bjless  than  1  percent  of  either,  then  ^j"  differs 
from  IN +  !ip/N' by  less  than  N/90000.     (Math,  Trip.,  1882.) 
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(IS.)  tlp='S*+x  where  x  u  im&Il,  then  approximately 

■how  that  when  N'  =  10,  z=1,  this  (.pproiiinmtioa  ii  accurate  to  IB  pluea  of 
decinulA     (Hath.  Trip.,  18S6.} 

(17.)  Show    that  L    il/Vn'+lM'»'+l)+ .  .   .  +  lM»'+2")i  =2. 

(Catalan,  /fouv.  Ann.,  sec  L,  t.  17]- 

(18.)  Find  an  upper  limit  foe  tii«  rasidnein  theaxpanaioDof  (l+i>:)~wh«ii 

in  !■  a  positiTa  int«^r. 
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E^wnentlal  and  Logarithmic  Serlea 

£XFON£NTUL  SERIES. 

§  1.]  We  have  already  attached  a  definite  meaning  to  the 
Bymbol  (^when  a  is  a  positive  real  quantity,  and  x  any  poaitive  or 
negatire  connnensurable  quantity.  We  propose  now  to  discuss 
the  possibility  of  expanding  a*  in  a  aeries  of  ascending  powers 
of  X. 

If  vie  attume  that  a  eoiwergeid  ej^amvm  of  if  in  aaeeTiding  powers 
of  X  eziris,  then  we  can  easily  determine  its  coeffiaenie. 
For,  let 

d'  =  K,  +  &.,z  +  A^  +  .  .  .+A^  +  .  .  .  (1), 

then,  proceeding  exactly  as  in  chap.  xxviL,  g  2,  ve  have 

L(a«+»-a«)/A  =  A,  +  2A^  +  .  .  .  +  »A„a^->  +  .  .  .; 
and  the  series  on  the  right  will  be  convergent  so  long  as  x  lies 
within  limits  for  which(l)is  coDvergent  Now{by  chap.xxv.,  §  13) 
L(a«+*  -  a*)/A  =  ««AL(«"  -  1  )/AA, 
=  hf, 
where  X  =  1<^;a  ui^  <  ^  Napier's  Base,  namely,  the  finite  quantity 
L  (1  +  I/b)".     Hence 

Aa"=lA,  +  2A^  +  .  .  .  +  nArfi?'-U.  .  .  {2). 

Therefore,  by  (1), ' 
A(A,  +  A^  +  .  .  .  + A„.,a?'-^  +  .  .  .) 

=  1A, +  2A^  +  .  .  .  +  nA^-'  .  .  .    (3). 
Since  both  the  series  in  (3)  are  convergent,  we  must  have 
1A,  =  XA.     2A,  =  XA„     .  .  .,     BAn  =  XA„.,. 
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Usiiig  these  eqaatioQB,  we  find,  auccesHively, 

A,  =  A,Vl!.     A,-A^72!,     .  .  .,     A„  =  A>»/b!     <4). 
Also,  Bince,  by  the  meaning  attached  to  a',  a*  =  +1,  putting 
z  =  0  OD  both  sides  of  (1),  we  have 

+  1  =  A,  (5). 

Hence,  finally, 

a-  =  1  +  Aik/1  !  +  (Aa;)72 !  + .  .  .  +  {Xx^/n]  + .  .  .      (6). 
We   see,  a  poiUriori,  that  the  expansion  found  ia  really  con- 
vei^nt  for  all  values  of  z  {chap,  xzvi.,  §  5),  and  also  that  the 
series  in  (2)  is  conrergent  for  all  values  of  x.     Our  hypotheses 
are  therefore  justified. 

This  demonstration  is  subject  to  the  same  objection  as  the 
corresponding  one  for  the  Binomial  Series:  it  is,  however,  interest- 
ing, because  it  shows  what  the  expansion  of  a*  must  be,  provided 
it  exist  at  alL  We  shall  next  give  two  ol^er  demonstrations, 
each  of  which  supplies  the  deficiency  of  that  juat  given,  and  each 
of  which  has  an  interest  of  its  own. 

§  2.]  Dedudwn  of  the  Exponerdiai  fnm  the  Binomial  En^nsim. 
By  the  binomial  theorem,*  we  have,  provided  z  be  tmmeric- 
ally  greater  than  1, 

1     «i<aar-l)l 

^^— 2—  ?*■•■  ■ 

ax{ix-\)...(zx-n+\)-i 

"+11-     (1). 
where  

»-»(i-i;g)...(i-«;g)  »?'<-'(i-i/a)...(i-«ti/g) 

"■-  (n+l)!  (»  +  2)i 

t.  ■  ■     (2>. 

*  In  wb&t  follows  we  have  restricted  the  value  of  the  index  «c  Since 
I  is  to  be  nltimatelj  made  infinite,  there  is  no  abjectlDii  to  our  suppodiig  it 
almTS  80  choMn  that  sc  is  a  positive  integer.  We  tben  depend  merely 
on  the  binomial  eipansion  for  positive  integral  indices.  This  wiU  not  affect 
the  valae  of  L(l-t-l/i>",  for  it  has  been  shown, (chsp.  ixv.,  §  13)  that  thia 
has  the  same  value  when  t  becomes  +  or  -<a,  and  whether  £  increases  by 
integral  or  b;  fractional  inc 


(■^r 
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Suppose  DOff  X  to  be  a  given  guaiUity;  and  give  to  n  any  fixed 
iot^r^  value  irhatever.  Then,  no  matter  what  positive  or 
native  commensurable  value  x  may  have,  we  con  always  choose 
I  as  lai^  as  we  please,  and  at  the  same  time  such  that  zx  is  a 
positive  integer,  p  say,  where  p>n.  The  series  (3)  will  then 
terminate;  and  we  shall  have  l/zx<2/zx<  .  .  .  <nfzx  .  .  . 
<  (p  -  l)/zx  <  1.     With  this  understanding,  it  follows  that 

+  2)!'^"  ■  ■*;.!' 

X  x* 

"  n  +  2     (»  +  2)' 
<x"+V(«+l)-'{l-V(«+2)}  (3); 

and  we  have 

ii^/C-'M,,  .    ,«'(i-iM-(i-i^/p) 

+  K.     (4), 
where  R„  satisfies  the  condition  (3). 

Nov  let  z,  and  therefore  also  p,  increase  without  limit  (n 
remaining  fixed  as  before).     Hien,  since 

L(l-l/j.)...(l-»^/i.).l, 
we  have 


J-+1    f 


,  adoa   !■, 


(-r 


:(-D" 


'"^Fl+'-'-^S*"-        (')■ 


Rn  being  still  subject  to  (3). 

We  may  now,  if  we  choose,  consider  the  effect  of  increasing 
n.  When  this  is  done,  a?'+"/(n+ 1)!{1 -z/{tt  + 2)}  (see  chap. 
XXV.,  §  15)  continually  diminishes,  having  zero  for  its  limit  when 

n  =  so  ;  we  may  therefore  write 

L  (l+l)''  =  t+x  +  ^,+  .  .  .+J  +  .  .  .  adoo     (6). 

Thus  the  value  of  L(l  +  l/zy  is  obtained  in  the  form  of  an 
infinite  series,  which  converges  for  all  values  of  x.  For  most 
purposes  the  form  (6)  is,  however,  the  most  convenient^  since  it 
gives  an  upper  limit  for  the  residue  of  the  series. 
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§  3.]  The  conditions  of  the  demongtration  of  last  paragraph 
will  DOt  be  violatejl  if  we  put  a: » 1.  Hence,  using  t^  as  in  cliap. 
XIV.,  to  denote  L  (1  +  l/z)*,  we  have 


=.h(-i)' 


i-^Jr^iJr^--    +VR-     (^). 


1!      21 

where  K„  <  (n  +  2)/(«  +  1 )  («  +  1 ) !  (8). 

This  formula  enables  us  to'  calculate  e  with  comparative  rapidity 
to  a  i^tgo  number  of  decimal  places.  We  hare  merely  to  divide 
1  by  2,  then  the  quotient  by  3 ;  and  so  on.  Proceeding  as  far 
as  n  =  1 2,  we  hare 

1  +  1  =2-000000000 


1/21    = 

■500000000 

1/31    - 

166666667 

1/41   - 

41666667 

1/61   - 

8333333 

1/61   . 

1388889 

1/71    . 

1984U 

1/81   = 

24801 

1/91   = 

2766 

1/101  = 

276 

1/111- 

26 

1/12  |._ 

2 

2-718281829 
Here  the  error  in  the  last  figure  owing  to  ^ures  neglected  in  the 
arithmetical  calculation  could  not  exceed  the  carriage  from  10  x  6, 
that  IB,  6.  Also  the  residue  R„<^(1/13!)<^  0000000002 
< -0000000003,  BO  that  the  neglect  of  B„  would  certainly  not 
affect  the  eighth  placa  Hence  we  hare  as  the  nearest  7-place 
approximation  for  e 

*  =  2-7182818. 
It  is  usnal  to  give  a  demonstration  that  the  numerical  conatant  e 
is  incommensurable.    The  ordinary  demonstratioQ  is  as  follows : — 

Lat  na  suppose  that  e  is  commeiiBaralile,  Bay  =plq,  where  p  and  q  tn  finite 
poritive  integor*.     Then  wo  have  by  (7) 

p/?=2  +  l/21  +  .  .  .  +  l/j1  +  E^ 
where  R,<(7+3)/(7  +  l)'9'- 
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H«iice,  nniltiplyliig  by  9 !,  we  get 

p.(j-l)l  =  I+3!E». 
where  j^f  ~l)1and  I  are  obricnuly  integral  namben.    EeacejIR,  miut  be 
intend. 

Now  ?IE,<(5+21/(j+l)*, 

thftt  i^  ?IBv  i"  '  podtire  proper  fraction. 

The  aaanmptioD  that  c  w  commeDamable  therefore  leads  to  an  arithmetical 
abanrdit^Ti  and  ia  inadmisaible. 

Another  demoDstration  which  gives  more  insight  into  the 
nature  of  this  and  some  other  similar  cases  of  incommensurahilitj 
in  the  value  of  an  infinite  series  is  as  follows ; — 

\tr\,Tt,  .  .  .,  Ta,  .  .  .  beaainfiDite  series  of  int^era  jioen  inmojrnitwfe 
mid  in  order,  then  it  can  be  ahonn  {see  cbap.  ix.,  §  2)  that  any  commensar- 
able  nnmber  pjq  (where  p  and  g  are  prime  to  each  other,  and  ;<$)  can  be 
expanded,  and  that  in  one  way  only,  in  the  form 

?=ft+si+_a_+. . .+  — & — +. . .  (9), 

J    n    r,ri    Tinrt  nri . . .  u 

where  Pi-<ri,  Pf^Tt,  .  ,  .,  p,-er„  .  .  .;  and  that  the  Mtiea  will  always  ter- 
minate when  either  q  or  all  ita  factors  occnr  among  the  Actors  of  the  integers 
ri,  r*,  ■  ■  ■,  Ta,  .  .  .  Hence  no  infiniie  series  of  the  form  (B)  can  represent 
any  rnlgar  fraction  whose  denominator  coneiste  of  factors  which  occur  among 
1,  »*  .  .  .,  r, 

tn  particular,  ^  ri,Ti,  .  .  .,  t„  .  .  .  eoiUam  all  Oie  natural  prima,  and, 
a  fortiori,  t/<Aey  £e  lAaauwcsnon  o/mtteml  numiAY  (sa»pftn$r  I),  notMli/,  2, 3, 1, 
(,...,  n-i- 1,  .  .  .,  Oten  the  Kria  in  (9}  eantwt  rtpraent  any  commenmraiU 
BUflt&er  at  all.' 

The  inconuneDsniability  of  «  is  a  mere  particular  case  of  the  last  condn- 
aion  ;  for  we  have  in  the  aeries  representing  s  -  2 

r,=2,    Ti=S r,=n+l,  .  .  .; 

pi=l,    Pt=l p»=l 

Hence  e  -  2  is  incommeneniable,  and  therefore  «  also. 

§  4.]  Beturning  to  equation  (6)  of  §  2,  since  L<1  +  l/z)*  has 
a  finite  valne  e,  we  have  L(l  +  l/zf'  =  {L(l  +  l/z)*}'  =  e",  there- 
fore 

*  It  shoold  be  noticed  that  in  inGnite  aeriee  of  tile  form  {9)  may  represent 
a  fraction  whose  denominator  contains  a  factor  not  occnrring  among  ti, 

rt r„,  .  .  .,  for  example, 

...  ad«. 


D,a,l,zc.bvG00gIe 


202  CAUCHT'S  SmiUATION  csAP. 

•'-^*Tl*T,*---*f<*'^  (10), 

where  Kn  is  subject  to  the  inequality  (3). 

Finally,  since  a^  =  e*%  where  K  =  log^  we  have 

where  R„<(Aa:)"+»/(n+ 1)|{1  -  A2/(»  +  2)}  (12). 

Since  L£n  =  0  when  n=  oo,  the  series  (10)  and  (11)  may  of 
course  each  be  continued  to  infinity. 

This  completes  our  second  demonstration  of  the  exponential 


g  5.]  Svmmatum  of  the  Exponential  Series  for  real  valuea  of  x. 

A  tJiird  demonstration  was  given  by  Cauchy  in  his  Analtfse 
Algihrique.  It  follows  closely  the  lines  of  the  second  demonstra- 
tion of  the  binomial  theorem ;  and  no  doubt  it  was  suggested 
by  the  elegant  process,  due  to  Euler,  on  which  that  demonstra- 
tion is  founded.  This  third  demonstration  is  of  great  import- 
ance, because  we  shall  (in  chap,  xxix.)  use  the  process  involved  in 
it  to  settle  the  more  general  question  regarding  the  summation 
of  the  Exponential  Series  when  x  is  a  complex  number. 

Denote  the  infinite  series 

1  -  +  — 

by  the  symbol  /(a;).  Then,  since  the  aeries  is  convergent  for  all 
values  of  x,  /(z)  is  a  single  valued,  finite,  continuous  function 
of  2!  (chap.  xxvL,  g  19). 

Also,  since  f{x)  and  /(y)  are  both  absolutely  convergent 
'  series,  we  have,  by  the  rule  for  the  multiplication  of  series  (chap, 
xxvi.,  §  14), 
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Now 

»i"*"(«-l)Il!'^(n-2)!2!'^'  '  ' '^ n\ 

=  (!!"  + nC,  a;"-^  +  „0,  sc"-"!/ + .  .  .+Jl")/n!, 
=  (a!  +  y)''/n!, 
b;  th«  binomial  theorem  for  poGitive  iategral  exponento. 
Hence  MM  =  1  +  2<a;  +  y)''/»l. 

=/(^  +  y)  (1)- 

Henee  m  M  Hz)  =  f{x  ^  y)  f(z), 

=fix-\-y  +  !s); 
snd,  in  general,  x,  y,  z,  .  .  .  being  any  real  qnantitiea  positive  or 
negative, 

/W/M/W  •■•-/(«  +  ?  +  '  +  ■■  ■)  W 

This  ^  rew/^  is  called  tlie  Additim  Theorem  far  the  Exponen- 
tial Series. 

From  (2),  putting  x  =  y=.z,  .  .  .,  =1,  and  supposing  the 
number  of  letters  to  be  n,  we  deduce 

{/(!))» =/(«)  (3). 

Also,  taking  the  number  of  the  letters  to  be  j,  and  each  to 
he  pjq,  we  deduce 

where  ^  and  q  are  any  positive  integers.     From  (4),  by  means  of 
(3),  we  deduce 

{/(p»i'-(/<i)i'  («)■ 

finally,  from  1,  putting  y  =  -  z,  we  deduce 

/«/(-»)-/(0)  (6). 

The  equations  (5)  and  (6)  enable  us  to  sum  the  series  /(x) 
for  all  commensurable  values  of  x. 

From  (5)  we  see  that  /(p/?)  is  a  ^h  root  of  {/(I)}''. 
Now,  since  ji/y  is  positive,  the  value  of  f{pjq)  is  obviously  real 
and  positive.  Also /(I),  that  is,  1  +  1/11+ 1/2! +  .  .  .,  ia  a 
finite  positive  quantity,  which  we  may  call  e.  Therefore 
{/(I)}'',  or  eP,  ia  real  and  positive.  Hence  /(pjq)  must  be  the 
real  positive  qth  root  of  «'',  that  is,  e^'^.     Hence 
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1^^4^^-W^- ■■-''"        ('). 


p  and  q  being  uiy  positiye  integers. 

Finally,  since /(O)  =  1,  we  sec  from  (6)  that 


ij-m^(ji£iii^_,,,,-„,      (8), 

where  p/q  is  any  positive  commensurable  nnmber. 

By  combining  (7)  and  (8)  we  complete  the  demonstration  of 
the  theorem,  tiiat 

_     ,      a;      i"  a:" 


for  all  commensurable  values  of  x,  «  being  given  by 
,11  1 

I^s  student  will  not  fail  to  observe  that  e  is  introdnced  and 
defined  in  the  coorse  of  the  demonstration. 

The  extension  of  the  theorem  to  the  case  where  the  base  is 
any  positive  quantity  a  is  at  once  effected  by  the  transformation 
a'  =  ^,  as  in  last  demonstration. 

g  6.]  From  the  Exponential  Series  we  may  derive  a  large 
number  of  otters ;  and,  conversely,  by  means  of  it  a  variety  of 
series  can  be  summed. 

Bemoidli's  Nimberi, — One  of  the  most  important  among  the 
series  which  can  be  deduced  from  the  exponential  tfieorem  is  the 
expansion  of  x/(l  - 1"),  the  coefficients  in  the  even  terms  of 
which  are  closely  connected  with  the  famous  numbers  of 
Bernoulli. 

We  shall  first  give  Cauchy's  demonstration,  which  shows,  a 
priori,  that  i/(l  -«"")  can  he  ajtamUd  in  an  ascending .  seriea  of 
powers  of  x,  provided  z  lie  within  certain  limits. 
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KXPANSIBIUTY  OF  x/{l  -«"") 
z  1  1 


0). 


^''-'    {l-e-')lz    1-y 
where  y=  1 -(1 -«-«)/«  (2). 

Now,  from  (1),  we  have 

x/(l~e-')  =  l+y  +  /+.  .  .adx>  (3) ; 

xnd  this  Boriee  will  be  aheolutelj' convei^nt  provided  -  l<y<+  1, 
Also,  from  (2),  using  the  exponential  theorem,  we  have 

y  =  xj2\-x'j^\+^ji\-.  .  .adoo  (4>; 

and  this  series  is  abeolutelj  convergent  for  all  values  of  x,  and 
therefore  remains  convei^ent  when  all  the  aigne  are  taken  alike. 
If,  therefore,  we  can  And  a  value  of  />  such  that 

pl2\+p'IZi+p'/4l*.  .  .adao<l  (A), 

then,  for  all  valuea  of  x  between  -  p  and  *  p,  Cauchy'a  condi- 
tions of  absolute  convergence  (chap,  zzvi.,  §  34)  will  be  fulfilled 
for  the  double  series  which  results,  when  we  substitute  in  (3)  the 
value  of  y-  given  by  {i).  Thia  double  series  may  therefore  be 
arranged  according  to  powers  of  x,  and  the  result  will  be  a  con- 
vei^ent  expanaion  for  xj{\  ~  e'"). 

It  is  easy  to  show  that  a  value  of  p  can  be  found  to  satisfy 
the  condition  (A) ;  for  we  have 

p/2!  +  p73!  +  .  .  .  =  («'-l)/p-l. 

We  have,  therefore,  merely  to  choose  p  so  that 

e*  -  1  <  2p  (5). 

If  the  graphs  of  e'  -  1  and  of  2x  be  drawn,  it  will  be  seen 
that  both  pass  through  the  oi^n,  the  former  being  inclined  to 
the  ataxia  at  an  angle  whose  tangent  is  1,  the  latter  at  an  angle 
whose  tangent  is  2,  that  is  to  say,  at  a  greater  angle.  There- 
fore, since  ^ -\  increases  ae  x  increases,  and  that  ultimately 
much  foster  than  2x,  the  graph  of  e"  -  1  will  cross  the  graph  of 
2x  just  once.  Therefore  tiie  inequality  (5)  will  be  satisfied  pro- 
vided />,be  less  than  the  unique  positive  root  of  the  equation 
«'-l  =  2z.     Since  «'-l<2x  1,  ande*-  1>2  x2,  this  root  lies 
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between  1  and  2.*  It  will,  therefore,  certunly  be  possible  to 
expend  x/(l  -  e'*)  in  a  convergent  series  of  pofrers  of  x  if 
-  1  <x<  +  1. 

If  we  make  the  substitution  for  y,  and  calculate  tJie  co- 
efficients of  the  first  few  terms,  we  find  that 

X  1       l^J_^,i_^_  /ffi 

1-e-"''        a^^e  2!~304!     4261     "''         ^  ^' 

Knowing,  a  priori,  that  the  expansion  existe,  we  can  easily  ^ 
find  a  recurrence  formula  for   calculating  the   Enccessiye   co- 
efficients.    Let 

x/(\~e-')  =  A^-tA,x  +  A^  +  A^  +  .  .  .  (7). 

Then,   putting    -x  in   place  of   x,   we   must  have,  since 

r»V(l -"-')  =  A, -A,a:  +  A^-A^  +  .  .  .  (8). 

Since  both  the  series  are  convergent,  w«  have,  by  sub- 
tracting, 

a:  =  2A,ar  +  2A^  +  .  .  .  <9). 

Hence  A,  =  J ;  and  all  the  other  coefficients  of  odd  order 
must  vanish. 

Therefore,  from  (7),  we  have 
a:  =  (A,  +  liI;  +  Ay-^A.3;•-^.  .  .)0 -«"'). 
=  (A.  +  Jj;  +  Ay  +  A^a;' +  .  .  .  +  A„^  +  .  .  .) 

"  \lT "  2! "^  Fl "" ■  ■  '  ~ {2n)\  * (2«+l)l  "■■■)• 

The  product  of  these  two  convergent  series  will  be  another 

convergent  series,  all  of  whose  coefficients,  except  the  coefficient 

of  X,  must  vanish.    Hence,  equating  coefficients  of  odd  powers  of 

X,  we  deduce  A,=i  I,  and 

^  +  A^+         +_^? ^  +  _!__o 

1!  3!  (2n-l)!     2(2n)!     (2»+ IJ!       ' 

*  Hon  nnrly,  the  riwt  in  1,250  .  .  .;   bat  the  actual  value,  aa  will  be 
seen  presently,  is  not  of  much  imporUuca. 
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that  is, 

1!         3!  ■        (2n-l)I     2(2»+lJ!  ^     '' 

In  lihe  miuiner,  if  we  equate  the  coefficients  of  even  powere 
of  a^  we  deduce 

A^    A„..  A,   _        2). 

2!         41  (2«)!     2(2«  +  2)!  ^     '" 

If,  OB  18  usnal,  we  put  A«  =  (-)"-'B»/(2n)!,  our  ezpandoii 
\becomes 

and  the  equations  (10)  and  (1 1)  may  be  written 
.+,C„B.--+,C„.,B„.,  +  ...(-)»-W,C,B,. (-)"-■(»-!) 

(10') 
and 

»+.C„B„-«+.C„..B„.,  +  ...(-)-V+.O.B,  =  <-)»-in  (U') 
reapectively. 

If  we  put  B=l,  B  =  2,  n  =  S,  .  .  .,  succesaively,  either  in 
(10')  or  in  (11'),  we  can  calculate,  one  after  the  other,  the 
numbers  B,,  B„  .  .  .,  B^,  .  .  .,  which  are  called  Bernoulli's 
.  numbers.*  Since  we  know,  a  prwri,  that  the  expansion  ezista, 
the  two  equatiouB  (IC)  and  (11')  must  of  necessity  be  con- 
sistent.  Neither  of  them  fumisheB  the  most  couTenient  method 
for  calculating  the  numbers  rapidly  to  a  lai^e  number  of  decimal 
places ;  but  it  is  easy  to  deduce  from  them  exact  values  for  a 
few  of  the  earlier  in  the  series,  namely, 

-       6  691  7  _      3617 

'^=66''''-2730''^"6'*'=5ro' 
_      43867  _       1222277   ^ 

*  There  is  Gonaidenble  diTsi^eoce  among  mathenuitical  writsn  as  to  the 
notatioii  for  Bemoulli'a  numbers.  What  we  have  denoted  b;  B.  is  often 
denoted  b;  Bj.,  or  b;  B>,.i. 
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We  shall  return  to  the  properties  of  these  numbers  in  chap. 

XXX. 


by  ^x),  W8  mByatats  the  problem  we  have  just  aolTed  m  follows : — To  find 
a  vmvergtHt  teriei  ^a)taek  Oiat(l-e-')^x)=x,  that  m,  tuthOiat  (z-x'/21 

Now,  unce  a;  -  a^/2  !  +  x^S  1  -  is  sbsolately  coDTergent  for  all  raluea  of  sc, 
and  the  coeffioisnta  of  ^x)  aatiafy  (lO*)  and  (ll')i  4t,x)  will  wtisfy  ths  oon- 
ii\Ma{x-!^l2\  +  ifji\-  .  .  .  J^zj^ieaolongM^z)  isconTa^ant.  Heucc^ 
ao  long  as  ip(x)  ia  convergent,  it  will  be  the  aipanBion  of  ie/(1  ~  a"*).  Aa  a 
DUtter  of  f&ct,  it  follows  from  sn  expression  far  BernoiUli'a  niunben  (^ven  in 
chap.  zix.  that  ^x)  ia  convetgeat  so  long  aa  -2i-<e<  +2*-.  The  actual 
limits  of  the  validiiy  of  the  eipanaion  are  therefore  mach  wider  than  those 
origiiiall;  uaigned  in  the  a  priori  proof  of  its  existence. 

Cor.  1.  «B«  3<(*  +  e-»)/(«*-e-«)  =  K/(l-<!-»')-ir/(l-«*"), 
we  deduce  from  (12) 

!.    °.  *^^'''--  ■  ■  <"'■ 

Cor.  2.  «!«««  «/(l  t .-") .  2i/<l  -<-■■)-  i/(l  -  «-•), 

§  7.]  BemouUfs  Theorem. — We  have  already  seen  that  the 
Bum  of  the  rth  powers  of  the  first  n  integers  („Sf)  is  an  integral 
function  of  n  of  the  r  +  1th  degree  (see  chap,  xx.,  §  9). 

We  shall  nov  show  that  the  coefficients  of  this  function  can 
be  expressed  hj  means  of  Bernoulli's  numbers. 
From  the  identity 

(e"*  -  l)/(tf'  -  1)  =  1  +  e'  +  <**  +  .  .  .  +  «'"-i« 
that  is, 

(i?«-l)/0-«-")  =  e-  +  e'*  +  «*»+  .  .  .  +e« 
we  dedac«  at  once 
f  flc    «V  «'af  1  f ,     I       B,  .     B,  .  > 

„S,a?  ,S,af+i 

=  nx+      '      +  .  .  .  +- — r— + 
II  r\ 


(1). 
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B,»' 

-1 

B.«' 

-» 

2!(r- 

1)! 

41(r- 

3)! 

K' 

-1)(' 

-2) 
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vheroin  all  the  aeriea  are  absolutely  convergent,  bo  long  as  n 
is  finite,  provided  x  do  not  exceed  the  limits  within  which 
1  +  Jz  +  B,3^/2  I  -  B^'/i  I  +  .  .  .  ifl  convergent.  The  coefficient 
of  af+i  on  the  right  of  (1)  mrat  therefore  be  equal  te  the  co- 
efficient of  af"*"*  in  the  convergent  series  which  is  the  product  of 
the  factors  on  the  left  Hence 
■^       »^-^'     ,    «■•    ,     B.n'--^  B.«--'  B^--- 

r!  "(r+1)!      2.r!      2!(r-l)!      4!(r- 3)!      6!(r-5)!' 
Therefore 


the  last  term  being  ( -  )'*''"''Bj,n,  or  |(  -  )*''"" 'VB^r -!)«',  accord- 
ing as  r  is  even  or  odd. 

Thia  formula  was  tint  (pveu  by  James  B«rnoQllI  (An  Cmjeetandi,  p.  97, 
published  poathamouily  at  Buel  in  171S).  He  gave  no  general  demonstni- 
tion ;  bnt  was  qnite  aware  of  tbe  imparUnce  of  bis  theorem,  for  he  boaata 
that  bj  means  of  it  he  calculated  intra  Kmi-quadranlffm,  korai  I  the  snm  of 
the  10th  powBTB  of  tbe  first  thonsand  integers,  snd  fonud  it  to  be 

91,406,024,241, 424,243, 424,241, 924, 242,G0D. 
It  wilt  be  ■  good  ezGniBe  for  the  reader  to  check  Bemoalli's  resnlL* 


SUMMATION    0?  SERIES   BY    BfBANS   OF  THE   BSPONENTIAL 
TEEOREH. 

§  8.]  Among  the  series  which  can  be  summed  by  means  of 
the  Exponential  Series,  two,  related  to  it  in  the  same  way  as  the 
series  of  chap,  xzvli.,  §  S,  are  related  to  the  Binomial  Series, 
deserve  special  mention. 

Wt  can  altoays  sum  the  teries  S^n}3f/n !,  where  <^n)  is  an 
mlegral  fmtcHm  ofnoftherth  degree.     (Integro-Bj^onentUii  Series.) 

*  for  fkrther  information  regarding  Bemonlli'e  numbers,  aee  Boole's 
PMU  Digermea  (ed.  by  Houlton] ;  and,  for  a  useful  blbliognphy  of  the 
TdatiTO  Uteratnre,  Ely,  Ata.  Jour.  MaOi.  (1882.) 

VOL.  U  P 
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For,  ta  in  chap,  xxvii.,  §  S,  we  can  alirays  establiab  an  identity 
of  the  f  onn 

^n)  =  A,  +  A.B  +  AX«-l)  +  -  ■  .+A,n(n-1).  .  .  (»-r+l). 
Then  we  hare,  taking,  for  eitnplicity  of  illostration,  the  lover 
limit  of  sununation  to  be  0, 


+  A,af2 


■  =(A,  +  A.ar  +  A^+  .  .  .  +A^)«". 


tF^!' 


Cor.  We  eon  in  general  sum  the  sena^'f>,(n)x''/nl(n  +  a)(n  +  b) 
.■  .  .  (n  +  k),  i^ere  a,  b,  .  .  .,  k  are  vnequal posiHve  integers. 

The  process  is  the  same  aa  that  nsed  in  the  corollary  of 
chap,  xxvii,  §  S,  only  the  details  are  a  little  simpler.  (See 
Example  6,  below.) 

EzuQple  1.  To  dedace  the  formnlte  (S),  (4),  (G)  of  chap,  nvii.,  S  9,  by 
meknf  of  tb«  eipoDeotUI  tliaarem. 

<,x+«.Y-,Ci(w+n-iy+.  .  .  [-rM.x+*-rY+ .  . .  [-yv 

fs  BTidantlj  the  ooeffident  of  tf  in 

,I{^+-f-,Ce(-t— 1).+  .    ,    .(_)r_C^«W— rh^..    ,    .    (-)V} 

The  loweflt  power  of  z  in  the  prodnct  lut  written  u  if,  *nd  the  coeffldeati 
of  it",  !-+■',  l"+*mrB«l,  al{a!-i-in),  t«l{ai*  +  na  +  ,Vi(8»+l)}  rapeetively, 

=  0,  ifj«:ji; 
=  nl,ifj3:m; 

={ii-H)H!r+4»).  if»=n+l; 

=  i(n  +  2)l{ai'+iia:+An(3"  +  I)}.if»=ll+2. 
Enmple  2.  If  n  and  r  be  poaitire  intogen,  show  that 
^n+        »        ^+        i«(n-l)...(n-»+l)  ntB-l)...l      ) 
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.!_    _n+r  +  l  (»+r+l)(«  +  r+2)  .  .  .  (n+r+») 

>I*lI(r+l)l    ■^•■•■^  »Ilr  +  »)l  '^ 


zxriii  EKA1IPLE9 

Tha  right-tund  dde  U  the  coeffioient  of  i^**  in 

=«'{«^+,.C,«-^+.  .  .+«C»?'}  X  ^i  +  ±  +  t+,  .  .  +^^  + 
Now  the  ooaffldBut  of  ^M*  in  thi«  prodact  U 


(rl  ■  lf{r+l) 

*-r  .   .  ,  -r 

.1 

r+»)l 

Hmim  »ia  theorem. 

Ifwepntr 

=0,  Midz=l,  m 

luTB 

^... 

Szomple  f 

Snm  the  eeriei 

1' 

*!^>.+  ... 

^'■*^+ 

_^ 

±iV* 

We  luve  (by  ctup.  Ja.,%7) 
l»+2»+  .  .  .  +«■=(«* +2n>+ »»)/*, 

=l{A,+Ai«  +  A,«(n-])  +  A^B-l){»-3)  +  A«n(«-l](»-2)(n-8)j, 
wbei«A(,Ai A4  maj  b«  calci]]ftt«d  M  follows : — 

1+  2+  1+  0  +  |0        A,=  0, 


1+  3+  4  +  |4 


1+  6  +  |H 
0+  8 
1  +  18 


Heqn 

l'+»»+.. 

.+« 

■c      *^' 

4-,£i 

+2a!»Z 

a--4 

Nl 

*^  "^(«-l) 

:«-8) 

=(x+fi>+2^+iie«)«'. 

If  «  pot 

*=1 

va  have 

I(l'+2'  + 

.  .+n')/nl= 

27«/i. 

Exunple  4.  Show  that  Z  «*/n  l  =  S<. 

Since  i«'=n+8«<»-l)+n(7i-l)(n-2). 

a^/nl=ri/(«-l)l+8Zl/(n-2)!+Il/(«-3)l, 
=  6e. 
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EzunplsE.  ETaliMts£(n-l)z-/(«-l-2)nI. 


(»  +  2)n"l    ^        (n  +  2)l    ■ 
Now  n'-ls8-8{n+3)  +  {»+2)(n  +  l). 

Therefore 


EZIECIBIS  XII. 

(1.)  Evaluate  1/e  to  nz  places  of  deoimftlt. 

(2.)  Calculate    z    to    ■    second    approximation    from    the    equation 
601og.{l+a!)=4B3!. 

(S,)  If  «'=l  +  iE(»',  and  a:*  be  negligible,  flhow  that 
fc=l/21  +  z/4l^z*/4151. 

(4.)  Show  tbat,  if  n  be  an;  poeitive  integer, 

(l-l/n)->l  +  l/l!  +  l/2I  +  .  :  .+l/»1>(l  +  l/n)-. 

(5.)  Snm  from  Ota  »  Z(l-3n-t-n'>«*/n!. 

Sum  to  infinity 

(6.)  lV21  +  2»/SI+3V4!+  .... 

{7,)  lV2l  +  2*/3H-8V*l+.  .  .     ■ 

(8.)  l-2>/ll+S'/2l-*'/Sl+-  ■  ■     ■ 

{»,)  l'  +  2*/21  +  B*/3t+.  .  .     . 

ShoiT  that 
(10.)  l/(2n)1-l/l!(2n-l)l  +  l/2!(2n-2)!-.  .  .  - l/Il(2»-l)!+l/(2i«)!  =  0. 
(11.)  lf»>8,  n>+.Cri«-2)»  +  ,C4(n-l)'+.  .  .  =i»^«  +  8)2^. 
(12.)  n--,Ci(n-2)-  +  ,(VT»-<)'-  ■  .  .  =2^1. 
(18.)  B7  eipandiug  ^z^-^*,  or  othenriee,  ehow  that,  if 

A,="z"'{ii+r-l)r/nr(i.-l)!,  then  Art.i-(2r+l)A,+T(r-l)A^,  =  0. 

■-1  (Math.  Trip.,  1882.) 

(1*.)  Prove  that 
(2-!t'/8!  +  a!»/6l-.  .  .)(l-a?/2!  +  a:*/i!- .  .  .)  =  Z(-)'2»'a!>H-i/(2r  +  ])!. 
(IS.)  Solve  the  eqnatioQ^-x-l/n=0  ;  and  ahow  that  the  nth  poirer  of 
itt  greater  root  has  e  for  its  limit  when  n = « . 
(10.)  For  all  poBitive  integral  values  of  n 

-(¥)"(¥)"•  ■■(.4i)<—- 

(17.)  If 
af=A.+^(^-l)  +  ^{«-l)(«-2)  +  .  .  .+^(«-l)(«-2)...(x-»). 
showthat  A,=(«+ir'-A«'+/3i(*-ir--  •  ■  i-Yfi,l: 
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<18.)  Showtllfl,tI(n'  +  2»'+«-l)/nl  =  9e  +  l. 

<1B.)  Sam  2(n+o)(»  +  SKn +£)>!-/« I  from  n=0  to  «  =  co. 
(20.)  Show  that  e  aumot  b«  a  root  of  a  qaadratic  eqiution  having  fiuiU 
rational  coefficieDts. 

(21.)  Snm  the  series  Sc"/(»  +  8)jil  from  »  =  0  to  n  =  o=. 

(22.)  8umtouiGnit;tlie>eriesl'/3.1l  +  3>/4.2!-('G'/5.S!  +  .  .  .    . 

If  B],  Bi,  .  .  . ,  Bb  denote  Bemonlli'a  nnmbera,  show  that 

(83.)  »H-iC«-iB,-»,^iCfc-,B^,+  .  .  .  (-)"-WiCiBi  =  (-l)"-'. 

(26.)  l.CiB,-I,C,B,  +  i,CB,-.  .  .=(n-l)/2(n  +  l),  the  last  term  on 
the  left  being  {- )''"-''B,fl,  or  it -)""' "«B,^iin,  according  a«  n  ia  even  or  odd. 

(26.)  B]r  comparing  Bernonlli's  ezpreadon  for  l''+2'+.  .  .  -t-n'  with  the 
exprewions  dedndble  from  I^grangs'i  Interpoktion  Formula,  show  that 

'"|'^^(-)'-ViC.^=(-)'-'B,; 

s  (-)'-ViO.^=o- 

AIM  that 

(Eronecker,  OeIb'«  Jour.,  Bd.  luiiv. ;  1S87.) 
(W.)ir<<'-«-^/(«'+e-')  =  ^(2'-l)2V  +  ^(2'-l)2V  +  ?^(2«-l)2W  +  .  .  . 


LOGARITHMIC  3KRIXB. 

§  9.]  Expaiisian  of  log  {\^  z). — It  is  obnoua  that  no  function 
of  z  wMch  becomea  infinite  in  value  when  x=0  can  be  expanded 
in  a  convergent  series  of  ascending  powers  of  x.  For,  if  we 
enppose 

f{x)  =  Aj  +  A,z  +  A^  +  .  .  . , 
then  on  putting  x  =  0  we  have  to  =Ag;  and  the  attempt  to 
detennine  even  the  first  coefficient  fails. 

There  can  therefore  be  no  expansion  of  logx  of  the  kind 
mentioned. 
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We  can,  however,  ea^nd  log{\  +z)  in  a  series  of  OBcendrnff 
powers  of  x  provided  z  be  numerically  less  than  unity. 

The  base  iD  the  first  instance  is  understood  to  be  £  aa  usua]. 

By  §  4,  we  have 

(\  +xy  =  l  ^-z^ogil^x)}  +^[log{l  +x)Yj2l  +  .  .  .    (1); 
and  this  series  is  convergent  for  all  values  of  z. 

Again,  by  the   binoniial   theorem,  we  have,  provided  the 
numerical  value  of  x  he  less  than  1, 
<l+a)'=l+za;  +  e(?-iy/2I  +  <»-l)(z-2)//3!  +  .  .  ., 

=  1+ OT - 2(1  - ?/l)x'/2  +  2(1  - a/lXl -2/2y/3  + ...  (2). 

If  we  arrange  this  as  a  double  series,  we  have 
(l+xy=\+  2z-{zi>^j2~^x'l2]  +  {in?lS  -  (1  +  i^ii'/S  +  K^^/*}  + 

(-)''-H«?'/»-n-,PisV'/w  +  „.,P,sV'/n-.  .  . 

(-)'->,..P»-.a'^/'»} 

(3). 

where  n-i^r  stands  for  the  sum  of  all  the  r-producta  of  1/1, 
1/2,  .  .  .,  l/(n-  I),  without  repetition. 

In  order  that  Gauohy's  criterion  for  the  absolute  convergency 
of  the  double  series  (3)  may  be  satisfied,  it  will  be  sufficient  if 
the  series 

«"/«  +  „_ .P. 2'x"/«  +  .  .  .  +  n_,P„_,3'W/n  (4) 

and 

1+«!  +  2(1+V1>k*/2+<1+2/1)(1+V2>e'/3  +  .  .  .    (5) 
be  both  convergent  when  z  and  x  are  positive. 

Now  the  sum  of  (4)  is  always  z(z+l). .  .{z  +  n-  l)jf /nl ; 
and  this  has  0  for  its  limit  when  n  =  <e ,  provided  x  <  1.  Also, 
the  seiies  (S)  is  absolutely  convergent  when  z<\. 

Hence,  by  chap,  xxvl,  §  34,  we  may  rearrange  the  series  (3) 
according  to  powers  of  z,  and  it  will  still  converge  to  (1  +  xy. 

Confiniag  our  attention  to  the  first  power  of  z,  for  the 
present,  we  thus  find 

(l+iy=l  +  {x/l-a^/2+i^/3-.  .  .}«-!-.  .  .         (6). 

Now,  since  there  can  only  be  one  conve^eut  expaiudon  of 
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{l+xf  in  powers  of  z,   the  series  in  (1)  and  (5)  must  te 
identical     Therefore 

log<l+x)  =  z/l-K'/2  +  a?/3-.  ;  .{-y--^3^/n  +  .  .  .    (6). 
The  aeries  on  the  right  of  (6)  is  usnally  wiled  the  logarithmic 
aeries.     It  is  absolutely  conyei^ent  bo  long  as  -  1  <a:  <  1,  and  it 
is  precisely  under  this  reatrictum  that  the  above  demonstration 
u  valid. 

If  we  put  x=\  on  the  'right  of  (6),  we  get  the  series 
1/1  -  1/2  +  1/3  -  .  .  .  (  -  1)"- Y«  + .  .  . ,  which  is  semi-conver- 
gent. Hence,  by  Abel's  Theorem  (chap.  zxvL,  §  20),  equation 
(6)  will  still  hold  in  this  case ;  and  we  have 

log2  =  l/l-l/2  +  l/3-.  .  .  +  (-l)''-i/n  +  .  .  .     (7), 
provided  the  order  of  the  terms  as  written  be  adhered  ta 

If  we  put  x=  - 1  in  (6),  the  series  becomes  divergent  It 
diverges,  however,  to  —  oo ;  so  that,  since  1(%  0  =  -  oo ,  the 
theorem  still  holds  in  a  certain  sense. 

Cor.  If  tee  arraage  the  coejieients  of  the  rejnaining  powers  of  z 
m  (6),  and  compare  wUA  (1),  we^id 
{Iog(I+2)}'=2!{,P,ai'/2-,P,3:73  +  .P,ie74-.  .  .}, 

{log(l  +  a:)}»  =  »!{„.,?„.,  z"/"  "  nPn-.  a''+V{''  +  1) 

+  „+,P„.,a?'+V(»+2)-.  .  -!     (8). 

These  fonnulse  and  the  above  demonstration  are  given  by 
Caachy  in  his  Analyse  Algebriqae. 

%  10.]  A  variety  of  expansions  can  be  deduced  from  the 
logarithmic  theorem.  The  following  are  some  of  those  that 
are  most  commonly  met  vritb  : — 

We  have 
l<^(l+»;)  =  a:/l-a;'/2  +  a^/3-.  .  .(-)— V/n  +  .  .  .; 
also 

log  (1  -  a;)  =  -  a;/l  -  a^/2  -  a^/3  -  .  .  .  -  »:"/»  - .  .  .     . 
Hence,    by   subtraction,   since   log(l +z)-log(l -a)=log 
{{l+a;)/(l-ir)},  we  deduce 
.  log{{l+!c)/tl-iB)}  =  2{ar/l  +  a^/3  +  ...+a:«»-V{2»-l)  +  ...}(9). 
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Putting  in  (9)  y  =  (l +a!)/<l -ar),  and  therefore  z  =  (y-l)/ 
(y  +  1),  we  get 

(10), 
an  expansion  for  logy  (but  not,  be  it  obeerved,  in  powers  cd  y) 
which  will  be  convergent  if  y  be  positive — the  only  case  at 
present  in  question. 

Again,  since  \  +x=3^\-i-\jx),  and  log(l -f  x)  =  logx -t  log 

(1  +  1/a:),  putting  in  (10)  y=l  +  ljx,  so  that  (y-l)/(y+  1)  = 

l/{2z+  1),  we  have 

log(l+j;)  =  logz+2{l/l(2i.+  l)  +  l/3(2^+ !)•  +  ...}     (11). 

FinaUy,  since  a;  +  1  =!c'(l  -  1/^0/(1  -  IX 

log(3:+l)  =  2Iog:c-log{z-l) 

-2{l/l{3z'-l)+l/3{2iE'-l)'+  .  .   .J      (12). 

If,  in  any  of  the  above  formulae,  we  wish  to  use  a  base  a 
different  from  e,  we  have  simply  to  multiply  by  the  "  modulus " 
1/log^  (see  chap,  zzi.,  g  9).  Thus,  for  example,  from  (10)  we 
derive 


ON   THE  CALCULATION   OF  LOGARrTHMS. 

§  11.]  The  early  calculators  of  logarilhms  lai^Iy  used 
methods  depending  on  the  repeated  extraction  of  the  sqnare 
root  This  process  was  combined  with  the  Method  of  Differences, 
which  seems  to  have  arisen  out  of  the  practical  aeceedties  of  the 

Logarithmic  Calculator,* 
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Thtu,  BriggB  used  the  approximate  formula 
log„2  =  (2"'^'  -  1)2'710  Iog,10, 
depending  on  t^e  accurate  formula 

which  we  have'  already  established  in  the  chapter  oa  Limits, 
and  which  might  readily  be  deduced  from  the  exponential 
theorem.  The  calculation  of  Iog„2  in  this  way,  therefore,  in- 
volved the  raising  of  2  to  the  tenth  power  and  the  subsequent 
extraction  of  the  square  root  47  times ! 

Calculations  of  this  kind  were  infinitely  laborious,  and  nothing 
but  the  enthusiasm  of  pioneers  could  have  sustained  the  calcu- 
lators. If  it  were  necessary  nowadays  to  calculate  a  logarithmic  . 
table  afresh,  or  to  calculate  the  logarithm  of  a  single  number  to 
a  large  number  of  places,  some  method  involving  the  use  of 
logarithmic  series  would  probably  be  adopted. 

The  series  in  g  1 0  enable  us  to  calculate  fairly  rapidly  the 
Napierian  Logarithms  of  the  small  primes,  2,  3,  5,  7. 
Thus,  pntting  y=  2  in  (10)  we  have 

log2  =  2{l/1.3  +  l/3.3'  +  l/6.S*+  .  .  . }. 
The  calculation  to  nine  places  may  be  arranged  thus  : — 


1/3 

•333,333,333 

1/1    .3 

■333,333,333 

1/3- 

37,037,037 

1/3   .3' 

12,346,679 

1/3- 

4,115,226 

1/5    .3' 

823,045 

1/3' 

457,247 

1/7   .3' 

66,321 

1/3- 

50,805 

1/9    .3- 

6,646 

1/3" 

5,646 

1/11.3" 

513 

1/3" 

627 

1/13.3" 

48 

1/3" 

70 

1/16.3" 

6 

1/3' 

8 

1/17.3" 

0 

■346,873,689  I  ±4 


By  the  principle  of  chap,  ixvi.,  § 
is  less  than 

{1/19.3»}/<1 


■693,147,178  1  ±8 
30,  the  residue  of  the  series 
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,  10 


that  IB,  leee  than  -000,000,000,06;  and  the  utmost  error  from 
the  carmge  to  the  last  line  ia  ±  i.  The  utmost  error  id  out 
calculation  is  ±  6.  Hence,  subject  to  an  error  of  1  at  the  utmost 
in  the  last  place,  wa  hare 

log  2  =  -693,147,18. 
Having   thus   calculated  log  2,  we   can  obtain  log  3  more 
rapidly  by  putting  z=2  in  (11).     Thus 

log3  =  log2  +  2{l/1.5  +  l/3.B*+l/5.8'+  .  .  . }. 
Knowing  log  2  and  log  3,  we  can  deduce  log  4  =  2  Ic^  S,  and 
log  6  =  log  3  +  log  2.     Then,  putting  le  =  4  in  (12),  we  have 
log6  =  21og4-l(«3-2{l/31  +  l/3.31'+ .  .  . }. 
Alao,  putting  a  =  6  in  (1 2),  we  have 

log 7  =  21(^6 -logs -2(1/71  +  1/3.  71'+  .  .  . }. 
It  will  be  a  good  exercise  in  computation  for  the  stndent  to 
calculate  hy  means  of  theae  formulffi  the  Napierian  Iiogarithms 
of  the  first  10  integers.     The  fallowing  table  of  the  results  to 
ten  places  will  serve  for  verification : — 


No. 

Lagarithm. 

1 

0  000,000,000,0 

2 

0-693,147,180,6 

3 

1098,612,288,? 

4 

1-386,294,361,1 

& 

1-609,437,912,4 

6 

1-791,759,469,2 

7 

1-945,910,149,1 

8 

2-079,441,541,7 

9 

2-197,224,677,3 

10 

2-302,685,093,6 

From  the  value  of  log,10  we  deduce  the  value  of  its  re- 
ciprocal, namely,  M= -434,294,481,903,251 ;  and,  by  multiply- 
ing by  this  number,  we  can  convert  the  Napierian  Logarithm  of 

*  6  meuu  that  the  10th  digit  hu  been  intmuad  hj  a  onit^  iMctoM  tbe 
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aaj  number  into  the  ordinary  or  Bri^uin  Logarithm,  whose  base 
ia  10. 

Much  mora  powerful  methods  than  the  abore  can  be  found 
for  calculating  log  2,  log  3,  l6g  B,  log  7,  and  M. 

By  one  of  these  (see  Exercises  XIII.,  2,  below)  Professor 
J.  C.  Adams  has  calculated  these  numbers  to  260  places  of 
decimals. 

§  12.]  Ths  Factor  Me&od  of  calcalaUng  Logariiknu*  is  one  of 
the  most  powerful,  and  at  the  same  time  one  o£  the  most 
instructive,  from  an  arithmetical  point  of  view,  of  all  the  methods' 
that  have  been  proposed  for  readily  finding  the  logarithm  of  a 
given  number  to  a,  lai^e  number  of  decimals. 

This  method  depends  on  the  fact  that  every  number  may,  to 
any  desired  degree  of  accuracy,  be  expressed  in  the  f<Hm 

io'»p^(i  -p,iio)ci  -pjm(i  -p^io') . . .     (1), 

where  p,,  p„  p,,  ■  ■  .  each  denote  one  of  the  10  digits,  0,  I, 
2,  .  .  .,  9,pt  being  of  course  not  0. 

Take,  for  example,  3141S9  as  the  given  number.  Plrst 
divide  by  10*.  3,  and  we  have 

314159  =  10'.  3.1047,196,666,666  .... 

Next  multiply  1-047,196,666,666  by  1  -  4/10*,  that  is,  cut 
off  two  digits  from  the  end  of  the  namber,  then  multiply  by  4 
and  subtract  the  result  from  the  number  itself.  The  effect  of 
this  will  be  to  destroy  the  first  significant  figure  after  the 
decimal  point     We  have  in  fact 

1-047,196,666,666  >;  (1  -  4/10')=  1-005,308,800,000. 

Next  multiply  1005,308,800,000  by  1-5/10',  and  so  on 
till  the  twelve  figures  after  the  point  are  all  reduced  to  zero.  The 
actual  calculation  can  be  performed  very  quickly,  as  follows : — 

•  For  a  full  history  of  this  msthod  see  Gliiaher's  artide  above  quoted ; 
or  the  Introdnctiou  to  Grab's  TaMa  /or  the  FormiUitm  of  lAi^nQan*  ani 
AnU-LogarUhnu  Ic  Tvunty-four  Ftaett  (1876). 
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10  4  7, 1  9  6,  6  6  e,  616  6 
41,88  7,  86  6, 666 

4/10" 

fi,  3  0  8,  8  0  0,iO  0  0 
5,026,644,000 

5/10" 

282,2616,000 
200,056,451 

2/10" 

8  2, 119  9,  S  4  9 
8  0, 0  0  6,  5  7  6 

8/10' 

2,il  9  2,  9  7  3 
2,000,004 

2/10' 

11  9  2, 9  6  9 
1  0  0,  0  0  0 

1/10' 

I  I  9/10*,  2/10',  9/10",  6/10",  9/10". 
The  remaining  factors  being  obvious  without  fartlm  calcula- 
tion.    Hence  we  bare 
3U169  X  (1  -  VlO'Xl  -  6/10") ...  (1  -  9/10") 

=  10'.3(1+!b/10"),  !i;>9. 
Therefore 

314159=  10'. 3(1  +xllOy{l  -  4/10*) (1  -6/10^. . .  (1  -  9/10") 

(2)- 
Since  lc«(l  +«/10")<s;/10",  it  follows  from  (2)  that,  as  far 
as  the  twelfth  place  of  decinuds, 

log  3U159  =  6  log  10  +  log  3  -  log  (1  -  4/10")  -  log  (1  -  6/10") 
-  log(l  -  3/10*)  -  log (1- 8/1 0*)-l<^ (1-2/10*) 
-log(l  -  l/10')-log(l  -  9/10')-log(l  -  2/10*) 
- 1(^(1  -  9/10")  -  log  (1  -  6/10")  -  log  (1  -  9/10"). 
All,  therefore,  that  is  required  to  enable  us  to  calculate 
log  314159  to  twelve  places  is  an  auxiliary  table  containing  the 
logariUuus  of  the  first  10  integers,  and  the  logarithms  of  1  -pflO^ 
for  all  integral  values  of  p  from  1  to  9,  and  for  all  integral  values 
of  r  from  I  to  12.     To  make  quite  snre  of  the  last  figure  this 
auxiliary  table  should  go  to  at  least  thirteen  places. 

§  13.]  It  should  be  noticed  that  a  method  like  the  above  is 
suitable  when  only  solitary  logarithms  are  required.  If  a  com- 
plete table  were  required,  the  Method  of  Difierences  would  be 
employed  to  find  the  great  majority  of  the  numbers  to  be  entered. 


D,a,l,zc.bvG00gIe 


irTIli  FIEST  DIFFEREHCE  OP  LOGiC  221 

A  fiill  diflcussioQ  of  this  method  would  be  out  of  place  here;* 
but  we  may,  before  leaving  this  part  of  the  subject,  five  an 
analytical  view  of  the  method  of  interpolation  by  First  Differ- 
ences, already  discussed  graphically  in  chap.  xxL 

We  have 
log,^(E  +  A)  -  log„a:  =  log.^l  +  h/x) 

=  M{fc/^-i(AMVKW-...}       (1). 
Hence,  if  A  <  x,  we  have  approximately 

log,.(«  +  »)-log,i.  =  M4/«  (2), 

the  error  being  less  than  JM(A/x)'. 

The  equation  (2)  shows  that,  if  }M(jt/x)'  do  not  affect  the 
nth  place  of  decimals,  then,  so  long  as  Al^A^  the  differences  of 
the  values  of  the  function  are  proportional  to  the  differences  of 
the  values  of  the  aigament,  provided  we  do  not  tabulate  beyond 
the  nth  place  of  decimals. 

Take,  for  eiample,  the  table  sampled  in  cbap.  iii.,  where  the  nnmbera 
are  entered  to  live  and  the  logarithma  to  sevea  places.  Suppose  ;t:-3D000 ; 
and  let  oi  inquire  vithin  what  Umita  it  vroald  certaiul;  be  safe  to  appl7  the 
role  of  proportiDnal  parts.     We  must  have 

Jx  ■«*3(A/30000)'<5/10'. 
if  the  interpolated  logarithm  is  to  be  correct  Us  the  last  figure,  that  U, 
A<3V23M, 
<W. 
It  would  therefore  certuiil;  be  safe  to  apply  the  rale  and  interpolate  to 
Mreu  placBi  the  logaritbma  of  all  ntunbers  lying  between  SOOOO  and  80014. 
This  agrees  with  the  bet  that  in  the  table  the  tabolar  difference  baa  the 
constant  value  144  within,  and  indeed  bejond,  the  limits  mentioaed. 


SUHHA.-nON  OP  SERIES  BT  MEANS  OP  THE  LOOARITHHIC 


g  1*.]  A  great  variety  of  series  may,  of  course,  be  siunmed 
by  means  of  the  Logarithmic  Series.  Of  the  simple  power  series 
that  can  be  so  summed  many  are  included  directly  or  indirectiy 
under  the  following  theorem,  which  stands  in  the  same  relation 


*  FoTMurcea  of  information,  aw  Qlaiaher,  I.e.  , 
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to  tlie  logarithmic  theorem  as  do  the  theorems  of  chap,  xxrii,  §  5, 
SQd  chap,  xzviii.,  §  8,  to  the  binomial  and  exponential  theorems: — 

The  leria  whose  gmeral  term  is  ^fl)x"/(n  +  a)(n  +  b). ., 
(n  +  k),  inhere  4in)  V  an integrai /tmclion  of  n,  and  a,  b,  .  .  .,  kan 
posiUvt  or  negaiive*  utuqiuil  integers,  aui  alieays  be  summed  to  infimiy 
provided  the  series  is  amvergent. 

It  can  easily  be  shown  that  the  series  is  conre^ent  provided 
X  he  nnmerically  less  than  nnity,  and  dire^nt  if  a;  be 
numerically  greater  than  unity. 

If  the  degree  of  tf>(n)  be  greater  than  the  degree  of  (n  +  a) 
(n  +  ()...  (n  +  (),  the  general  term  can  be  split  into 

«>.K  +  x(«)«?'/(» +  «)(•  +  »>...(«  + J)         (1), 

where  i/^n)  and  x{n)  &i^  integral  functions  of  n,  the  degree  of 
the  latter  being  less  than  the  degree  of  (n  +  a){n  +  b). .  .(n  +  k), 
Nov  2^n)ii^  is  an   integro-geometric   Beries,  and   can  be 
summed  by  the  method  of  chap,  zx,  §  13. 

By  the  method  of  Partial  EVactions  (chap,  viii.)  we  can 
express  x(^)/(''  +  a){n  +  b).  ..{n  +  k)m  the  form 

A/(n  +  a)  +  B/(n  +  t)  +  .  .  .  +  K/(»  +  i), 
where  A,  B,  .  .  .,  K  are  independent  of  n.     Hence  the  second 
part  of  (1)  can  be  split  up  into 

Aa»/(n  +  o)  +  ^{n  +  b)  +  .  .  .  +  Ka:»/(n  +.k)      (2); 
and  we  have  merely  to  sum  the  series 

ASif/(«  +  a),     BSz"/(n  +  J),     .  .  .,     KSa*/(n  +  k)  {$). 
Now,  Bupposing,  for  simplicity  of  illustration,  tliat  the  sum- 
mation extends  from  n=l  tofl=cio,  we  have 

A2a^/(n  +  a)  =  Aa;-«Sr"+''/(R  +  a), 

=  -  Aji-'iz/l  +  a^/2  + . . .  +  !e-/a  +  !og(l  -  x)}  (4). 
Each  of  the  other  series  (3)  may  be  summed  in  lite  manner. 
Hence  the  summation  can  be  completely  effected. 

*  When  tny  of  the  intagera  a,  ft,  .  .  ,,  k  an  negative,  the  method  re- 
quires the  aTklnatioD  of  limitB  in  oertsia  cbma. 
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If  X  =  1 ,  the  serieB  under  coneideTation  will  not  be  convergent 
otileas  the  degree  of -^n)  be  leaa  than  the  degree  of  (n  +  a) 
(n  +  6) . . .  (m  +  i).  It  will  be  absolutely  convergent  if  the 
degree  of  ^n)  be  less  than  that  of  {n  +  a)(n  +  b). .  .(n  +  k)  bjr 
two  units.  If  the  degree  of  ^n)  be  lew  than  that  of  (n  +  a) 
{n  +  b) . ,  .{n  +  k)  by  only  one  unit,  then  the  eeries  is  aemi- 
convergent  if  the  terms  ultimately  alternate  in  sign,  and  diveif;ent 
if  they  have  ultimately  all  the  same  sign. 

In  all  cases,  however,  where  the  series  is  convergent  we  can, 
by  Abel's  Theorem,  find  the  sum  for  z  =  1  by  first  summing  for 
x<I,  and  then  taking  the  limit  of  this  sum  when  ii:=  I. 

In  the  special  case  where  <^n)  is  lower  in  degree  by  two 
ttnits  than  (n*a)(n  +  b).  ..(n  +  k),  and  a,  (,...,  jt  are  all 
positive,  an  el^jant  general  form  can  be  given  for  2^n)/(fl  +  a) 
(«  +  S)...(«  +  i). 

From  the  identity 
♦<»)/(» +  o)(n  +  S>...(n  +  ij 

.A/(«  +  o)  +  B/(ii  +  J)  +  .  .  .•fK/(ii  +  iX 
we  have 
^»)»A(n  +  S)(n  +  «)...(»  +  i)  +  B(o  +  «)(«  +  e)...(»  +  i)  +  .  .  , 

+  K(«  +  ii)(ii  +  J)...(»+j)     (6), 
aad,  bearing  in  mind  the  degree  of  ^n),  we  have 

A  +  B  +  .  .  .+K  =  0  (6). 

Also,  putting  in  aoccession  n=  -a,  n=  -i,  .  .  .,  n—  -i,  we 
hare 

-♦<-.)/(6-a)(<-a)...(i-a)^ 
B-*<-i>/(— »)('-»)■■■('-»)(.  (7). 


-S)...(i-J)( 
-i)...U-k)) 


K.*<-t)/(a-4)(6- 
Reverting  to  the  general  result,  we  see  from  (4)  that 

i^n)a?'/(n  +  a)(»  +  b)...(n  +  k) 

=  -■ZAx-%x/l-ni?/2  +  .  .  .+«"/«)- log  (l-!e).2Az-«  (8), 
where  the  S  oo  the  right  hand  indicates  summation  with  respect 
toa,b,  .  .  .,  k. 
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Now,  since  A  +  B  +  ,  ,  .+K  =  0,  XAz"»  is  an  algebraical 
function  of  x  which  Tanielies  when  x=l.  Also  1-x  is  an 
algebraical  function  of  x  having  the  same  property.  Therefore, 
by  chap.  XXV.,  g  17,  we  have 

Llog(l-a:).2Aa:-'»=  L  log{(l -z)^*"}, 

=  Iogl, 

=  0. 
Hence,  taking  the  limit  on  both  sides  of  (8),  we  have,  by  Abel's 
Theorem, 

S^fl)/<»  +  a){n  +  b)...(n  +  k)=- 2A(1/1  +  1/2  +  .  .  .  +  1/a), 

_        <K-'^)(Vl^-ll2^...  +  lla)     ,.. 

-  (b-a){c-a)...(c-k)  ^^ 

the   2    on   the    right    denoting    summation   with    respect   to 
a,  b,  e,  .  .  .,  k. 

Bzamplel.  ETkInat«Zn'a^/(tt-l)(n+3). 
WehiTe     «V/{n-l)(B+2)=(n-l)i!"+la!-/(ft-l)+|;^/(n+2). 
Now  2{n-l)if'=-l3?+&i*+ix*+.  .  .. 

t 

-2.1ii»-2.2a!*-.  .  . 

+  ]a!'  +  .  .  ., 

|aE-/(n  +  2)  =  !ar-^i(-t«/(n  +  2], 

=  -*^{j:/l+«'/2  +  *'/8  +  log(l-i)|. 
Hencs  tlie  whole  snm  ia 

!E'/{l-i)'-frr-'-4-»z-i(iE  +  &r-«)log(l-»). 

EiUDi^ea.  ETmliuteZl/(«-])<n+2). 
By  tha  tMoe  process  as  before,  we  find 

SC/("-l)(«  +  2)  =  i>^'  +  i+i«+ !(*-'-«)  logU-ar). 
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How,  siuce  L  {l-zy''-''-l   (chop,  xxv.,  %  17).  L  (jr-'-a;)l<igll-a!)  =  0. 
Therefore  Sl/(B-l){»  +  2)  =  i  +  i  +  i  =  li. 

ThiB  result  might  bo  obtainod  in  quite  anothet  way. 

It  Imppena  that  £I/(n-l)(n+2)  can  besuramed  ton  terma.     In  Tact,  we 

I/(»-lH'i  +  2)  =  i(I/(«-l)-l/(»  +  2)t- 
Heuce,  unce  the  series  is  now  finite  and  comniDtatiou  of  terms  tbonfore 
pannisBible, 

3|l/{»-l)(™  +  2)  =  J  +  l+|  +  .  .  .  +  X^  +  -i__  +  ^2  +  ^ 

1  1111. 


1^2    8    n    n+1    n  +  ^' 
Hence,  taking  the  limit  for  u=  » ,  wo  Lave 

Example  3.  To  aum  the  urioa 

(liionnet,  Ifouv.  Ann.,  aor.  ii.,  t.  IS.) 
Let  the  (n  +  I)th  term  be  u,,  then,  since  u„  =0,  association  ia  permitted 
(ese  chapter  uvi.,  %  7),  and  wa  may  write 

""^  4i?+l  ■''  47i"+3  "  2^+2' 

~ln+l     4n  +  2     i«  +  3     4«  +  4     4«  +  2     4n  +  4 

V4»  +  l     4»  +  2^4n  +  3     411  +  4^  ^2^2-1+ 1     2«  +  2/' 

Now,  as  may  be  easily  verified,  Va  and  lOn  are  raUoual  functions  of  n,  in 
which  the  denominator  is  liighcr  in  degree  than  the  numerator  by  two  units 
at  least.  Hence  (chap.  sxvL,  g  6)  £v,  and  Sir,  are  absolutely  couvcrgcut 
seiiea.     Tlieiefore  (chap,  xxvi,,  §  13) 

Su,= 2(1', +  ><.„), 
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Hence,  Bgain  dimociatiDg  (^  and  w.  (as  U  evidentlj  pennissibU]  we  hav* 


^1(- 


ThU  example  is  an  iataresting  ipecimen  or  the  somevbat  delicate  opera- 
tion of  evaluating  a  Bemi-convergent  Beriea.  The  pn>cesB  maj  be  deacribed 
as  consisting  in  the  conversion  of  tlie  semi  •convergent  into  one  or  more 
absolutely  convec^nt  series,  whose  tenne  can  be  commulated  with  safety.  It 
should  be  observed  that  tbe  tenns  in  tbe  given  series  ai«  merely  tboee  of  the 
■eriea  1-1/2  +  1/3-1/4-1-1/&-.  .  .  written  in  a  different  order.  We  bave 
tbasa  striking  instance  of  the  truth  of  Abel's  remark  that  the  aam  of  a  semi- 
convergent  series  may  be  altered  by  commutating  its  terms. 


APPLICATIONS  TO   INEQUALITY  AND  LIMIT  THBOR£HS. 

§  15.]  The  Exponential  and  Logarithmic  Series  may  be 
applied  with  effect  in  establishing  theorems  regarding  inequality. 
Thus,  for  example,  the  reader  will  find  it  a  good  exercise  to 
deduce  from  the  logarithmic  expfuision  the  theorem,  already 
proved  in  chapter  xxv.,  that,  if  x  be  positive,  then 

a-l>logz>l-l/a!  (1). 

It  will  also  be  found  that  the  use  of  the  three  funda- 
mental series — Binomial,  Exponential,  and  Ix^arithmic — greatly 
facilitates  the  evaluation  of  limits.  Both  these  remarks  will  be 
best  brought  home  to  the  reader  by  means  of  examples. 

Example  1.  Show  that 

Ifwepnt  l-l/z=l/ni,  that  is,  x-m/(nt-l),  in  the  second  part  of  (1)  above, 
and  then  replace  nt  by  m  + 1,  m -I- 3,  .  .  .,  n  saccessively,  we  get 

logm-log(m-l)>l/nt, 

log(m  +  I)-logm>l/(m  +  l}, 
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Next,  if  we  pat  X'l  =  l/m  in  the  fi ret  put  of  (1),  utd  proceed  aa  before, 

re  get 

log(w  +  l)-logm<l/7n, 


log(n  +  l)-log«<l/n. 
log(>.  +  l)-logm<l/m  +  l/(>n  +  l)  +  .  .  .  +  l/n  (3). 

From  (2)  and  (3), 

loe{nl{m-l))>llm  +  lHm  +  lH.   .  . +  l/»>log{U  +  l)/7nl. 
Example  2.  If  p  and  q  be  coDstant  integers,  sbow  tbat 

L    {l/m+l/(».  +  l)  +  .  .  .  +  l/(im  +  ?)|=logi.. 

(Catalan,  TraiU  ^Ummlaire  de*  Siriei,  p.  &8.) 
Put  n=pm  +  q  of  laat  example,  and  we  find  tbat 
l'>g{Cp»'  +  3)Am-l)l>l/m  +  l/(m+l)  +  ...  +  l/(pm  +  g)>I<«{(pm  +  ?+l)H. 

How  L  log{(yni  +  s)/(m-l})=logy, 

and  L    logi(pm  +  ?  +  l)/m}=Iogji. 

Hence  the  theorem. 

Example  3.  Evaluate  Lfe- - 1  )>/]  a  -  log  (1  +  ie)  |  when  31=0. 
Since  {•^-\f  =  (x  +  ^  +  .  .  .)'^a>(l+ii  +  .  .  .)*; 

x-loeil+x)  =  ^-i^+.  .  .=ii'(l-ij:  +  .  .  .)■ 
Therefore 

(«'-lp/{»-log(l+ir)f=2(l+i>;  +  .  .  .mi-|«  +  .  .  .)■ 
Since  the  eeriea  with  the  brackets  are  both  convergent,  it  follows  at  once 

tbrt  ^e«-l)v^ar-Iog(l+I)|=2. 

EZBRCIBKS  XIII. 

a.)  If  P=l/31  +  l/a.31'  +  l/B.31'  +  .  .  ., 

Q=l/4»  +  l/3.49»  +  l/6.49'  +  .  .  ., 
R=l/lfll  +  I/3.181'  +  l/5.161'  +  .  .  ., 
then  log2=2(7P+BQ+3R), 

log3  =  2(llP  +  BQ  +  6S). 
li)g5^2(18P  +  laQ  +  7a). 
(See  GlaiBher,  Art.  "Logarithms,"  .^iq^.  ^rit.,  9th  ed.) 
(2.)  If    o=-log(l-l/10),    J=-log(l-4/ll)0),     0=  log (1  +  1/80),    d= 
-log (1-2/100),  <  =  log (1  +  8/1000),  then  log2  =  7a-2i  +  3«,  log3  =  lla-34 
+  &!,  logE=16o-4i  +  7e,  log7  =  i(8Bo-10i+17=-d)  =  lSo-4i  +  8<!  +  e. 

(Prof.  J.  C.  Adami,  Proe.  R.a.L. ;  1878.) 
(S.)  Calculate  the  logtrithmB  ol  2,  3,  G,  7  to  ten  places,  b;  means  of  the 
fonnohe  of  Example  1,  or  of  Example  2. 

(4.)  Findtheunalleatintegnl  valoe  of  X  for  which  (l-Ol)*:- 10k 
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Sum  the,  series  :  — 

(7.)  2'/1.2-z»/3.8  +  J!'/8.4-.  .  .  {-)^'afWn  +  l).  ,  . 
{8.)  a?/3+x'/15  +  .  .  .+^/(4«'-l)+.  .  . 

(9.)  3:/l>+3r'/(l'  +  2»)  +  j!»/(!»  +  2'  +  3')  +  .  .  . +3!"/(l'  +  r+ .  .  .+«')  +  .  .  .; 
alao  l/I'+I/(l"  +  2')  +  l/(l>  +  2'  +  3»)+.  .  .+l/(l>  +  2=+.  .  .+«')+.  .  . 
■    (10.)  4/1.2.a  +  B/2.3.1  +  8/8.4.5+.  .  . 

(II.)  If  x>100,  then,  to  seven  plaues  of  decimals  at  least,  1og(x4-8)  = 
2log(n-7}-log(i  +  5)-log(z  +  3)  +  21ogiB-log{i-3)-log(i-5)  +  21og(3!-T) 
-log  (3! -8). 

(12.)  Expand  log(l  +  x+i'^)  in  Bscendiiigpoirara  of  ;c 
(13.)  From  log(3?  +  l)=log(ir  +  l)  +  log(ar'-i+]),  show  that,  if  m  be  » 
[Kisitive  integer,  then 

6m-2    (6»)i-3)(6ct-4)    (6m- i)[em- 5)(6m - 6) 
2!  31  41 

(Math.  Trip.,  1382.) 
(14.)  Jlog^l+i)j'  =  2^/2-2(lA  +  l/2>r'/3+.  .  .  {  -  )^{1/1  + 1/2+ ■  ■   - 
l/(n  - 1 )}  x^/n  .  .  .     Does  this  fonnnU  hold  whan  x  =  1 1 

(16.)log(l+»)'<«"-'>=-Q,r'/l-Q^/2-.  .  .-Q^.,^/«-.  .  .; 
wbetfl  Q*.-i=I/l-l/2+ip-.  .  .+l/(2n-I). 

(16.)  Ifa:<l,  show  that 
K+4^  +  ia!'  +  ^s;i:"...  =  bg|l/(l-«}E-!P,-tP.  +  iP.-*P7-*Pi  +  APio...: 
whore  P,  =  3*'  +  3:'"  +  e'''  +  3^+3:""+  .  .  .,  and  the  ganenJ  term  U(-)"P,/», 
unless  n  is  a  power  of  2,  in  which  case  there  is  do  term. 

(Trin.  Coll.,  Camb.,  18/8.) 
(17.)  If  e^xe^'»xe^'».  ..=A,  +  Ai3:  +  .  .  .,  then  A».=A>+,  =  1.3.S  .  .  . 
(2r-l)/2.4.6  .  .  .  2r. 

(18.)  If  a+a^+otf^+.  .  .+s(+<i^  +  art^+.  .  .  =  )(K+y)/(l-ir3/)!'  + 
"3!('  +  l/V(l-='!')l*+=*{(^  +  W(l-ay)l'+-  .  ..forallralaesofaandywhich 
render  the  variooa  series  convergent,  find  a*,  os,  .  .  , 

Show  that 

(19.)  log(4/()  =  l/l-2-l/2-3  +  l/3.4-l/4.B  +  .   .   . 

(20.)  log2  =  4(l/1.2.3  +  l/6.8.7  +  l/S. 10. 11  +  1/13.14. 15  +  .  .  ,)    (Enler.) 
(21.)  (l-l/2-l/4)  +  (l/3-l/6-l/8)  +  (l/5-l/10-l/12)  +  .   .  .  =  ilog2. 
(See  Lionnet,  Nvkv.  Ann.,  scr.  ii.,  t.  IS.) 
(22.)  ii,/il-ntf^2r  +  n(«-I)ff»'3!--  ■  ■  to  ?T+1  fenns  =l/(»  +  l)»,  where 

»,=l/l  +  I/2  +  l/3  +  .  .  .  +  1/7'.     (Math.  Trip.,  1888.) 

(23.)  «-(l  +  l/mr  lies  between  «/(2m+ 1)  and  e/(2m  +  2),  whaterar  m  may 

be.    {Naav.  Akb..,  tax.  iL,  1 11.) 

(2*.)  Lix/(ii:-l)-l/loga!|=i,  wlieu  j;  =  l.     (Euler, /««(.  CaU.  Dig.) 
(26.)  L{e'-l-log(l+3:)!/i*=l,  when  i=0.     (Euler,  I.e.) 
(26.)  Li*'-iK)/(l-i  +  lt.Bi)=-2,  when  2=1.     (Enler,  i.e.) 
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<27.)  L(l  +  l/»)'^l+2/ti)''".  .  .(l  +  n/n)i'-  =  4/e,  wlienn=». 

(28.)  LUa"-l}!/n'-'|''"  =  4/'^.  wbenn-«. 

(S9.)  s*>I-f-x,  forall  real  vslnes  ofz. 

(SO.)  !i;-l>1ogz>l-l/x,  for  nil  positivs  valuea  of  x ;  to  be  deduced' 
from  tlie  logaritlimic  eipanaion. 

(31.)  ^>(l  +  n)"/»i!,  n  being  any  mtegar, 

(82.)  If«  be  an  integer  ^e,  then  n*^'>(n  +  l)". 

(33.)  irA,B,  a,  i  be  all  positive,  then  [(i-»)/(A-B)  +  (Aa-IU)log(B/A} 
(A-  B)'  is  negatiTB.     (Tait.) 

(34.)  lfl*j(>o,then  {{z  +  a)lix-a)}'<  {(y  +  a)l(y-a)}>. 

(35.)  I,{l/(n  +  l)  +  l/(n  +  2)  +  .  .  .  +  l/2n|  =log2,  when  n  =  «.    (Catalan.) 

(38.)  log((n  +  i)/(m-i)}>I/m  +  l/{m+])  +  .  .  . +  l/n>Iog{(n+l)/ml. 
(Boiugaet,  Nouv.  Ann,,  eer.  ii.,  t.  IS.) 

(87.)  Iog8=6/I.2.3  +  ]4/4.6.6  +  .  .  .  +  (9tt-4)/(3ii-2)(3»-l}3n  +  .  .  . 

(38.)  If  2(-)-->*(ji)/(>i  +  o)(n  +  J).  .  .{n  +  A},  whB™o,S,  .  .  ..iareall 

poiitiTe  integeis  and  0(n)  U  an  integral  fnnction  of  n,  be  absalntely  conTtiT- 
gent,  its  ram  it 
8=       2        ^-a)ll/o-l/(o-l).  .  .{- r-'l/l) lib -aHe- a).  .  .  (i-n)j 
o,  S, . . .,  * 
aad,  if  it  be  aemi-coDTargent,  it»  sum  is 

S  +  log2       2       (-j-^C-aJAS- a) (=-«).  .  .  (i-a). 
o,  »,...,* 

(39.)  Show  that  the  residue  in  the  exptnden  of  log{l/(l-9;)}  lies 
between 

•nd  a^Ml  +  (''  +  lW(l-''')<"  +  2t!/("  +  l)- 

(40.)  In  a  table  of  Briggian  Logarithms  in  which  the  nnmben  are  entend 
to  5  slgniBcant  figarea,  and  the  mautisss  of  the  It^rithnw  U>  7.  figarea. 
Calculate  the  tabular  diflerence  of  the  logarithms  when  the  number  is  near 
30000  ;  and  find  through  what  extent  of  the  table  it  will  rei 
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Summation  of  the  Fundamental  Power  Series  for 
Complex  Values  of  the  Variable. 

GENERALISATION  OF  THE  ELEHENTAKT  TRAHSCEtmENTAL 

FUNCTIONS. 

§  1.]  One  of  the  objecta  of  the  present  chapter  is  to  generaJise 
certain  expansion  theorema  establiehed  in  the  two  chapters  which 
precede.  In  doing  this,  we  are  led  to  extend  the  definitions  of 
certain  functions  such  afi  a',  log^  z,  aaax,  &c.,  already  introduced, 
but  hitherto  defined  only  far  real  values  of  the  variable  x;  and 
to  introduce  certain  new  functions  analogous  to  the  circular 
functions. 

Seeing  that  the  circular  functions  play  an  important  part  in 
what  follows,  it  will  be  conTcnient  here  to  recapitulate  their 
leading  properties.  This  is  the  more  necessary,  because  it  is 
not  uncommon  in  English  elementary  courses  ao  to  define  and 
discuss  these  functions  that  their  general  functional  character  is 
lost  or  greatly  obscured. 

§  2.]  Definitioa  and  Properties  of  the  Dked  Circular  Functi&ns, 
Taking,  as  in  chap,  xii.,  Fig.  1,  a  system  of  rectangular  axes,  we  can 
represent  any  real  algebraical  quantity  9, by  causing  a  radius  vector 
OP  of  length  r  to  rotate  from  OX  through  an  angle  containing  6 
radians,  counter-clockwise  if  d  be  a  positive,  clockwise  if  it  be  a 
negative  quantity.  If  (x,  y)  be  the  algebraical  values  of  the  co- 
ordinates of  P,  any  point  on  the  radius  vector  of  0,  then  xjr,  yjr, 
■yjx,  xjy,  r/x,  rjy  are  obviously  all  functions  of  8,  and  of  6  alone. 
The  functions  thus  geometrically  defined  are  called  coa  $,  sin  6, 
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tan  6,   cot  $,   sec  0,   cosec  0    respectively,    and   are    spoken    of 
collectively  as  the  circular  functions. 

AQ  the  circular  functions  of  one  and  the  same  argument,  8, 
are  algebraically  expressible  in  terms  of  one  another,  for  theii 
definition  leads  immediately  to  the  equations 


tan  0  =  Bin  tf/cos  $,     cot  6  =  cos  d/sin  0 ; 
aec0-l/coa6,     cosec  6  =  1/sin  ff ;  J-  (1); 

cOB'fl  +  BinV=l,     &ec'0- 


9/saa  0 ;  \ 
'0=1;  J 


from  which  it  is  easy  to  deduce  an  expression  for  any  one  of  the 
six,  COS  0,  sin  0,  tan  0,  cot  6,  sec  $,  cosec  0,  in  terms  of  any  other. 

When  ¥(6)  is  such  a  function  of  6  that  r(  -  ^  =  T{ff),  it  is 
said  to  be  an  even  function  of  0;  and,  when  it  is  such  that 
F{  -  fl)  =  -  ¥(6),  it  is  said  to  be  an  odd  function  of  ft  For 
example,  1  -^  0*  is  an  even,  and  ^  -  Itf'  is  an  odd  function  of  ft 

It  is  easily  seen  from  the  definition  of  the  circular  functions 
that  cos  0  and  sec  0  are  even,  and  sin  $,  tan  $,  cot  0,  and  cosec  6 
odd  functions  of  ft 

When  F(^  is  such  that  for  all  values  of  ft  F{0  +  n\)  =  ¥{0), 
where  A.  is  constant,  and  n  any  integer  positive  or  negative,  then 
F(^  is  said  to  be  a  periodic  function  of  $  having  the  period  A. 

It  is  obvions  that  the  graph  of  such  a  function  would  consist 
of  a  number  of  parallel  strips  identical  with  one  another,  like  the 
aecUons  of  a  wall  paper ;  so  that,  if  we  knew  a  portion  of  the 
graph  corresponding  to  all  values  of  0  between  a  and  a  +  X,  we 
could  get  all  the  rest  by  simply  placing  side  by  side  with  this  an 
infinite  number  of  repetitions  of  the  same. 

Since  the  addition  of  ±2ir  to  0  corresponds  to  the  addition 
or  subtraction  of  a  whole  revolution  to  or  ^om  the  rotation  of 
th«  radius  vector,  it  is  obvious  that  all  the  circular  functions  are 
periodic  and  have  the  period  2n-.  This  is  the  smallest  period, 
that  is,  the  period  par  excellence,  in  the  case  of  cos  0,  sin  0,  sec  0, 
cosec  ft  It  is  easily  seen,  by  studying  the  defining  diagram,  that 
tan  0  and  cot  0  have  the  amaller  period  r.     Thus  we  have 
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(2). 


(3), 


cos  {B  +  2»nr)  =  COS  6,    sin  {6  +  2»wr)  =  sin  &,        -\ 
sec  {8  +  2)w-)  =  sec  6,     cosec  {$  +  2nir)  =  coaec  0, 
tan  (*  +  »Mr)  =  tan  tf,      cot  (^  +  nx)  =  cot  A  J 

Besides  tbese  relations  foe  whole  periods,  we  have  also  the 
following  for  half  and  quarter  periods : — 

cos(x±e)=  -cosfl,     em(v*6)=  Tsin)?;      \ 

COS  (Jff  ±  6)  =  T  sin  ^,     sin  (Jir  ±  tf)  =  +  cos  fl ;  ( 

tan  {JjT  ±  ^)  =  T  cot  fi,     cot  (Jx  ±  ^  =  3:  tan  fi ;  ( 

Ac,  ) 

all  easily  deducible  from  the  definition. 

We  have  the  following  table  of  zero,  infinite,  and  turning 
values  T — 


(4). 


which  might  of  course  be  continued  forwards  and  backwards 
by  adding  and  subtracting  whole  periods. 

Hence  cos  6  has  an  infinite  number  of  zero  values  correspond- 
ing to  fl  =  J(2»  +  lyjT,  where  n  is  any  positive  or  negative  integer ; 
no  infinite  valnes ;  an  infinite  number  of  maxima  and  of  minima 
values  corresponding  to  fl  =  2»Mr  and  6  =  (2n+  l)ir  respectively  j 
and  is  susceptible  of  all  real  algebraical  values  lying  between 


e 

0 

i» 

T 

iw 

2x 

&C. 

cos  9 

+  1 

0 

-1 

0 

+  1 

sine 

0 

+  1 

0 

-1 

0 

UaO 

0 

00 

0 

oo 

0 

&c. 

Qote 

» 

0 

OO 

0 

00 

moB 

+  1 

00 

-1 

00 

+  1 

cosec tf 

00 

+  1 

00 

-1 

«> 

-1  s 


fl. 


Sin  ^  is  of  like  character. 

But  tan  0  is  of  quite  a  difierent  character.  It  has  an  infinite 
number  of  zero  values  corresponding  to  f  =  fur ;  an  infinite 
number  of  infinite  values  corresponding  to  fl  =  J(2w  +  l)ir ;  no 
turning  values ;  and  is  susceptible  of  ail  real  algebraical  values 
between  -  =0  and  +  oo . 

Got  6  is  of  like  character. 
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Sec  9  and  coaec  6  have  again  a  distinct  character.  Each  of 
them  has  infinite  and  turning  values,  and  is  susceptible  of  all 
real  algebraical  values  not  lying  between  - 1  and  -i- 1.  The 
graphs  of  the  functions  y  =  sin  z,  y  =  cos  x,  &c.,  are  given  in  Fig. 
1.  The  curvM  lying  wholly  between  the  parallels  KL,  K'L', 
belong  to  cos  x  and  sin  x,  the  cosine  graph  being  dotted ;  all  that 
lies  wholly  outaide  the  parallels  KL,  K'L',  belongs  either  to  eecx 
or  to  coaec  z,  the  graph  of  the  former  being  dotted.  The  curves 
that  lie  partly  between  and  partly  outside  the  paralleb  KL, 
K'L',  belong  either  to  tan  z  or  to  cot  it,  the  graph  of  the  latter 
being  dotted. 

Again,  from  the  geometrical  definition  combined  with  ele- 
mentary considerations  regarding  orthogonal  projection  are 
deduced  the  following  AddUion  Formula : — 

cos  (fl  ±  ^)  =  coa  ^  cos  ^  T 

8in{fl±^)-sinflcos.^±cosflain^;  J-  (5). 

tan  (^  ±  ^)  -  (tan  ^  ±  tan  .^)/(I  :f  tan « 


ollowing  :— 

^-*);^ 

^  =  4  cos  (f  +  <^)  +  J  cos  (S  -  ^) ;  N 
^  =  i  cos  (ff  -^)  -  J  cos  (tf  +  ^) ;  I 
^  =  ^  sin  (^  +  .^i  +  J  sin  {6  -  <f,).  j 


As  consequences  of  these,  we  have  the  following  :- 

cos  fl  +  COB  ^  =  2  cos  J{fl  +  ^)  COB  i(tf  - 

COS  *  -  COS  «=  2  sin  1(6  +  -f,)  sin  1(6  -<f>);^  (6) 

sin  d  ±  sin  ^  =  3  sin  l{0  ±  ^) cos  \{9^ 


co82S  =  coB'tf-sinV  =  2cos'fi-l  =  1  -2sin'tf 
=  (1  -  tan  '6)1(1  +  tan  'B). 
sin  2^  =  2  sin  (? cos  tf  =  2  tan  «/(!  +  tan  '$). 
tan2tf  =  2tantf/(l-tan'tf). 


(8). 


§  3.]  Inverse  Circular  Fimdumi.  When,  for  a  continuum 
(continuous  stretch)  of  values  of  y,  denoted  by  (y),  we  have  a 
relation 

^  =  F(y)  0). 
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which  enablea  us  to  calculate  a  single  value  oi  x  for  each  value 
of  y,  and  the  resulting  values  of  z  form  a  continuum  (x),  then 
the  graph  of  F(y)  is  continuous ;  and  we  can  use  it  either  to 
find  X  when  y  is  given  or  y  when  x  is  given.  We  thus  see  that 
(1)  not  only  determines  x  aa  a  continuous  function  oty,  but  also 
y  as  a  continuous  function  of  x.  The  two  functions  are  said  to 
be  inrersd  to  each  other ;  and  it  is  usual  to  denote  the  latter 
function  by  F-\x).     So  that  the  equation 

,  =  F-M  (2) 

is  identically  equivalent  to  (1). 

It  must  be  noticed,  however,  that,  although  F~'(x)  is  con- 
tinuous, it  will  not  in  general  be  single-valued,  unless  the  values 
in  the  continuum  (x)  do  not  recur.  This  condition,  as  the 
student  is  already  aware,  is  not  fulfilled  even  in  some  of  the 
simplest  cases.  Thus,  for  example,  if  a;  =  y*,  for  -  oo  <  y  <  +  oo  , 
the  continuum  (x)  ie  given  by  O^x  <  +  oo  ;  and  each  value  of  x 
occurs  twice  over.  We  have,  in  fact,  y  =  ±  z* ;  that  is,  the  in- 
verse function  is  two-valued. 

It  is  also  important  to  notice  that,  even  when  the  direct 
function,  F(y),  is  completely  defined  for  all  real  values  of  y,  the 
inverse  function,  F'\x),  may  not  be  completely  defined  for  all 
values  of  x.  F~'{x)  is,  in  fact,  defined  by  (1)  solely  for  the 
values  in  the  continuum  (x).  Take,  for  example,  the  relation 
x  =  !^,  for  -  CO  <y<  4- as.  The  continuum  (x)  is  given  by 
0:)>z<  +  an ;  hence  y  is  defined,  by  the  above  relation,  as  a 
function  of  x  for  values  of  x  between  0  and  +  ao  and  for  no 
other& 

The  application  of  the  above  ideas  to  the  circular  functJona 
leads  to  some  important  remarks.  It  is  obvious  from  the 
geometrical  definition  of  sin  t/  that  the  equation 

I  =  sin  y  (3) 

completely  defines  z  as  a  single-valued  continuous  function  of 
y,  for  -  so  ■:  y  <  +  00 .     Hence,  we  may  write 

y  =  sin-'a:  (4), 
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where  the  inrerae  function,  ain-ij^*  is  continuous,  bat  neither 
aingle-valued,  nor  completely  defined  for  all  real  values  of  x. 

Since,  by  the  properties  of  sin  y,  z  lies 
between  -  1  and  +1  for  all  real  values 
of  y,  sin-'a;  is,  in  fact,  defined  by  (3)  only 
for  values  of  x  lying  between  -  1  and 
+  1.  For  other  values  of  x  the  meaning 
of  sin-'a;  is  at  present  arbitrary. 

By  looking  graphically  at  the  problem 
"  to  determine  y  for  any  value  of  x  lying 
between  -  1  and  + 1,"  we  see  at  once 
that  fiin'^x  is  multiple -valued  to  an 
infinite  extent. 

If,  however,  we  confine  ourselves  to 
values  of  Bin~^z  lying  between  -  ^«-  and 
■K  ^T,  we  see  at  once  from  the  graph  (Fig. 
2)  that  for  any  value  of  x  lying  between 
-  1  and  +  1  there  is  one,  and  only  one, 
value  of  siu~^(K.  If  we  draw  parallels  to 
Fid.!;  the  azis  of  X  through  the  points  A,  B, 

C,  .  .  .,  A',  B', .  ,  .,  whose  ordinatea  are  +  Jx,  +  fir,  +!«■,.. ., 
"  »*■>  ~  ^'^1  ■  ■  •!  'i'^n  between  every  pair  of  consecutive  parallels 
we  find,  for  a  given  value  of  «  ( -  1  <  a:  <  +  1),  one,  and  only  one, 
value  of  y  =  sin"^a^ 

The  values  of  y  corresponding  to  points  between  the  parallels 
A'  and  A  constitute  what  we  may  call  the  Principal  Branch  of 
the  function.  Similarly,  the  part  of  the  graph  between  A  and  B 
represents  the  1st  positive  branch ;  the  part  between  B  and  G 
the  2nd  positive  branch;  the  part  between  A'  and  B'  the  Ist 
negative  branch ;  and  so  on. 

If,  as  is  usnal,  we  understand  the  symbol  sin  ~^x  to  give  the 
value  of  y  corresponding  to  x,  for  the  principal  branch  only,  and 
use  y„  or  „sin~'x  for  the  nth  branch,  then  it  is  easy  to  see  that 
y„  =  „Bin"'a;  =  njr  +  (-  1)"  sin"'i!  (5), 

•  This  may  be  road  "angle  whiwe  aino  U  x"  or  "arc-siiiez."  In  Con- 
Unental  works  the  latter  name  is  contracted  into  arc-sinz  ;  and  this  a  nsed 
inatead  of  sin-' a 
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where  n  is  a  positive  or  negative  integer  according  as  the  branch 
in  question  is  positive  or  negative. 

It  is  obviously  to  some  extent  arbitrary  vbat  portion  of  the 
graph  shall  be  marked  off  as  corresponding  to  the  principal 
branch  of  the  function ;  in  other  words,  what  part  of  the  func- 
tion shall  be  called  the  principal  branch.  But  it  is  clearly  neces- 
sary, if  we  are  to  avoid  ambiguity — and  this  is  the  sole  object  of 
the  present  procedure — that  no  value  of  y  should  recur  within  the 
part  selected;  and,  to  secure  completeness,  all  the  different  values 
of  y  should,  if  possible,  be  represeutod.  Attending  to  these  con- 
siderations, and  drawing  the  corresponding  figures,  the  reader 
will  easily  understand  the  reasons  for  the  following  conventions 
regarding  coa''a,  tan"'^,  cof^a^  8ec"'a^  cosec"*a^  wherein  y 
and  the  inverse  functional  symbols  caa~'^x,  &c^  relate  to  the 
principal  branch  only,  and  y„  to  the  nth  branch,  positive  or 
negative. 

y  =coa"^x,         y  between  0  and  +  b;  ;  ( 

y™  =  {« -1-  i  +  ( -  )"■'  h>-^(-T  ""e-'a-.        \ 


(6) 

•J  =  W.II    A,        y  between  -  Js- and  +  ^ff ;   )       ,_, 

y„  =  TO)r  + tan-^>-  f 


y  between  0  and  a- ;  1 

y„  =  Jiff  +  cot  "^i.  i 

y  =  see's;,        y  between  0  and  x ;  \ 

*-(»  +  l  +  <-)"-lK  +  (-)"— -.'■        i 

y   =C0Bec"'j",      y  between  -  ^b- and  +  J^r ;  ) 
yB  =  »«■  +  (-)"  coEec"'^.  ) 


(8) 
<9) 
(10) 


Since  every  function  must,  in  practice,  be  unambiguously 
defined,  it  is  necessary,  in  any  particular  case,  to  specify  what 
branch  of  an  inverse  function  is  in  question.  If  nothing  is 
specified,  it  is  understood  that  the  principal  branch  alone  is  in 
question. 

It  is  obvious  that  all  the  formulie  relating  to  direct  circular 
functions  could  be  translated  into  the  notation  of  inverse  circular 
functions.  In  this  translation,  however,  close  attention  must  be 
paid  to  the  points  just  discussed.     Thus 
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If  a;  be  positive,  the  formula  cos  fl  =  ±  •/(!  -  sin  V)  b 
8iii"'a;  =  co8"^\/{l  -a^; 
but,  if  X  be  negative,  it  becomes 

Bin-»3;=  -co8-'s/(l-A 
If  0<»;<l/\/3,  0<y<l/ Ji/2,  we  deduce  from  the  addition 
formube  for  the  direct  functions 

Bin-ii);  +  ain-^y  =  coa-'[i./{{l  - x*} (I  -  f)]  - xy] ; 
if  0<a:<l,  0<y<l, 

tftn"'j;  + tftn"*y  =  tan"i[(a;  +  y)/{l  -^y}]- 
If  X  and  y  be  both  positive,  but  such  tb&t  xy  >  1,  then 
tan-'x  +  tan-Jy  =  n-  +  tan-i[(3;  +  y)/(l  -xt/)];* 
and,  in  general,  it  is  easy  to  show  that 

„tan-^3;  +  „  tan-^y  =  (m  +  n  +  p}ir  +  ta.Ti'^{{x  +  y)/(l  -  ay)}, 
=  „+„4.,tan-H(iK  +  y)/(l-:ry)f  (11), 
where  p=  1,  0,  or  -  1,  according  as  tan'^x  +  tan"'y  is  greater 
than  iir,  lies  between  Jr  and  -  Jir,  or  is  less  than  -  ^t. 


ON  THE  INVERSIOK  OP  10  =  z". 

§  4.]  When  the  argument,  and,  consequently,  in  general, 
the  value  of  the  function  are  not  restricted  to  be  real,  the  dis- 
cussion of  the  inverse  function  becomes  mOre  complicated,  but  the 
fundamental  notions  are  the  same. 

For  the  present  it  will  bo  sufficient  to  confine  ourselves  to 
the  case  of  a  binomial  algebraical  equation.  Let  us  first  consider 
the  case 

w^z"  (1), 

where  n  is  a  positive  integer,  s  is  a  complex  number,  say 
z=x  +  yi,  and,  consequently,  to  also  in  general  a  complex  number, 
say  w  =  u  +  CT. 

To  attain   absolute  clearness  in  our  discussion  it  will  be 

*  la  Engluh  Teit- Books  equations  of  this  kind  m  often  loosely 
stated  ;  and  the  result  has  been  soma  ccnfusion  in  the  higher  blanches 
of  mathematict,  such  as  the  integral  calculus,  where  these  inTerse  functions 
plaj  an  important  pvL 
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necessaiy  to  pursue  a  little  farther  the  graphical  method  of 
chap.  XT.,  §  17, 

It  follows  from  vhat  has  there  been  laid  down,  and  from  the 
fact  that  any  integral  function  of  z  and  y  ia  continuous  for  all 
finite  values  of  x  and  y,  that,  if  we  form  two  Argand  Diagrams, 
one  ioT  x  +  yi  (the  s-plane),  and  one  for  u  +  vt  (the  u^plane),  then, 
whenever  the  graphic  point  of  z*  describes  a  continuous  curve,  the 
graphic  point  of  w  also  describes  a  continuous  curv&    In  this  sense, 

■  therefore,  the  eqnation  (1)  defines  m  as  a  continuous  function  of 
z  for  all  values,  real  or  complex,  of  the  latter.  For  simplicity  in 
what  follows  we  shall  suppose  the  curve  described  by  s  to  be  the 
whole  or  part  of  a  circle  described  about  the  origin  of  the  z-plane. 
We  shall  also  represent  z  by  the  standard  form  r(cos  d  +  iem  0), 

.  and  to  by  the  standard  form  s(cos  .^  +  i  sin  ^) ;  but  we  shall,  con- 
trary to  the  practice  followed  in  chap,  xii,  allow  the  amplitudes 
6  and  tf  ^^  assume  negative  values.  Thns,  for  example,  if  we 
wish  to  give  z  all  values  corresponding  to  a  given  modulus  r, 
without  repetition  of  the  same  value,  we  shall,  in  general,  cause 
$  to  vary  continuously  from  -  jt  to  +  *■,  and  not  from  0  to  2r, 
as  heretofore  In  either  way  we  get  a  complete  single  revolu- 
tion «f  the  graphic  radius ;  and  it  happens  that  the  plan  now 
adopted  is  more  convenient  for  our  present  purpose. 

It  is  obvious  that  by  varying  the  amplitude  in  this  way,  and 
then  giving  all  different  values  to  r  from  0  to  +  oo ,  we  shall  get 
every  possible  complex  value  of  z,  once  over ;  and  thus  effect  a 
complete  exploration  of  any  on&-vaIued  function  of  z. 

Substituting  in  (1)  the  standard  forms  for  v>  and  z,  and 
taking,  for  simplicity,  n  =  3,  we  hare 

s(cos  ^  +  i  sin  ^)  =  r'(cos  O  +  iein  6f 

=  ('(cos  3fl  + 1  sin  3tf)  (2) 

by  Demoirre's  Theorem.     Hence  we  deduce 
t  =  ^,     ^=3fl  +  2na-; 

*  For  ihortness,  iu  fatnre,  iastctd  "of  graphic  point  of  z"  we  shall  ibt 
"»"  simply. 
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or,  if  (as  will  be  sufficient  for  our  purpose)  we  confine  ourselves 
to  a  single  complete  revolution  of  the  graphic  radius  of  z, 

8  =  1*,     ^  =  3$  (3). 

If,  therefore,  we  give  to  r  any  particular  value,  s  has  the 
fixed  value  r";  that  is  to  say,  w  describes  a  circle  about  the 
origin  of  the  w-plane  (Fig.  4).  Also,  if  we  suppose  z  to  describe 
its  circle  (Fig.  3)  with  uniform  velocity,,  since  ^  =  39,  w  will 
describe  the  corresponding  circle  with  a  uniform  velocity  three 
times  as  great     To  one  complete  revolution  of  z  will  therefore 


correspond  three  complete  revolutions  of  w.  la  other  words,  the 
values  in  the  (u;}-continuum  which  correspond  to  those  in  the 
(3)-coutinuum  are  cac/i  repeaied  three  times  over* 

The  actual  course  of  ui  is  the  circle  of  radius  r*  taken 
three  times  over.  We  may  represent  this  multiple  course 
of  w  by  drawing  round  its  actual  circular  course  the  spiral 
0',  1,  1',  0,  1',  1,  0',  which  re-enters  into  itself  at  0'  and  0'. 
The  actual  course  may  then  be  imagined  to  be  what  thi^  spiral 
becomes  when  it  is  shrunk  tight  upon  the  circle. 

*  To  iudic&te  this  pecnliaritj  of  w  ive  shall  occBaionally  nae  ths  tenn 
"Bepoatiiig  Function.''    A  repeating  function  need  not,  howeTer,  be  periodic 
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If  we  now  letter  the  corresponding  points  on  the  z-cirele^with 
the  same  symbols  we  have  the  circle  O'll'  in  the  w-plane,  cor- 
responding to  the  circular  arc  O'll'  in  the  s-plane,  and  so  on,  in 
this  sense  that,  when  n  describes  the  arc  O'l  1',  then  w  describes 
the  complete  circle  O'll',  and  so  on. 

It  follows  from  this  graphical  discussion  that  ike  equation 
w-^,  whkh  defines  w  as  a  one-valued  continuous  function  of  s  for  all 
values  of  z,  defines  z  as  a  three-valued  continuous  function  of  w  for  ail 
values  of  w. 

In  other  words,  since,  in  accordance  with  a  notation  already 
defined,  (1)  may  be  written 

»->  (!■), 

we  have  shown  that  the  cube  root  of  w  is  a  three-valued  continuous 
function  of  w  for  all  values  of  w. 

It  is  obvious  that  there  is  nothing  in  the  above  reasoning 
peculiar  to  the  case  n  =  3,  except  the  fact  that  we  have  a  triple 
spiral  in  the  w-plane,  and  a  trisected  circumference  in  the  s-plane. 
Hence,  if  we  consider  the  equation 

».«-  (*), 

and  its  equivalent  inverse  form 

z=  Vw  (4'), 

all  the  alteration  necessary  is  to  replace  the  triple  by  an  n-ple 
spiral,  returning  into  itself  on  the  negative  or  positive  part  of 
the  u-axiB,  according  as  n  is  odd  or  even  ;  and  the  trisected  cir- 
cumference by  a  circumference  divided  into  n  equal  parts. 

Thus  we  see  that  the  equation  (4),  mhick  defines  w  as  a  continu- 
ous one-valued  function  of  z  for  all  values  of  z,  defines  z  (thai  is,  the 
nth  root  of  w)  as  a  continuous  n-valued  function  of  w  for  all 
values  of  w. 

3  fi.]  RUmann'a  Sur/aee.  It  may  bo  tuerul  for  those  who  &re  to  pnrano 
their  nutliematical  studies  beyond  the  elements,  to  illustrate,  by  means  of  tbo 
simple  case  ui  =  z',  a  beautiful  method  for  representing  ths  continnoaa  varia- 
tiDU  of  a  repeating  facction  which  was  devised  by  the  German  mathematieian 
Ri«mauD,  who  ranks,  along  with  Cauchy,  as  a  founder  of  that  branch  of 
modem  algebra  irhose  fundamental  conceplions  ve  are  now  explaining. 

voun  R 
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iDstead  of  Bupposiiig  all  the  epiree  of  the  u)-path  id  Fig.  4  to  lie  in  one 
pIsDB,  we  may  conceive  each  complete  apire  to  lie  in  a  eepante  plute  sDper- 
posed  on  the  v-plaoe.  Instead  of  the  single  v-plsiHe,  we  h&ve  thus  tluM 
separate  planes,  Pj,  Pg,  Pj,  aaperposed  upon  each  other.  To  secure  continait; 
between  the  planes,  eofh  of  them  is  supposed  to  be  slit  along  the  u-axis  from 
0  to  -  « ;  and  the  three  joined  together,  so  that  the  upper  edge  of  the  slit  in 
Pd  is  joined  to  the  lower  edge  of  the  slit  in  Pi ;  the  lower  edge  of  the  slit  in 
Pe  to  the  upper  edge  of  the  slit  in  Pj ;  the  lower  edge  of  the  slit  in  Pj  to  the 
upper  edge  of  the  slit  in  Pi,  this  lost  Junction  taking  place  across  the  two 
interTening,  now  continuous,  leaves.  We  have  thus  clothed  the  whole  of  the 
v-p!ane  with  a  three-leaved  continuous  Hat  helicoidol*  surface,  any  continu- 
ous path  en  which  must,  if  it  circulates  about  the  origin  at  all,  do  so  three 
times  hefora  it  con  return  into  itself.  This  surface  is  colled  a  BiemaKn'i 
Surftue.  The  origin,  about  nhich  the  sarfaee  winds  three  times  before  return- 
ing into  itself,  is  called  a  Winding  PoiM  of  At  Third  Order.  Upon  this 
three'leaved  snrface  w  will  describe  a  continuoos  single  path  corre«pondiDg  to 
an;  continnoos  single  path  of  z,  provided  we  suppose  that  there  is  no  con- 
tinuity between  the  leaves  except  at  the  junctions  above  described. 

§  6.]  If  we  confine  0  to  that  part  I'Ol'  of  its  circle  which 
is  bisected  by  OX,  and  ^  to  the  corresponding  spire  I'Ol'  of  ita 
path,  so  that  ^  lies  between  -  t  and  -f  tt,  and  $  between  -  ir/n 
and  +  w/n,  then  z  becomes  a  one-valued  function  of  w  for  all 
values  of  te.  We  call  this  the  principal  bmnch  of  the  n-valued 
function  i/w ;  and,  as  we  have  the  distinct  notation  ic^  at  our 
disposal,  we  may  restrict  it  to  denote  this  particular  branch  of 
the  fuBction  %      In  other  words,  if 

w  -  s(c<ys  ifi  +  i  sinift),      -t<>J><  +  v, 
we  define  w^'"  by  the  equation 

^B  _  ji/n(cog ,  ^ifi  +  iein.  ^jv); 

and  we  also  restrict  (cos  <^  -i- 1  sin  ^)'/"  to  mean  cob  .  ^/ji  + 1  sin .  ^/n. 
Just  as  in  §  4,  we  take  the  next  spire  after  I'Ol'  in  the 
positive  direction  (counter-clock)  to  represent  the  first  positive 
branch  of  \/w,  the  next  in  the  negative  direction  to  represent  the 
first  negative  branch  of  ^w ;  and  so  on,  the  last  positive  and  the 
last  negative  being  full  spires,  or  only  half  spires,  according  as  n 
is  odd  or  even. 

If,  as  is  usual,  we  represent  the  actual  analytical  value  of  w 

*  Like  a  spiral  staircase. 
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by  the  form  s(cos  i^  + 1  sin  •^),  where  ift  k  always  taken  between 
-  T  and  +  IT,  then  it  is  ewy  to  find  expressbns  for  the  Values  of  e, 
belonging  to  the  n  -  1  positive  and  negative  branches  of  ■tyw  and 
corresponding  to  any  given  value  of  w,  in  terms  of  the  value 
belonging  to  the  principal  branch.  We  have,  obviously,  merely 
to  add  or  subtract  multiples  of  2v  to  represent  the  successive 
positive  and  negative  whole  revolutions  of  the  graphic  radius  of 
to.  Thus,  if  z,  Zt,  z.i  relate  to  the  principal,  fth  positive,  and 
fth  negative  branches  oiz=  J^w  respectively,  we  have 


z  =  <y"(coB .  ./,/n  +  i  sin .  ^/n} ; 

Zt  =  *^/»{coa .  (^  +  2/jr)/n  + 1  sin .  {<^  +  2/T)/n}  ;  \        (6). 
z_j  =  ^""{cofl .  (<(.  -  2<jr)/»  +  i  sin .  (^  -  2/»-)/n}. 


)/»)■ ) 


We  have  thus  been  led  back  by  a  purely  graphical  process  to 
re^ts  equivalent  to  those  already  found  in  chap.  xiL,  §  18. 

Cor.  1.  Hence,  if  z  denote  the  prindpat  value  of  Ike  nth  root  of 
w,  and  uq  =  COS.  2r/fl  +  inn.  2vjn,  (hen 

thftt  is,  Zt  =  V^'*i^,      Z_i  =  V>^'"iOn''    ) 

Cor.  2.  Tha  prindpal  value  of  the  nth  root  of  a  positive  real 
number  r  is  (he  real  positive  nih  root,  that  is,  what  has  already  been 
denoted  by  r^^  (see  chap,  x.,  §  2). 

For,  in  this  case,  we  have  v>  =  r(coB  0  + 1  sin  0),  that  is,  -^  =  0. 
Hence  w^  =  r"". 

Cor.  3.  There  is  c&ntinuU}/  between  the  last  values  of  any  branch 
of  w""  and  the  first  values  of  the  next  in  succession,  and  beivxen  the 
last  values  of  the  last  positive  branch  and  the  first  values  of  the  last 
negative  branch  ;  but  elseiohere  two  values  of  v^^  bdoTiging  to  different 
branches,  and  corresponding  to  the  same  value  of  w,  differ  by  a  finite 


It  should  be  noticed  aa  a  consequence  of  the  aboro  that  the  principal 
Talne  of  the  nth  root  of  a  real  negative  niiinber,  inch  as  - 1,  u  not  definito 
until  it*  amplitude  ie  aasigned.  For  we  may  write  ~  I  =coaT  +  i8in»  or 
=  co«  ( -r)-t-tain  (  -  v) ;  and  the  principal  value  in  the  former  caae  ia 
coi.ir/n  +  iain.r/n,  in  the  latter  eo»( -]r/n)  +  iain(  -  x/n).  Thie  ambiguity 
doei  not  eiiat  for  complex  Dumbere  differing  from  -  1,  even  n-hen  they  differ 
infinitely  litUe,  ai  will  be  at  once  teen  by  referring  to  Figii.  3  and  i. 
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g  7.]  tt  shonld  be  observed  that  if,  instead  of  .reetricting  ^ 
in  the  expression  ?  =  a*'"{cos.i^/rt  +  isin.^/n}  to  lie  between 
-  JT  and  +  V,  we  cause  it  to  vary  continuoufily  from  -  nx  to 
+  »hr,  then  s""{cos.'i>jn  +  iaiTi.<ft/n}  Tuiea  continuonsly  and 
passes  once  through  every  possible  ralue  of  \/w  where  mod  to 
is  given  =  s. 

It  follows  also  that,  if  w  describe  any  continuous  path 
starting  from  P  and  returning  thereto,  the  value  of  !!/w  will 
vary  continuously ;  and  will  return  to  its  original  valae,  if  to 
have  circulated  round  the  origin  of  the  w-plane  pn  times,  where 
P  is  0  or  any  integer;  and,  in  general,  will  return  to  its  original 
value  multiplied  by  <i>n,  where  t  is  the  algebraical  value  of 
-f  tu  -  V,  a  and  v  being  the  number  of  times  that  le  has  cir- 
culated round  the  origin  in  the  positive  and  negative  directions 
respectively. 

§  8.]  Let  us  now  consider  briefly  the  equation 

wP  =  ^  (1), 

where  p  and  q  are  positive  integers.  We  shall  suppose  p  and  5 
to  be  prime  to  each  other,  because  that  is  the  only  case  with 
which  we  shall  hereafter  be  concerned.* 

Our  symbols  having  the  same  meanings  as  before,  we 
derive  from  (1) 

sP(cosp<l>  +  i  Biap<l>)  =  (^(coB  g6  +  i  sin  q0)  (2). 

Hence,  taking  the  simplest  correspondence  that  will  give  a  com- 
plete view  of  the  variation  of  both  sides  of  the  equation  last 
written,  we  have 

sP  =  i^,     p^  =  qe  (3). 

If,  then,  we  fix  r,  and  therefore  s,  the  paths  of  z  and  w  will 
be  circles  about  the  origins  of  the  z-  and  u^planes  respectively ; 
and,  since  p  is  prime  to  i;,  if  2  and  w  start  from  the  positive  part 

•  Ifp  and  9  bad  the  O,  CM.  i,  bo  that;>=ip',  5=^7',  whew  y' and  f"  are 
matiully  prime,  then  the  Equation  (1)  could  be  written  (u'')*={:r')>  which 
is  eqmyalent  to  tlie  i  equations,  io»'=i»',  vi''^ii>^,  mi''=wi':*',  ,  .  .,  w'' 
=  iiii'-'i3',  where  uj  is  a  primitive  jtth  root  of  4 1.  Each  of  these  I:  «quBlioni 
[alls  under  the  coso  above  discasscd. 
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of  the  z-  aad  ii-azes  Bimultaneoualy,  they  will  not  again  be 
simultaneously  at  the  Gtarting  place  before  z  has  made  p,  and  to 
has  made  q  revolutions. 

To  get  a  complete  representation  of  the  Tariatioa  we  most 
therefore  cause  9  to  vary  from  -pn-  to  +p^,  and  </>  from  -  ipr  to 
+  qir.  The  graphs  of  z  and  w  will  therefore  be  spirals  having 
p  and  q  spirea  respectively.  To  each  whole  spire  of  the  ^-spiral 
will  correspond  the  ji/jth  part  of  the  j^spiraL  The  case  where 
p  =  3  and  j  =  4  is  illustrated  by  Figs.  5  and  6 


It  follows,  therefore,  that  ike  eqtuilUm  (1)  determnea  to  as  a 
amtinvous  p^mUued  function  of  z,  attd  z  as  a  conlinuous  q-valned 
function  of  v>.  Taking  the  latter  view,  and  writing  (1)  in  the 
form 

z=  i/wp  (n 

and  (3)  in  the  form 

r  =  sP'i,     e=p<^lq  (3'), 

we  see  that,  if  we  canse  ^  to  vary  continuously  from  -  gx  to 


+  3^-,  then  3P''(cosi-^  + 


-■^)  will  vary  continuously  through 


all  the  values  which  ^w^  can  assume  so  long  as  mod  le^s,  and 
will  return  to  the  same  value  from  which  it  started.    In  fact,  we 
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see  in  general  that,  if  w  start  from  any  point  and  return  to  the 
same  point  again  after  circulating  tn  times  round  the  origin  in 
the  positive  direction,  and  v  times  in  the  negative  direction, 
then  t/vi^  retume  to  its  original  value  multiplied  by  cob.  SptTr/q  -f 
iain.2;/ir/(;  where  f=  +m-v;  that  is,  by  ut^,  where  u^  denotes 
a  primitive  jth  root  of  +  1. 

If,  as  usual,  we  divide  up  the  circular  graph  of  tc  into  whole 
spires,  counting  forwards  and  backwards  as  before,  and  consider 

the  separate  branches  of  the  function  J/ie^  correspondiog  to  these, 
then  each  of  these  branches  is  a  single-valued  function  of  $. 

The  spire  corresponding  to  ->-<^<+ff  is  taken  as  the 
principal  spire,  and  corresponding  thereto  we  have  the  principal 
branch  of  the  function  z  =  Vtof,  namely, 

Z  =  Sf'^{  C08H>  +  »sin^  i,        -  IT  <  i  <+ jr. 

For  the  ( +  ^th  and  ( -  /)th  branches  respectively,  we  have 

zi  =  sP'9jcos.  j>(<^  +  2(t)/j  +  ( Bin.ji(^  +  2(ir)/j}, 

j,(  =  3P'»{cos.;»{.^  -  2(b-)/j  +  isin.y{^ -  2fB-)/g}, 

As  before,  we  may  use  w^^^  to  stand  for  the  principal  branch 
of  l/vjp,  and  we  observe,  as  before,  that  the  principal  valae 
of  i/w'  when  if  is  a  real  positive  quantity  is  the  real  positive 
value  of  the  jth  root,  that  is,  what  we  have,  in  chap,  x., 
denoted  by  w''''. 

S  9.]  It  mast  ba  observed  that,  whan  p  it  not  prime  to  q,  the  expresaionB 
i'^{cOB.p(#±2J*)/}  +  tun.p(^±2Iir)/;)  no  longer  furnish  all  the  q  raluea 
of  l/wT,  liut  (&a  may  be  easily  vvritind)  only  qjlc  at  them,  where  it  is  the 
G.C.M.   of  p  and  q.      The  appropriato  eipreaaion  in  thia  case  would  be 

This  last  expression  gives  in  all  cases  the  q  different  values  of  l/vi'  \  but 
it  bit*  this  great  inconvenience,  that,  if  we  >rninge  the  branches  by  taking 

■uccassivelj  f  =  0,  (  =  1,  f  —  2 the  end  value  of  each  branch  is  equal,  not 

to  the  initial  value  of  the  succeeding  branch,  but  to  the  initial  value  of  a 
branch  aavoral  ordars  farther  on.  There  will  therefore  be  more  than  one 
crosung  in  the  graphic  spiral.    The  investigation  from  this  point  of  view  will 
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b«  •  good  ezarciM  for  the  student.  When  p  is  prime  to  q.  Qua  two  eipres- 
Bions  for  l/wr  are  equivalent ;  and  we  have  preferred  to  nw  the  oae  which 
leads  to  tho  simpler  graphic  spiral. 

If  we  adopt  Kiemann'e  method  for  the  graphical  repretentatiou  of  the 
eqoation  w'  — 2*,  then  we  shall  have  to  cover  the  z-plane  with  a  p-leftved 
Bismana's  surface,  having  at  the  origin  a  winding  point  of  the  jpth  order  ; 
and  the  to-plane  with  a  j-leaved  surface,  having  at  the  origin  a  winding  point 
of  the  7th  order. 

EZEBOISEB  ZIV. 

(1.)  Solve  the  equation 

tan-M{^+l)/(x-l)}+tan-M(«+2)/(i-2)}  =  lT, 
and  examine  whether  the  solutions  obtained  really  satisfy  the  equation  when 
tan~'  denotes  the  priucipal  branch  of  the  inverse  function. 

(2.)  If  27r'<:*j',  show  that  the  roots  of  the  equation  3?-qx~r=li  are 
2(l/3)^co8o,  2(g/3)'^cos(!.  +  a),  2(7/3}'" cos (fr-a),  where  a  is  determined 
by  the  equation  cos  3o=fr(3/5)". 

Show  that  the  solution  of  any  cubic  equation,  whose  roots  are  all  real, 
can  be  etfected  in  this  way;  and  work  oot  the  roots  of  z'-Sz  +  3-0tOEix 
places  of  decimals.  (See  Lock's  Sigher  Trigoiutiutry,  g  13!>,  or  Todhunter's 
Trig<nvmetry,  7tb  ed.,  g  280.} 


(3.)y=«in*+sin22. 

(1.)  y  =  sinz  +  C08ar. 

(5.}K  =  Bina:dnlte. 

(8.)  i/  =  tana;  +  tan2j-. 

(7,)  y=icBin*. 

(8.)  y=amxlx. 

(9.)  !/  =  sin3a:/c0BZ. 

(10,)  !,  =  sin-'a?. 

(11.)  s'^sin-'z. 

(12.)sini,=tani. 

Discuss  graphically  the  following  functional  equations  connecting  the 
complex  variables  10  and  z.  In  particular,  trace  in  each  case  the  w-paths 
when  the  2-patbs  ore  drclea  about  the  ori^  of  the  x-pliue,  or  paialleb  to  the 
real  and  to  the  imaginary  axis. 

(13.)  v?=^.  (14.)  w  =  l/z. 

(15.)  UJ=1/A  (18.)  ir/>-l/^. 

(17.)  «^  =  (;-o)(i-ft).  (18.)  «P=t.z-an^~.b). 

(IB.)  io'  =  (j-a)'.  (20.)  «.>  =  (i-a)». 

(21.)  «.  =  {<B  +  t)/(ez  +  d).  (22.)  w'=lliz-<i){z-b). 

§  10.]  We  can  now  extend  to  their  utmost  generality  some 
of  the  theorems  regarding  the  summation  of  series  ahre&dy 
established  in  previous  chapters. 

It  is  important  to  remark  that  the  peculiar  difficulties  of  this 
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part  of  the  subject  do  not  ariae  where  we  have  to  deal  merely 
with  a  finite  sammation ;  that  ia  to  say,  the  BUmmation  of  a 
seriea  to  »  terms.  For  any  such  summation  involves  merely  a 
statement  of  the  identity  of  two  chains  of  operations,  each  con- 
taining a  finite  nuiqber  of  links,  and  any  such  identity  rest« 
directly  on  the  fundamental  laws  of  algebra,  which  apply  alike 
to  real  and  to  complex  quantities. 

Even  when  the  series  is  infinite,  provided  it  be  convergent, 
and  its  snm  be  a  one-valued  function,  the  difGculty  is  merely  one 
that  has  already  been  fully  settled  in  chap.  xxvi. 

The  fresh  difficulty  arises  when  the  sum  depends  upon  a 
multiple -valued  function.  We  have  then  to  determine  which 
branch  of  the  function  represents  the  series ;  for  the  series,  by 
its  nature,  is  always  one-valued. 

We  commence  with  some  cases  where  the  last- mentioned 
point  does  not  arise. 

GEOMirmiC  A\D  INTEGRO-GEOMETRIC   SERIES. 
§  1 1.]  The  summation 

1+2  +  ^'+    .    .    .    .H^''=(l-2»+l)/(l-2)  (1), 

since  it  depends  merely  on  a  finite  identity,  holds  for  all  values 
of  z.  We  may  therefore  suppose  that  x  =  x  +  f/i  =  r(cos  fl  -t- 1  sin  6), 
and  the  equation  (1)  will  still  hold. 

Also,     since   L  2"+i  =  ]>»+i(cosn -h  Iff  +  tsinw -h  Ifl)  =  0, 

when  r<l,  we  have,  provided  modz<l,  the  infinite  summation 

l-t-s-fs"-!-  .  .  .  adoo  =1/(1-2)  (2) 

for  complex  as  well  as  for  real  values  of  s. 

In  like  manner,  the  finite  summation  of  the  int^ro-geometric 

series  ^<fi(n)z^,  which  we  have  seen  can  always  be  effected  for 
real  values  of  z  (see  chap,  xx.,  g  14),  holds  good  for  all  values 

of  i;  and,  since  2^»)3"  is  convergent  provided  mod2<l,  the 
infinite  summation  deducible  from  the  finite  one  will  hold  good 
for  all  complex  values  of  2  such  that  mod2<l. 
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By  substituting  in  (1)  or  (2),  and  in  the  coirespondiog 
equ&tions  for  l^n}^,  the  value  r(co8  ^  +  i  sin  0)  for  s,  and  then 
equating  the  real  and  imaginarj  parte  on  both  sides,  we  can 
deduce  a  large  number  of  sninmations  of  series  iuTolving  circular 
functions  of  multiples  of  $, 
Example  1.  To  aiun  the  seriee 

S,=l  +  rco3S  +  r'coBE9+.  .  .  +7-co8i;fl, 
T,=raine  +  r>am2fl+ .  ,  . +fa.nn9, 
U,=co»ii  +  rcoB(a-l^S)  +  r'cos(o  +  afl)+.  .  .  +  r" coa (a  +  nfl), 
V.=8mo  +  rsm(o  +  fl)  +  r»»m(a  +  2fl)  +  .  .  .  +f"flia(a  +  «fl), 
ton  tenns;  and  too)  wheiLr<l. 

Starting  with  equatioQ  (1),  let  Da  pnt  z=r{<iOBS  +  iain.8),  and  equate  mal 
and  imaginary  porta  on  both  sides.    Wa  find 
l  +  r(coae  +  tsina)4-r3(cos2fl  +  »Mn2fl)+.  .  .  +i-(c08nfl  +  isinMfl) 

=  {l-r-+VM»+l)e  +  iain!n  +  lW}{l-^coafl  +  ieine)|     (3); 
whence 

a,=  !l-rco8e-t-+ioo8(jH-])e  +  r-+'coBnfl}/{I-2roose  +  r»|     (4); 
T,=  {rsiQe-r-+iBin(n+l)e  +  7-+'dnnfl}/{l-2rcoafl  +  r'|  (5). 

Again,  since  -  U.-coaoS.-ainaT., 

V.  =  flinnS.  +  coflaT„ 
we  deduce  rrom  (4)  and  (6)  the  following : — 
U,=  {ooflB-rcoa(«-fl)-)-t"coB(^Maff  +  «)  +  T-+'coB(ii#  +  a)l/ 

{l-2rcoflS  +  i^[     (6), 
V.=  {aina-rsin{cL-e)-j*+iBin(^+T9  +  a}  +  »*+'sin(nfl  +  ci)}/ 

(l-2rco8fl+r>}     (J). 
From  these  reanlts,  by  puttiogr—  +1,  or  r=  -1,  we  dednco  several  im- 
portant particular  caaes.     For  eiainplo,  (6)  and  (7)  give 
coao  +  cos(a+e)  +  cos{a  +  2S)+ .  .  .+cos(a  +  Bfl) 

=  cosi{«+(a  +  n^)jaini(;H-lWsiQifl    (fl'); 
»itia  +  «in(a  +  e)  +  mii(a  +  2e)+.  .  .  +Bin(a  +  na} 

=  Bini{.  +  (a  +  ne)}Bini(n  +  I)fl/aini9     (7'). 

Finally,  if  r<:l,  wo  ma;  moke  n  infinite  in  (4),  (G),  (6),  (7) ;  and  we  thus 
Gad 

S„=(l-roo«S)/(l-27-coefl+r^)  (4'); 

T„  =  rBinfl/(l-2rco8fl  +  H)  {6^  i 

U„  =  {coaa-rcOB(a-fl)l/ll-2rco8e  +  r»}  (6-); 

V„-{siBa-rsin[a-fl)f/|l-2''co»fl  +  r'J  (7*). 

'  For  brevity,  and  in  order  to  keep  the  attention  of  the  reader  as  closely 
as  possible  to  the  essentials  of  the  matter,  ve  leave  it  to  him,  or  to  hia  teacher, 
to  supply  the  details  of  tbe  analysis. 
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S  =  l-2rcoBe  +  3r'cofl2fl-4HeDs3e+.  .  .  (r<l). 

If  ;=r(cMtf  +  isiiitf),  then  8  ie  the  real  part  of  the  anm  of  the  seriM 

T=l-2i  +  ar'-4i"+.  .  .     . 
Now,  b;  chap,  xi.,  %  14,  Example  2, 
1  =  1/(1+2)'. 
Hence  a  =  R{l/(l  +  rcQBB  +  rigln  <)»},* 

=  K{(I+rco3e-nsm»)'/(l  +  rooafl»  +  T^  sin's)'}, 
=  (l+27-coa«+r'coa2S)/(l+27-co«S  +  r^)'. 
Eiunple  S.  Exemplif;  the  bet  that  ever;  algebrucal  identity  letda  to 
two  trigonometrioal  identitia«  in  the  psrticnlar  case  of  the  identity 

In  the  given  identity  pat  a=C0Ba  +  Jaiiia,  A  — coa^+tsin^,  «=cosT'f 
isin^,  and  obaarre  that 

coB(J+tBin/S-coa7-isin7  =  2isini{^-7){cofli(^  +  7)  +  f8iDi{^  +  y)}. 
We  thoa  get 
inBilli(|3-7){cMi((3  +  7)  +  iaini08+7)t 

=Zani(P-T){«»^+i«inpJ{coa7+iain7}lc«ii(^+T) 
+»  sin  4(^+7)1. 
whence 

lM»{a  +  /J  +  7)naini(p-7)-ZainK(S-7)coej<^  +  7); 
48in(«+^+7)n8inK^-7)-Ssini<^-7)ainJO+7). 


FOBHUL£  CONNBCrrED   WITH   DEHOITRE  8   THEOREM   AND   THK 
BINOUIAL  THEOREM   FOR  AN  INTEGRAL  INDEX. 

§  12.]  By  chap,  xii.,  g  15  (3),  we  have 
coB{e,  +  e,+  .  .  .  +fl„)  +  «ain(tf,  +  fl,+  .  .  .  +  ^«) 

=  (cos d,  +  iaia  B,) (cob  fl,  +  i sin  ^,) . . .  (cos e„  +  t sm  6^). 

If  we  expand  the  right-hand  aide,  and  use  F,  to  denote 
S  coa  0,  COB  ^, . . .  COB  $r  Bin  Or+, . . .  sin  0„,  that  is,  the  sum  of  all 
the  partial  products  that  can  be  formed  by  taking  the  cosines 
of  r  of  the  angles  *„  ff„  .  .  .,  d„  and  the  ainea  of  the  fest^  then 
we  find  that 
co8(tf, +  tf.+  ...  +tf„)  +  »8in(tf, +  (?,+  ..  .  +6„) 

=  P„  +  iP„.,-P„.,-tP„..  +  P„-,  +  »P„..-.  .  .     . 

'  We  uaa  R/[x-i-yi)  and  ^x-i-yi)  to  denote  the  real  and  imaginu;  parts 
of^«+Vi)  reapectiyely. 
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Hence 
c<M{e,  +  B,  +  .  .  .+tf„)  =  P„-P„_.+  P„-,-P„..  +  ...       (1); 
am(e,*e,  +  .  ..  +  tf„)  =  P„_,-P„_,  +  P„..-P„.,  +  ...     (2). 

From  these,  or,  more  directly,  from 
C08 (tf,  +  ff,  +  .  .  .  +6n)+i Bin ($,  +  $,+  .  .  .  +  fl„)  =  C08 fl, cos tf, 
. . .  coa0„{l  +itaa$,)(,l  +iim6,) . . .  (1  +itm8,), 
we  derive 

tan(tf.  +  5,  +  ...  +  e„)  =  (T.-T,  +  T.-...)/(l-T.  +  T.-...)  (3), 
where  T,  =  2  tan  ^i  ten  tf, . . .  tan  fl^ 

The  formulffi  (I),  (2),  (3)  are  genendi^ations  of  the  familiar 
addition  formuln  for  tJie  cosine,  sine,  and  tangent 

From  the  nsual  form  of  Demoivre's  Theorem,  namely, 
coen9  +  isinn$  =  (cos  fl  + » sin  d)", 
we  derive,  bj  expansion  of  the  right-hand  side, 
co8Jie  +  »8innff=c<)s"e  +  inC|COB"-'tfsinfl-„C,cos"-*tf8in^e 

-t„C,coB''-»d8in'^  +  „C,coa»-<ff8in*tf+  .... 
Hence 

co8ne  =  coB''P-„C,co8»-*esin^fl  +  „C,co9»-*flBin*fl-.  .  .   (4);* 
sinntf  =  „C.cos''->«8infl-„C,cOB"-Sflain»d 

+  „C.cos'»-*tfBin''ff-  .  .  .     (5); 
,     „C,tan^-„C,tan'fl  +  „C.tan'fl-  .  .  , 
tannfl=        1 -„C.tan'fl  +  „C,tan*e- .  .. 

Thcae  are  generalisations  of  the  formules  (8)  of  §  2. 

The  formula  (4)  and  (5)  above  at  once  suggest  that  coenB 
can  always  be  expanded  in  a  series  of  descending  powers  of  cos  0 ; 
that,  when  n  is  even,  cob  n8  can  be  expanded  in  a  series  of  even 
powers  of  sin  0  or  of  cob  d ;  sin  ntf/sin  6  in  a  series  of  odd  powers 
of  cos  6;  and  sin  nSjcosS  in  a  series  of  odd  powers  of  sin^: 
and,  when  n  is  odd,  cos  nd  in  a  series  of  odd  powers  of  cob  6 ; 
COB  nd/cos  £>  in  a  scries  of  even  powers  of  sin  6 ;  sin  nd  in  a  series 
of  odd  powers  of  ein  $ ;  ain  n^/sin  ^  in  a  series  of  even  powers 
of  COS  ft 

•  The  fonnnlffi  (4),  (6),  (9),  (8)  were  first  given  by  John  BemouUi  id  1701 
(■eeC^,  t  i,  p.  387). 


(6). 
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Knowing,  a  jtrufri,  that  these  series  exist,  we  could  in  variouB 
ways  detennine  their  coefficients ;  or  we  could  obUin  certain  of 
th«m  from  (1)  and  (2)  by  direct  transformation;  and  tlien 
deduct  the  rest  by  writing  Jt  -  ^  in  place  of  S.  (See  Todhunter's 
TrigonometTy,  gg  286-288.) 

We  may,  however,  deduce  the  expansions  in  question  from 
the  reanlto  of  chap,  xzrii.,  §  7.  If  in  the  equations  (9),  (10),  (9'), 
(9"),  (10'),  (10')  there  given  we  puta  =  cosfi  +  isin^,  /3  =  c08e- 
tsind,  and  therefore  j»  =  3  cos  9,  9=  I,  we  deduce 

2coe»fl  =  (2costf)»-^{2cosff)''-'  +  ^^^^^\2cos5)»-*-.  .  . 

^_^n(«-r-l)(n-.-2)...(«-2r^l)^^^^,.^^       ^^^., 

«  O  /„  _  5\  /- 

8inn^/und  =  (2c( 


r! 
(2  CM  »)"-»-' t  ...     (8); 


(a.)i 


0O««»  =  (-)C»-'»"|pC0««-5^ 

(2.  +  1) 


.(-)■■&- '■'^^!!v;^''"-^'^~«-«--} 


(»odd)     (10); 
(  n  nW  -  21 

8innP/8infl  =  (-  )"«-iJ  pCOB^- -i-^  — ^co8'e+  ,  .  . 

(-).'!<!Ll23ij:.-<»J1^c«''+'9+  .  .  .|(»s»m)     (U); 

*  The  ««iiM  (7),  (B'),  (10')  vera  first  given  b;  Jamet  Beraonlli  in  1702 
(soe  C>r>.,  t.  ii.,  p.  926).    He  deduced  them  from  the  formuk 
2ain'nfl  =  g](2eLn9)' -^^^^^^(2 gin a)'  +  "'^"'"^g'^^"'"^'\2giD ?)«-■.., 
which  ho  CBtsblUbed  b;  an  induction  based  on  the  previoUB  results  of  Vieta 
rogarding  the  multisection  of  an  angle. 
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(-)-"''-''"°'-y,)f-^'''»-.^^-}("«'-)  (>2)- 

If  in  the  above  six  formulse  we  put  Jir  -  S  iit  place  of  6,  we 
derive  six  more  in  which  all  the  eeriea  coDtain  siaea  instead  of 
cosines.     In  this  way  we  get^  tJiier  alia,  the  following : — 

co8ntf=l-^ain'g  +  "^"  "^"^flin'g-  .  .  .  («  even)      (9'); 


(nodd)     (10'); 


(n  even)     (11'); 

.'"'-'•)f-^''d„  ■»-... 

(»odd)     (12). 

The  formulee  of  this  paragraph  are  generalisations  of  the 
familiar  expressions  for  cos  29,  sin  20,  cos  3d,  and  sin  3d,  in  terms 
of  cos  6  and  sin  9. 

§  13.]  The  converse  problem  to  express  008"^,  sin"fl,  and, 
generally,  sin '"d  cos  "^  in  a  series  of  sines  or  cosines  of  multiples 
of  &,  can  also  be  readily  solved  bymeana  of  Demoivre's  Theorem. 

If,  for  shortness,  we  denote  cos  ^  -f  i  sin  Ohy  x,  then  we  have, 
by  Demoivre's  Theorem,  the  following  results : — 

j;  =  COsd  +  t8ine,      l/3;  =  cosd-(8ind;  \ 

a*  =  cos  nd  +  i  ain  bS,     1  /a?*  =  cob  n^  - 1  sin  nd  -.    1 

coed  =  l(x+l/4     s,me  =  ^.{x-\lx);  Wl). 

c08nff  =  -('3:»+  I/a-),      sinnff= -,(!C"  -  \J3f).  \ 
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+  mC^*?*-' +  l/l?"-')  +  .   .   .+_C,), 

=  j^{co«2>»«  +  „C,oo>(2m  -  2)9  +  „C,M«(2m  -  4)9  + 

■  ■  ■+i™C,)     (2). 
Similarly, 

COS  *"+»fl  =  5^{coa  {2m  +  1)6  +  ™+,C,  cos  (2m  - 1)^ 

+  ^+.C,coa(2m-3)fl  +  .  .  .+„+,C„C0Btf}     <3); 

sin  ^6  =  -giSi'!™  2m«  -  ™C.  cos  (2m  -  2)^ 

+  „C,  cos  (2»i  -  4)^  + .  .  .  (  -  )"i«„C„}     (4) ; 


+  «+,C.eiii(2m-3)e  +  .  .  .  (-)"'™^.,C„8mfi}     (5). 
Tbeee  formuUe  are  generalisationB  of  the  ordinary  trigooometrical 
formul»sin»^=  -^"08  2^-1),  coa»fl  =  ^(co8  3fl  +  3c08tf),  &c. 

In  any  particalar  case,  especially  when  products,  such  as 
sin  ™6  cos  ^6,  have  to  bo  expanded,  the  use  of  detached  coefficients 
after  the  manner  of  the  following  ezampie  will  be  found  to  con- 
duce both  to  rapidity  and  to  accuracy. 

Eiuaplel.  Toexpuidnn'0coa'0inBaeriesof  sinesofnialtipleBof  S. 

Starting  with  the  coefficients  of  the  highest  power  which  happens  t«  be 
remembered,  say  the  4th,  we  proceed  thui— 

CoetHolenta  of  Proinct 


l-S  +  10-10  +  5-1 
1-*+  6+   0-6  +  4-1 
1-3+  1+  6-5-1+3-1 
1-2-   2+  6+0-6+2+2-1 

The  coefficienta  in  the  last  lias  are  those  in  the  exptnsion  of  (i  -  l/z)'(x+  1/x)*. 

Hence,  arriDgiiig  together  the  tenns  at  the  beginning  and  end,  and  replacing 
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^{nf  -  1/a^)  by  siu  89,  ~.{i*-  1/a^)  by  ain  flS,  and  so  on,  we  find 

sin'ecai'«  =  ^,!sm80-2auie0^2aiu>0  +  eBiD20  +  i.O}, 
= -L  ^gin  g0  _  2  ,in  ee  ^  2  gin  40  4  6  sin  £«] . 

The  student:  will  eee  that  sin  ™6  cos  "6  can  be  expanded  in  a 
series  of  sines  or  of  cosines  of  multiples  of  6,  according  as  m  is 
odd  or  even.     The  highest  multiple  occurring  will  be  (m  +  n)0. 
Example  2.  If  6=2rln,  and  a  any  angle  whatever,  and 

„tJ,=oos"o  +  coB-(o  +  #)+.  .  .  +co«-(»  +  n-lS), 
_V„=Bin-a  +  mn-(o+fl)+.  .  . +gin-(o+^^e), 
where  m  is  any  positive  integer  which  ts  not  of  the  form  r  -t-  snj2,  then 
i».U.-i.V.=n.l.8  .  .  .  {2m-l)/2.4  .  .  .  2»i; 

This  will  be  found  to  follow  from  b  combination  of  the  fonnnlae  of  the 
present  paiBgiaph  with  the  anmmation  fonnnlie  of  S  11. 

ExxRoisEs  XV. 
Sam  the  foUoiring  serieg  to  n  terms,  and  also,  where  admisrible,  to 
infinity  :— 

(1.)  coBo-C0B(a  +  e)  +  C08(a  +  2«)-.  .   . 
(2.)  Bina-Bin(a  +  fl)  +  8inCa  +  2«)-,   .  . 

(3.)  Ztanhte.  (4.)  nco8fl  +  {«- 1)  i;o«2»+(n-2)i!Oi39  +  .  .  .     . 

(5.)  2sinn»cos(n  +  l)0.  (6.)  ZBiuiidsin2n0BiuSnd. 

(7.)  Bina^cosBSili{a  +  fl)  +  COa'oBin(a+2e)-  .... 
(8.)  \+coiieicoaS  +  ooa2eicoB*e  +  co3SeieiM'S-ii-.  .  .  to  «  terma,  where 
*  =  «•■. 

(8.)  l-2rcosfl  +  3iJcos2e-ir'coB3S+.  ...  , 
(10.)  Bin0  +  SB{n2«  +  GsiD30  +  7sin4S  +  .  .  .  . 
(11.)  I7i'«>fl(ne  +  a).  (12.)  2«(»  +  l)sin(2n  +  l)fl. 

(13.)  sin2n«-i.C,sin(2n-2)e  +  t,CiBin(2n-*)e-.  .  .  (napoaitive  inte- 
ger). 

(14.)  8in(2>i+l)fl+fc+,Cisin(2»-l)ff+>.4-iCiBin(2n-3)fl+.  ..  (napoai- 
tive integer). 

(16.)  Zmlm-t-l)  .  .   .  (in-l-n-l)r*coB(a-fn0)/»l  to  infinily,  nt  being  a 
positive  integer. 

(18.)  Does  the  function 

(ain'fl+ain*2tf+ .  .  . +Mn*»B)/(cos»fl+cos'2fl+.  .  .+oo8'nfl) 
approach  a  definite  limit  whan  n=io  t 

(17.)  Expand  1/(1 -2  coatf.x+a^)  in  a  aeries  of  ascending  powers  of  z. 
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(IS.)  Sxpuid  1/(1  -2tm0.ir+^^  in  a  seriea  of  asconding  powers  of  a^. 
(19.)  Expanil  (l  +  2r)/(l  -x?)  in  a  series  of  uceadiDg  po\rers  of  x;  and 
tliovr  that 

1     ,,  ,(8''-l)(S''-a)     (3»-a)(3tt-3)(S>t-4).  _,     ,.. 

1     sn+  21  3!  ■*"■  ■  ■-*     ^1  ■ 

(SO,)  8howtLitl/(l  +  J:+iE»)  =  l-3!  +  i^-x*  +  x"-z'  +  3*-3;"»  +  .  .  . ;  and 
that,  if  the  Hum  of  ths  even  Urms  of  thia  expansion  be  ^(f),  and  the  sum  of 
the  odd  terma  ^^(a),  then  {iplr))*-  {<^x)}^-4.{iP]+<f'[:iP). 

Prove  the  follovping  identities  bj  means  of  DemoiTre'a  Theorem,  or  other- 
wise.     X  and  n  refer  to  the  letters  a,  fi,  y  ; — 

(21.)  2sina/(l +  Zcosa)=  - n tan  Ja.  where Q  +  ^  +  7=0. 

(22.)  rBia(e-fflaiii(fl->.)/Bin(a-j3)Bin{a-7)  =  l. 

(23.)Z3ini(a  +  |9)sini(a  +  7)co«a/8iiii(a-3)sini(<.-7)  =  «»(»  +  P  +  r)- 

(24.)  oos<rcoa(,r-2a)co!.(ff-2p)cos(»-27)  +  8iii»-8in(<r-2a)ain(ff-2^) 
sin  (o  -  27)  =  cos  2a  cos  2^  cos  -ly,  where  ir= a  +  ^+ 7. 

Elxpand  in  aeries  of  coaineH  or  sinca  of  multiples  of  $  1 — 

(26.)  cob"P.  (28.)  sin'tf.  {27.)Bin»». 

(28.)  eoa'flain'fl.  (2S.)  ooa'SBin'tf. 

Expand  in  series  of  powers  of  Mnea  or  cosines ; — 

(30.)  coelW.  (31.)  sin7e. 

(32.)  rin30coBfl0.  (33.)  cos»i«cosn0. 


EXPANSION   OP   COS  0  AND   BIN  $   IN    POWERS   OF    ft 

§  14.]  We  propose  next  to  show  that,  for  aU  finite  real 
values  of  $, 

coafl=l-fl'/2!  +  fl'/4!  -  ^/6  !  +  .  .  .  adoo  (1); 

&me  =  $  -  ff^jSl  +  e^  15  >.  -  ff/T  \  +  .  .  .  od  00  (2). 

These  expansions  *  are  of  fundamental  importance  in  the 
part  of  algebraical  analysis  with  which  ^e  are  now  conceraed. 
They  may  be  derived  by  the  method  of  limits  cither  from  the 
formulie  of  §  12,  or  from  two  or  more  of  the  equivalent  formlilte 
of  §  13.  We  shall  here  choose  the  former  course.  It  will  appear, 
however,  afterwards  that  this  is  by  no  means  the  only  way  in 
which  these  important  expansions  might  be  introduced  into 
algebra. 

"  First  given  by  Newton  in  his  tract  Analytia  per  aqaalionct  nnmero 
Urminorum,  infinilaa,  which  vraa  shown  to  Barrow  in  1889.  The  leading  idea 
of  the  above  demonstration  was  given  bj  Euler  {Inlrod.  in  Anal.  Inf.,  t.  i., 
g  132),  but  his  demonstration  was  notrigorona  in  its  details 
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From  (4)  and  (5)  of  §  12,  writing,  aa  is  obvionaly  pennisBible, 
6jm  in  place  of  6,  and  taldng  n  ^m,  we  deduce,  after  a  little 
rearrangement, 


^{' 


(l-i;m)(l-2/»)(l 


^'<-"J/S"-j 


(3), 


and 
sin  ^  = 


--{1 -«,  +  «.-.  .  .},Bay,  (3'); 

m  1^    \      ml  fa/ 

-<'-'W<'-W^(e^g/g)-,,  .  j       (<^ 

=  COS "-{«,-!(,  +  .  .  .},8ay,  {*'). 

Here,  from  the  nature  of  the  original  formula,  m  must  be  a 
positive  integer;  but  nothing  hinders  our  giving  it  as  lai^  a 
value  as  we  please,  and  we  propose  in  fact  ultimately  to  increase 
it  without  limit  On  the  other  hand,  we  take  tf  to  be  a  fixed 
finite  real  quantity,  positive  or  negative. 

The  series  (3),  u  it  stands,  terminates ;  and  its  terms  alter- 
nate in  sign. 

We  have 

«„  (2n+ l)(2»n-2)  V       tn/ tn/ ■ 

Hence,  so  long  as  n  is  finite, 

T  ™~i"«+'  g* 

,i.°'"'li^-(2»tl>(2»*2)- 

If,  therefore,  we  take  2b+  1  >  0*  we  can  always,  by  taking 
,m  large  enough,  secure  that,  on  and  after  the  .term  u^  the 
numerical  value  of  the  convergency-ratio  of  the  series  (3)  shall 
be  less  than  unity. 

■  Strictly  ipesking,  it  is  suffident  it  e':'J{(27i  +  l){2n  +  2)). 
VOL.  11  S  _ 
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From  this  it  follows  that^  if  2n  +  1  >  d,  and  m  be  oa\y  taken 
lai^  enough,  cos  0  will  be  intermediate  in  value  between 

COS  "^{1 -«.  +  «.-■  ■  ■(-)X»}  (5), 

and 

CO."^il -«,  +  ..-.   .   .(-)•«„ +  (-)»+'"m+,}      (6). 

Therefore  cob  6  will  always  lie  between  the  limits  of  (5)  and 
(6)  for  m  =  00  . 

Now  (Bee  chap,  zxt.,  §  23) 

Lco8™(tf/m)=l,     L«,=  ^/21,     Lm,  =  ^/4!,  .  .  . 
L  tiW  =  ^/(2»)  !,     L  v„+,=  fP^^I{2n  +  2)  !. 
Hence  coa  $  lies  between 

l-fl-Za  1  +  ^/4!-.  .  .(-)''^/(2»)! 
and 
1  -  ^/2  !  +  (?«/4  !  - .  .  .  ( -  )"S*»/(2n) !  +  ( -  )"+ie»»+V(2n  +  2) !. 

In  other  words,  provided  2n  +  1  >  d, 
coB(J=l-^/2!  +  ^/4!-.  .  .(-r^/(2n)!  +  (-)»+iE„  (7), 
where  E,„  <  fl«»+7(2jn- 2)  I. 

Here  2n  may  be  made  as  lai^e  as  we  please,  therefore  since 
L  ^+7(2tt+2)!  =  0  (chap,  xxv.,  §  16,  Example  2),  we  may 

write 

coa  tf  =  1  -  (?*/2  !  +  tf"/*  !  - .  .  .  ad  00  (7'). 

By  an  identical  process  of  reasoiuDg,  we  may  show  that, 
provided  2n  +  2  >  6*  then 

ainfl  =  ^-6»/31  +  .  .  .(-)"S»H-V(2n+- !)!  +  (- )"+*R«+,  (8), 
wh^e  B„+.  <  ^+V(2b  +  3) ! , 

and  therefore 

Bme=e-^l3i  +  ^/5\-.  .  .ad  oo  (8'). 

It  has  already  been  shown,  in  chap.  xzvL,  that  the  series  (7') 
and  (8')  are  convergent  for  all  real  finite  values  of  $;  they  are 

■  Mon.cl«»ly,  iftf<Vi(2n+2)(2ii+8)}. 
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therefore  Intimately  equivalent  to  the  one-valned  functionB 
cos  $  and  eia  0  for  all  real  values  of  6,  that  is,  for  all  values  of 
the  argument  for  which  these  functions  are  as  yet  defined.  From 
this  it  follows  that  the  two  series  must  be  periodic  functions  of 
6  having  the  period  2ir.  This  conclusion  may  at  first  sight 
startle  the  reader ;  but  he  can  readily  verify  it  by  arithmetical 
calculation  through  a  conpio  of  periods  at  least 

When  9  is  not  very  large,  say  :j>  Jir,  which  is  the  utmost 
value  of  the  argument  we  need  use  for  the  purposes  of  calcula- 
tion,* the  series  converge  with  great  rapidity,  five  or  six  terms 
being  amply  sufficient  to  secure  accuracy  to  the  7th  decimal 
place. 

We  shall  not  interrupt  our  exposition  to  dwell  on  the  many 
uses  of  thesa  fundamental  expansions.  A  few  examples  will  be 
sufficient,  for  the  present,  on  that  head. 

Eumple  1.  To  calculate  to  seven  places  the  coaine  and  sine  of  the 
radian. 

Webave 
cosl  =  l-l/ai+l/4!-l/fl!  +  ]/8!-l/101  +  Eio, 
B|i,<  1/121, 
=  1- -600,000,0+ •M1,6M,7--001,388,9  +  '000,024,9-'000,000,8  +  E«, 

R,o-=-000,000,003. 
=  ■640,302.8. 
Similarlv. 

ain  1=1 -1/81  +  1/61- 1/7  l+l/9!-Efc 
R,-=l/lll<:-000,000,08, 
=  -8«,471,0. 
The  error  in  each  case  doea  not  exceed  a  nnit  in  the  7th  place. 

Ejcamplaa.  If  fl<3,  then  fl^sin  fl*fl- Jff>;  1 -ie»<c(Me<l -i9»  +  Aff*. 

These  insqtialities  follow  at  once  fron  (7J  and  (8)  above.  They  are 
extensions  of  those  previonsly  dednced,  in  chap,  xxt.,  g  21,  from  geometrical 
coniiderations. 

Example  3.  Expand  coB(a  +  0)  in  ponors  of  0. 
BemlL  cos(a  +  S)=coaacaaff-sinBsin9, 

=  co3«-sin«ff-cosoff'/2t  +  flinoS»/3!  +  cosoff*/4I-... 

*  Seeing  that  the  cosine  or  mne  of  cvcvy  angle  betnccn  ^r  and  ir  ia 
the  sine  or  cosine  ofsn  angle  between  0  and  Jr. 
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Example  i.  Find  tlie  limit  of 

fl(l  -  COS  tf)/(tan  e-B]  when  0=0. 
Lfl(l-coB#)/(tane-fl)-LW#Le(l-eoBet/(sinfl--»coBfl), 

=  lxLfl(*»/2-ff*/41  +  .  .  .)/{e-s'/3!  +  .  .  .-s  +  fl'/a-.  . .), 
-L{e'/2-*'/4l  +  .  .  .)/(»'/3  +  .  ■  .), 
=  L(l/2  +  P9'  +  .  .  .)/ll/S  +  Qff'  +  .  ■  -). 
=  S/2. 

EXBRCIBEB  XTI. 

(1.)  EKpftndrin(<.+fl)siiL(^+tf)inpowersoftf. 

(2.)  Calcalate  rin  45°  32'  30"  to  fiva  places  ot  decimals. 

(3.)  Given  tan  9/9  =  1001/1000,  calculate  B. 

(4.)  Expand  cos'fl,  sin's,  and  dnWcosflin  powers  of  ff;  and  find  th* 
general  term  in  each  case.  ^ 

(6.)  Show  that  cos  ~ff(in  a  positive  integer)  can  be  eipanded  m  a  con- 
vergent series  of  oven  powers  of  » ;  and  that  the  coefficient  of  8"  in  this 
eiixmsion  is 

(-Hm>-  +  „C(m-3)*'+.Cym-4)*'  +  .  .  .}/2— '(2n)!. 

(8.)  Show  that,  if  m  and  n  be  positive  integere,  and  l<:B<m,  then 

Eiamine  how  this  result  is  modified  when  n  =  l,  or  a=m. 

Eraluate  the  following  limits  :— 
(7)  (sin^S-ain»»e)/{cospe-co»}e),    B=0. 
(8.)   (sinj,(a  +  fl)-sinpa}/e.     B  =  0. 
<9.)  {8in-pCB  +  fl)-Kin"?w}/e,    B^O. 
(10.)   {sin"p(=  +  fl)«>8(«  +  S)-sin"j«COBa}/tf,    ■*=0. 
(11  )  (o'Binae-MBiniflj/tWtanafl-a'tanW),     *=0. 
(12.)  l/23r'-'/2^tanT»-l/(l-A    a:=l  (Ealer). 
(18.)   {Bmxlx)'^^.    ^=0. 
{!*.)  {(j!/<i)Mn{»/=)l'".     ^=«,     (™=>3). 

(15.)  3how,  by  employing  the  process  used  in  chap,  xxvii.,  §  2,  tlftt  the 
series  for  sin  «e/coa  6  in  powers  of  sin  fl  can  be  derived  from  the  series  for 
COB  mfl  in  powers  of  sin  fl  ;  and  so  on. 

(16.)  Show,  by  using  the  process  of  chap,  uvii.,  £  2,  twice  over,  that,  if 
cosne  =  l  +  A.Bin'fl  +  A,ain*fl  +  .  .  .  +  A,sin''fl  +  .  .  ., 

-n,«co8nfl  =  2Ai  +  (3.4A,-2'A])ain>#+.  .  . 

+  {(2r  +  l)(2r  +  2)AH-i-(2r)'A,}sin»-S  +  .  .  .     . 

Hence  deUnnine  the  coefficients  Aj,  A,,  fto, ;  and,  by  combining  Exercise 
16  with  Exercise  10,  deduce  all  the  series  (7).  .  .  (1ST  ofS  IS. 

(17.)  Show  (from  g  13)  that  cos-fl  and  sin-fl  can  each  be  cxpaaded  in  a 
convoi^ent  series  of  powers  of  B ;  and  find  an  espresaion  for  the  coefficient  of 
the  general  torm  in  faoh  case. 

in  jarticular,  show  tliat 
Mn»r/3!  =  >?/3!-(l  +  3V/5!  +  (l+3'  +  3V/7!-(l  +  3»48*  +  3«)^/9!  +  ...    . 
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§  15.]  If,  as  in  chap,  xxvii.,  §  3,  we  write 

/(m)=l+S„C„2"  (10), 

where  m  is  any  commeDBurable  number  as  before,  but  z  is  now  a 
complex  yariable,  then,  so  long  as  niod3<  1,  2„C„2"  will  (chap. 
XJCYi,  §  3)  be  an  absolutely  convergent  series ;  and  /(m)  will  be 
a  one-valued  continuous  function  both  of  m  and  of  z.  Hence 
the  reasoning  of  chap,  xxvii^  §  3,  which  established  the  addition 
theorem  f{m^f{m^  -fi^\  +  ""s)  ^iU  still  hold  good ;  and  all  the 
immediate  consequences  of  this  theorem — for  example,  the 
equations  (4),  (5),  (6),  (7),  (8),  (9)  in  the  paragraph  referred  to — 
will  hold  for  the  more  general  case  now  under  consideration. 

In  particular,  if  p  and  q  be  any  positive  integers  (which,  for 
simplicity,  we  suppose  prime  to  each  other),  then 

-(1+2)'  (11). 

It  follows  that  /{pjq)  represents  part  of  the  j-valued  function 
v^(l  -\- z)P  ',  and  it  remains  to  determine  what  part. 

Let  z  =  r(cos  0 -)■  t  sin  9),  then,  since  we  have  merely  to  ex- 
plore the  variation  of  the  one-valued  function  J[p!q),  it  will  be 
sufficient  to  cause  0  to  vary  between  -  ir  and  +  x. 
Also,  let 

V)=\  •¥!=!  +x 

=  1 +rcoa^  +  irflin^,   }-  («), 

=  p{coa  <^  + 1  ain  <ft), 
so  that 


x*yi,  \ 

rcoa^  +  irsin^,    > 
>8  <^  + 1  ain  <ft),       ) 


p  =  {(l+^)'  +  y']'''  =  (l4.2rcos(9  +  /)'/';l  ... 

tan^  =  y/(l+z)  =  rsin«/(l+j-eos«'),    J  ^ '' 

If  we  draw  the  Argand  diagram  for  w=l  +x  +  yi,  we  see 
that  when  r  ia  given  w  deacribes  a  circle  of  radius  r,  whose  centre 
is  the  point  (1,  0).  Since  r<l,  this  circle  falls  abort  of  tlie 
origin.  Hence  <^  the  inclination  to  the  x-axis  of  the  vector 
drawn  from  the  origin  to  the  point  w,  is  never  greater  than 
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tan-i{r/(J-r«)"*},  and  never  less  than  -tan->jr/(l -rS)i«}. 
Hence  <f>  lies  in  all  cases  between  -  Jt  and  -i-  Jn-.  Therefore, 
eince  /(pjq)  is  continuous,  only  one  branch  of  tbe  function 
^{l+z)P  U  in  question.  Now,  if  we  denote  tlie  principal 
branch  by  (1  +  a)?'',  so  that 

(1  +  «)P"  =  fi''''(aoBp>t.jq  +  i  amp4>jq), 
W0  have,  by  §  S, 

;/<H-2)p  =  {I+a)P/«V^  (12), 

where  t  =  0,  ±1,  ±2,  .  .  .,  according  to  the  branch  of  the 
function  which  is  in  question.     Hence  we  have 

A?/?) -(1 +»)"«.■«. 

where  t  has  to  be  determined. 

Now,  when  z=  0,  we  bave/(pjq)  =  1,  hence  we  must  have 

Hence  t  =  Q,  and  we  have 

/(p/q)  =  (1  +  z)Pli  =  pfl9{coa.p^lq  +  i  sin.p^/gX 
where  -  Jt  <  i^  <  Jt. 

Next  consider  any  negative  commenBurable  quantity,  say 
-pjq.     Then  (by  chap,  xxvii.,  §  3  (9)), 

f{-p/q)=/(ompli), 

= mpk)- 

If,  therefore,  we  define  (I  -t-z^'P'^  to  mean  the  reciprocal  of 
the  principal  value  of  (1  -t-  z)'''^,  we  have 
/i-plq)  =  {l+z)-P't=V(l*z)''il 

p  =  -p's(cos(  -pi-lq)  +  iBin(  -p^/5)}   (13). 

To  sum  up  :  We  have  now  established  the  foUovnng  expansum  for 
tlie  principal  valite  of  (]  +  z)™,  in  all  cases  where  m  is  any  eommen- 
sunJile  number,  amd mad z<l : — 

(l+s)»=l  +  2„C„3»  (14). 

The  theorem  may  also  be  written  in  the  fotlowbg  forms : — 
1  *  2„C„(a!  +  jri)"  =  {(1  +i)''  +  /}"'/^co8.mtan-'{y/(l+a:)} 

+  isin,mtan-'{y/(l  +»)}]     (15); 
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1  +2«C«j"{cosrtfl  +  iflinfM9) 

=  {1  +  2r  COS  d  +  r')'^co8  nx^  + 1  sin  m^), 
where         -  Jjr<0  =  tan-'{rainS/(l  +rc08fl)}<  + Jb-     {16>. 

§  16.]  The  resulta  of  last  paragraph  were  first  definitely 
established  by  Cauchy.*  In  a  classical  memoir  on  the  present 
aabject,!  Abel  demonstrated  the  still  more  general  theorem 

=  [(1  +  a:)«  +  /]™«[co8{mtan->{y/(l  +  x)}  +  lilog{(l  +xf  +  y^}} 

+  tsin{mtan-My/(l +==)!  + JHog{(l+^)*  +  y«}}] 

Exp[-itan-»{y/(l  +x)}]. 

Into  the  proof  of  this  theorem  we  shall  not  enter,  as  the 
theorem  itaelf  is  not  neceasary  for  onr  present  purpose. 

§17.]  The  demonstration  of  §  15  fails  when  modz=l. 
Here,  however,  the  theorem  of  Abel,  given  in  chap,  zzvi,  §  20, 
comes  to  onr  aid.  From  it  we  see  that  the  sammation  o^  say, 
(16)  will  hold,  provided  the  series  on  the  left  hand  remain  con- 
vergent when  r  =  1. 

Now  the  series  1  +  2„C„(co8  n6  +  i  ain  nO)  will  be  convergent 
if,  and  will  not  be  convergent  unless,  each  of  the  series 
S=l+2„C„coBnff, 
T  =  2„C„Bin»itf 
be  conveigent 

In  the  first  place,  we  remark  that,  if  m< -  1,  L„C„  =  ±  oo 
when  »  =  «o ,  so  that  neither  of  the  series  S,  T  can  be  convergent. 

If  m=-l,  then  „C„  =  (-1}",  8- 1 +2(- l)"  cos  ntf, 
T  =  2{- l)"8inTrf,  neither  of  which  is  convergent  (see  chap, 
jcxvi,  §  9). 

If  -l<m<0,  then  L„Cn  =  0;  and  the  coefficients  ulti- 
mately alternate  in  sign.  Hence,  by  chap,  xxvi.,  §  9,  both  the 
aeries  S  and  T  are  convergent,  provided  6^  ±ir.  When  $  has 
one  or  other  of  these  excepted  values,  then  S  =  1  +  ^  -  l)''mCn) 
which  is  divergent  when  m  lies  between  - 1  and  0  (see  cbap. 
xxvi.,  §  6,  Example  3). 

*  See  his  Analyie  AJgdnigut. 
t  (Euvnt  OompUUi  (ed.  by  Sylow  1(  Lie),  t  i.,  p.  2S& 
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If  m>0,  then,  aa  we  have  already  proved  {aee  chap.  xxvL, 
g  6,  Eiiunple  4),  2„G„  is  absolutely  Gonvei:geat,  and,  a  fmiwri, 
1  +S„CnCoand  and  2„Cn&iiin$  are  both  absolutely  convergent. 

It  follows,  therefore,  that  the  eqiialwn 
(l+2)™  =  l+2„C„a" 
will  hold  when  modz=  1,  in  ail  cases  where  m>0;  and  also  when  m 
lies  betuieen  -  1  avd  Q,  provided  that  in  this  last  case  the  imaginary  part 
of  z  do  not  vanish,  that  is,  provided  the  amplUude  of  z  is  not  ±  x. 

In  other  cases  where  mod  2=1,  the  theorem  is  not  in 
question,  owing  to  the  non-oonve^ney  of  2,„C„3". 

In  all  cases  where  mod2>  1,  the  series  S„C«2"  is  divergent, 
and  the  validity  of  the  theorem  is  of  course  out  of  the  question. 

EXPONENTIAL  AND  UIGABITHMIC  SERTES — GENERALISATION   OF 
THE  EXPONENTIAL  AND   LOGARITHMIC  FUNCTIONS. 

g  18.]  The  series 

l+2  +  2'/2!  +  2'/3I  +  .  .  . 
is  absolutely  convergent  for  all  complex  values  of  z  having  a 
finite  modulus  (see  chap,  xzvi.,  §  10).  Honce  it  defines  a  single- 
valued  continuous  function  of  z  for  all  values  of  z.  We  may 
call  this  function  the  Exponential  of  ^  or  shortly  Ezpz;*  so 
that  Esp2  is  defined  by  the  equation 

Expz=l+z  +  2'/2!  +  //3!+.  .  .  (1). 

The  reasoning  of  chap,  zxviii.,  g  5,  presupposes  nothing  but  the 
absolute  convergence  of  the  Exponential  Series,  and  is  therefore 
applicable  when  the  variable  is  complex.  We  have  therefore 
Ike  following  addUum  theorem  for  the  fundion  Exp  z : — 

*  ^Vhen  it  is  necessary  to  distinguish  betweea  the  general  function  of  a 
complex  variable  i  and  tha  ordinary  exponential  function  of  a  real  variable  x, 
VB  Bliall  use  Exp  (with  a  capital  letter)  for  the  former,  and  either  f  or  exp  sb 
for  the  latter.  After  the  Btadent  fully  underatanda  the  theory,  he  may  of 
course  <lrop  this  diatinction.  It  seems  to  he  forgotten  by  some  writ«ra  that 
the  « in  e**  is  a  mare  nmninis  umbra~a  contnicliaD  for  the  name  of  a  function, 
and  not  2'71828  .  .  .  Oblivion  of  this  fact  has  led  to  some  strange  piecei  aF 
mathematical  IckIo. 
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Expe.Expi,,.  .Exp^„  =  Exp(^,  +  2,+ .  .   .+z,^)     (2), 
whore  z,,  e,,  .  .  .,  z^are  any  values  of  z  whatever. 
In  particular,  we  have,  if  m  be  any  positive  integer, 

(Exp^)'~  =  ExpM  (3). 

Exp  s  Exp  ( -  s)  =  Exp  0, 
=  1; 

Exp(-3)  =  1/Exp3  (4). 

We  have,  further, 

Expl  =  l  +  l  +  l/2!  +  l/3!  +  .  .   ., 


Also 


and  therefore 


md,  if  z  be  any  real  commensurable  number, 

Expa=l+^;  +  j;'/2!  +  (E'/3!  +  . 


(5); 


(fiX 


by  chap  xiviiL,  where  ^  denotes,  of  course,  the  principal  value 
of  any  root  involved  if  x  be  not  integral. 

It  appears,  therefore,  that  Expx  coincides  in  meaning  with 
e*,  so  far  as  tf"  is  yet  defined. 

We  may  therefoi-e,  for  real  values  of  x  and  for  the  corre- 
sponding values  of  y,  take  tbe  graph  of  y=  Expx  to  be  identical 
with  the  graph  of  y  =  ^,  already  discussed  in  chap.  xxl.  Hence 
the  equation 

y  =  Exp  X  (7) 

defines  X  as  a  continuous  one-valued  function  of  i/,  for  all  positive 
real  values  of  y  greater  than  0.  We  might,  in  fact,  write  (7)  in 
the  form 

z  =  Exp-V  (8); 

and  it  is  obvious  that  £xp~^i/  may,  for  real  values  of  y  greater  than 
0,  be  taken  to  be  idejilical  with  logy  as  previously  defined. 

K  we  consider  the  purely  imi^nary  arguments  +  iy  and  -  iy, 
we  have,  by  the  definition  of  Exp  2, 


D,a,l,zc.bvG00gIe 


26S  MODULUS  AND  AHFUTUDE  OF  ilXP  (a; -ft^)  obap. 

Exp(  +  »y)=l+(y-y'/21-»y'/3!+y74!  +  iy'/51-.  .  ., 
=  (l-y'/2!+y74!-.  .  .) 

+  %-y'/3!  +  s'/5l-.  .  .). 
scosy  +  tsiny  (9)  j 

Exp(-iy)  =  (l-y'/21+y7*l--  •  ■) 

-%-s'/31  +  y'/5!-.  .  .), 
=  cOBy-iamy  (9'), 

by  g  U. 

Finally,  by  the  addition  theorem, 

Exp  (x  +  yi)  =  Exp  (x)  Exp  (yi), 

=  ^(co8  y  + 1  sin  y)  (10)- 

The  General  Exponential  Function  is  therefore  always  ezpreesible 
hy  means  of  the  Elementary  Transcendental  FuncttonB  e",  cosy, 
dn  y,  already  defined. 

Inasmuch  as  the  function  Exp^  posaessea  all  the  character- 
istics which  «*  has  when  z  is  real,  and  is  identical  with  e*  in  all 
cases  where  ^  is  already  defined,  it  is  usual  to  employ  the  nota- 
tion «*  for  Exps  in  all  cases.  This  simply  amounts  to  defining 
e*  in  all  cases  by  means  of  the  equation 

<'=l+a  +  //2!  +  3'/3!+.  .  ., 
which,  as  we  now  see,  will  lead  to  no  contradiction. 

§  19.]  Orapkie  Discussion  of  the  Qmtral  £xponential  Fwietion 
— DefimHtm  of  the  Gewral  Logariihmic  Function,  Let  w  be  defined 
as  a  functioo  of  z  by  the  equation 

10  =  Exp  2  (1); 

and  let  2  =  a:  -i-  yi,  and  lo  =  u  +  »  =  s(cos  ^  +  i  sin  <f).  Then,  since 
Exp  (s!  +  yi)  =  ^(cos  y  +  i  sin  y),  we  have 

s(coB  ^  + 1  sin  1^)  =  e'(co8  y  + 1  sin  y)  {2). 

Hence 

«=«*,     ■^  =  y  <3), 

where  we  take  the  simplest  relation  between  the  amplitudes  that 
will  suit  our  purpose. 

Suppose  now  that  in  the  s-plane  (Fig.  7)  we  draw  a  straight  line 
2'f'r3'  parallel  to  the  y-axis,  and  at  a  distance  x  from  it    Then, 
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if  we  caaao  z  to  describe  thb  line,  z  will  remain  constant,  and 
therefore  e*  vill  remain  constant ;  that  is  to  say,  the  point  w  will 
describe  a  circle  (K)  (Il^g.  8)  whose  radius  is  e*  about  the  origin 
in  the  u-plane.  If  we  draw  parallels  to  the  z-axis  in  the  z-plane, 
at  distances  0'l'=n-,  0'2'=3n-, .  .  .,  above,  and  O'l''=jr,0'2'=3»r, 
.  .  .,  below,  then,  as  y  varies  from  -  jt  to  -\-v,  z  travels  from  1' 
to  r ;  as  y  varies  from  +  n-  to  +Zir,  z  travels  from  1'  to  2',  and 
BO  on ;  and  each  of  these  pieces  of  the  straight  line  corresponds 
to  the  circumference  of  the  circle  K  taken  once  over.  To  make 
the  correspondence  clearer,  we  may,  as  heretofore,  replace  the 
repeated  circle  K  by  a  spiral  supposed  ultimately  to  coincide 
with  it.  Then  to  the  infinite  number  of  pieces,  each  equal  to 
2:r,  on  the  line  K  corresponds  an  infinite  number  of  spires  of  the 
spiral  K. 

In  like  manner,  to  every  parallel  to  the  y-axis  in  the  s-plane 
corresponds  a  spiral  circle  in  the  w-plane  concentric  with  the 
circle  K.  To  the  axis  of  y  itself  corresponds  the  spiral  circle 
BAOAB ;  to  the  parallel  DO^  to  the  left  of  the  y-azis  the  spiral 
circle  DOT) ;  and  so  on. 

To  the  whole  atrip  between  the  infinite  parallels  DB  and 
DB  corresponds  the  whole  of  the  w-plane  taken  once  over; 
namely,  to  the  right  half  of  the  infinite  strip  corresponds  the 
part  of  the  u^plane  outside  the  circle  BAOAB ;  to  the  left 
half  of  the  strip  the  part  of  the  to-plane  inside  the  circle 
BAOAR 

To  each  such  parallel  strip  of  the  2-plane  corresponds  the 
whole  of  the  w-plane  taken  once  over. 

Hence  tJie  values  of  w  are  repeated  infinitely  often,  and  we 
see  tluU  tke  eqmtion  (1)  defines  w  asa  continuous  perwdiefunctim  of 
z  having  the  period  2id. 

Canverady,  the  above  graphic  discussion  shows  that  the  equaUon  (1) 
defines  n  as  a  continmms  oo  -pie  valued  function  of  w. 

Taking  the  latter  view,  we  might  write  the  equation  in  the 
form 

j  =  Exp-^u?  (l^. 
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Instead  of  Exp-'ai  we  shall,  for  the  moat  part,  employ  the 
more  usual  notation  Logw,  using,  however,  for  the  present  at 
least,  a  capital  letter  to  distinguish  from  the  one-valued  function 
1<^  y,  which  arises  from  the  inversion  of  ^  =  ^,  when  x  and  y  are 
both  restricted  to  be  real. 

In  accordance  with  the  view  we  are  now  taking,  we  may 
write  (3)  in  the  form 

3:  =  logs,     y  =  ^ 
Hence  2:  =  LogK' 

gives  x  +  yi  =  Log  {j(cos  ^  + 1  sin  <f>)), 

where  x  =  log  s,  and  y  =  '^ 

In  other  words,  we  have 

Log  ut  =  log  (mod  w)  +  i  amp  (w)  (2') ; 

and,  if  we  cause  ^  (that  is,  amp  (u>) )  to  vary  continuously  through 
all  values  between  -  <x>  and  +  oo ,  then  the  left-hand  side  of  the 
equation  (2')  will  vary  continuously  through  all  values  which 
Logic  can  assume  for  a  given  value  of  modw. 

If  we  confine  ^  to  lie  between  -  ir  and  +  t,  then  Log  w  be- 
comes one-valued ;  and  we  have 

Log  to  =  log  i  + 1^  (4), 

where  s  =  mod  is  =  ^{t^  + 1^),  and  cos  ^  =  w  /  t/{u'  + 1^,  sin  ^ 
=  v/  ^(w'  + 1^,  -  a-^-^J-  +  v. 

This  is  called  the  principal  branch  of  Logte;  and  we  may 
denote  it  by  z. 

It  is  obvious  irom  the  graphic  discnBsion  that,  if  zt  of  tl^gvi 
denote  the  vaJue  of  Log  v>  in  Us  t-th  branch,  z  being  the  vaine  in  the 
principal  branch  corresponding  to  ihe  sarne  vaJue  of  k  (that  is,  a  value 
of  w  whose  amplitude  differs  by  an  integral  multiple  of  2a-),  then 
(LogiC  =  3(  =  z+  2tin, 

=  Iogs  +  t(<^+-2<ff)  (6), 

where  ^  is  ihe  ampl^ade  {confined  leltoeen  the  Hmiis  -  v  and  +^)  of 
te,  and  t  u  any  integer  positive  or  negative. 

If  w  be  a  real  positive  quantity,  =  u  say,  then  s  -  mod  w  =  «, 
tft  =  amp  w  <=  0 ;  and  we  have,  for  the  principal  value  of  Log  u, 
Log  u  =  log  u. 
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Seaee,  for  real  posiHte  values  of  the  argument,  hguisthepriincipal 
value  of  Log u.  The  other  values  are  of  cowse  gwm  by  tLogit  =  logu 
+  2iin,  t  being  &e  order  of  &e  brmch. 

We  have  also  the  following  partioular  principal  values  : — 

Log(  +  t)=Jn 

Los(-')  =  -M 

Log(-l)=  ±iri: 

the  principal  value  in  the  last  case  is  not  determinate  until  we 

know  the  amplitude;  and  the  same  applies  to  all  purely  real 

n^ative  arguments. 

g  20.]  Definitum  of  Es^^.  The  meaning  of  Of,  or,  as  it  is 
sometimes  written,  Exp  ^  haa  not  as  yet  been  defined  for  values 
of  z  which  are  not  real  and  commensurable. 

We  now  define  it  to  mean  Exp  {z.  [Lt^  a),  where  [l^og  a  is  the 
t-th  branch  of  the  inverse  function  Log  a,  and  t  may  have  any 
positive  or  negative  integral  value  including  0. 

Thus  defined,  ti'  is  in  general  multiple-valued  to  an  infinite 
extent    In  fact,  since  (Log  a  =  log  s  + 1(0  +  2iir),  where  s  =  mod  a, 
and  ^  =  ampa  ( -  x  <  ^  <  +  r),  we  have,  if  z  =  a  +  yi, 
a«+i^  =  Exp  [(«  +  yi)  {log  3  +  i(.^  +  S^tt)  }], 

=  Exp  [{z  log  «  -  (-^  +  2(3r)y}  + 1  {y  log  s  +  (<^  +  2(jr)ir}], 
=  exp  {a;I<^8  -  (i^  +  2(jr)y},[coa  {ylog  «  +  (^  +  2tv)x] 

+ » sin  {y  log  s  +  (<^  +  2fer)3;}]     (1). 
If  we  put  /  =  0,  that  is,  take  the  principal  branch  of  Log  a,  in 
the  defining  equation,  then  we  get  what  may  be  called  the 
principal  branch  of  i^'^v',  namely, 
a«+irf  =  Exp(2Loga), 

=  exp{x  logs  -  ^}  .[cos{ylog«  +  ^]  +  isinjyloga  +  ^}]   (2). 

The  value  given  in  (1)  would  then  be  called  the  tth  branch, 

and  might  for  distinction  be  denoted  by  jo"''"'''  or  by  [Exp  J^x  +  yi). 

It  is  important  to  notice  that  the  <i>ove  definition  of  a'  agrees 

witt  Ihai  already  givm  for  real  commensttrable  values  of  z  provided  w 

lake  the  corresponding  brandies.     In  fact,  when  y  =  0,  (!)  gives 

(»"  =  exp  (z  logs),  [cos  (0  +  2fcr)i  +  iain(^+  2lir)x\; 
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that  is,  \ix=pjq, 

=  «^«[coa.(^  +  2ftr)p/g  +  i  flin.(^  +  2(ir)p/y]     (3) ; 
tihe  right-hand  side  of  which  is  the  f-th  branch  of  the  left  ae 
ordinarily  defined. 

Cor.  Itf(MomfromSKab(mthiUvibmxi»anijK6mmmsurai>U 
iwvmher  the  function  a'  Juts  an  infinite  number  of  valves  even  v^ien 
both  a  atid  x  are  real. 

The  principal  value  of  a',  hoverer,  when  both  a  and  z  are 
real  and  a  is  positive,  is  exp  {x  \og  a),  which  differs  infinitely 
littie  from  the  principal  value  of  a*',  if  j;*  be  a  commensuiable 
quantity  differiag  infinitely  little  from  x. 

§  21.]  The  Additim  Theorem/or  Log  z. 

By  the  result  of  §  1 9  we  have 
„Logw,  + Jxigw, 

=  log(mod  w,)  +  log(mod  w,)  +  tamp  w,  +  tamp  w,  +  %m  +  n)m. 

Now  (chap.  xiL,  g  16}  modto,  modtf,  =  mod(ti',w,),  and,  if 
amp(u',w,)  were  not  restricted  in  any  way,  we  should  have 
ampif, +  ampic,  =  amp(i{),w,).  Since,  however,  amp  (ur,w^  is  re- 
stricted in  the  definition  of  XiOg(W[i0,)  to  lie  between  -  w  and  v, 
we  have 

unp  Wt  +  amp  v>,  =  amp  (tr,w,)  -i-  2pir, 

where  p  =  -h  1,  0,  or  -  1  according  as  amptf,  -i-  ampi0,>  -i-  ir  lies 
between  +  r  and  -  ir,  or  <  -  jr.     Hence  we  have 

,4x)g  to,  +  „Log  w>,  =  „+,+,Log  (w,  w^  (IX 

where  p  is  as  defined. 

In  like  manner,  it  may  be  shown  that 

„Logw,  -  „Logw.  =  „-„+,Log  (w,w.)  (2), 

where  p=  +1,   0,  or  -  1  according  as  amp  to,  -  amp  id,  >  -f  t, 
between  +  ir  and  -  «■,  or  <  -  ir. 

Taking  the  definition  of  c^+vt  gjven  in  §  20,  and  making  use 
of  equation  (I)  of  that  paragraph,  we  have 
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iLog  ((^+'^  =  log  (mod  tO'-^y^  +  (amp  tO*+>'*  +  2fer)t, 

=  z  log  s  -  (.^  +  2fir)y  +  {ylog  S  +  (<^  +  2i)r>e}t  +  2(k  +  /)«, 
where  2  is  an  integer,  positive  or  negative,  choaen  bo  that 

-ir<ylogS  +  (^  +  2(ir)a;+  2/ff<  +  ff. 
Hence 

*L(^  ((f +5^  =  (ar  +  3rt){log  s  +  (<^  +  2/)r)t}  +  2(t  +  l)vi, 

=  {x  +  yi)tl^a  +  2{k  +  l):ri  (3). 

The  equations  (1),  (2),  (3)  are  generalisations  of  formulss  for 
log  X  with  which  the  reader  is  already  familiar. 

If  we  confine  each  of  the  multiple-valaed  functions  (Log  and 
(Ezpa  to  its  principal  branch,  we  have 

Log  a'+vi  =  (x  +  yi)'Loga  +  2lin  (3'), 

where  /  is  so  chosen  that 

g  22.]  Erpatmon  of  tl^g{\  +z)  inpowers  of  z. 

Consider  first  the  principal  branch  of  the  function  Log  (1  +  z). 
By  the  definition  and  discussion  of  §  20,  we  see  that,  when  x  is 
any  real  quantity,  the  principal  branch  of  (I  +zy  has  for  its 
value  Exp{xLog(l  +z)].     Hence  we  have 

(l+.)"-l  +  {»Log(l+>))  +  {ilog(l+»))V2!+.  .  .; 
and,  since  the  series  1  +  2,C„z"  represents  the  principal  branch 
of  (1  +  a)*,  we  have 

l+S«C„«"=l  +  {a)Log(l+2)}+  .... 

Now  all  the  conditions  involved  in  the  reasoning  of  chap. 
xxviiL,  §  9,  will  be  fulfilled  here,  provided  the  complex  variable 
?  be  so  restricted  that  mod  z<\. 

Hence,  if  mod  z  <  1 ,  we  must  have,  as  before, 

Log(l+z)-s-j'/2-i-273-zV4+  .  .  .  (1). 

In  olher -words,  so  long  as  mod  z:<l,  the  series  z-^j^  +2°/3-.  .  . 
represents  the pf'incipai  branch  of  Exp-'^{\  +  z). 

Cor.  iSi7j«  ,Log(l +B)  =  Log(l +z)  +  2f)ri,  i«  AoM 

,Log(l+z)  =  2W+z-//2+^/3-374+ .  .  .      {2), 
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which  gives  ub  an  expanaion  for  the  ^th  braDch  of  £xp''(l  +2) 
within  the  region  of  the  i^plane  for  which  mod  z<l. 

It  follows  readily,  from  the  principles  of  chap,  xxvi.,  §  9,  that 
when  mod  z=l  the  series  z  -  s^/2  +  z'/J  -  ...  is  convergent, 
provided  amp 2  #=  ^T(other  odd  multiples  of  n- are  not  in  question 
here).  Hence,  by  the  theorem  of  Abel  bo  often  quoted  already, 
the  expanBion-fonnulfe  (1)  and  (2)  will  still  hold  when  modz  >=  1, 
provided  amp  ?  #  ±  n-. 


GENERALISATION   OF  THE  CUtCULAR  FUNCTIONS — INTRODUCTION 
OF  THK  HYPEHBOUC  FUNCTIONS. 

§33.]  Oeneral  definitim  of  Cosz,  Sinz,  Tanz,  Cots,  Secz, 
Coseez.  Since  the  series  1  - .^/2  !  + a*/^ !- .  .  .,  z-/jS\  +  ^/5l 
-  .  .  .  are  convergent  for  all  values  of  z  having  a  finite  modulus, 
however  large,  they  are  each  single-valued  continuous  functions 
of  z  throughout  the  2-plane.  Let  us  call  the  functions  thus 
defined  Cosz  and  Sinz,  using  capital  initial  letters,  for  the  pn- 
sent,  to  distinguish  from  the  geometrically  defined  real  functjona 
cofl  X  and  sin  z.     We  thus  have 

Cos2=l-«'/3!  +  374!-  .  .   .  (1), 

8mz=z~//3\  +  ^/5]-  .  .  .  (2). 

We   also   define  Tans,  Cotj,  Secz,  Cosecs  by  the   following 
equations : — 

Tan z  =  Sin z/Cos 2 ;     Cot3  =  Coss/Sin2;  )  .,, 

Seca  =  l/Cos2;      Coseez  =  l/Sinz.         J  ^  '' 

In  the  first  place,  we  observe  that  when  z  is  real,  =  x  say, 
we  have,  by  §  1 4, 

Coaa!=l -3;'/3!  +  ir'/4!-.  .  .=coa3:. 
Sin x=x  - 3?j3 !  +  x*/5 !  - .  .  .  =  sin x ; 
80  that,  when  the  argument  is  real,  the  more  general  functions 
Cos.,  Sin.,  Tan.,  Cot.,  Sec.,  Cosec.  coincide  with  the  functions 
COB.,  sin.,  tan.,  cot.,  sec.,  cosec.  already  geometrically  defined 
for  real  values  of  the  argument 

VOL.U  T 
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Since 

1-^/21 +»'/41-.  .  ..i(Exp(ij)  +  Exp(-fa)), 

x-^IZi.*ilii.-.  .  .=l(E«p(i,)-Exp(-i.)), 

it  follows  &om  (1)  and  {2}  tiuii  we  have  for  all  values  of  z 

Co...i(Ezp(i.)  +  Exp(-ii.)), 

Sii.».j,|&p(i!)-Exp(-ir)}M 

with  corresponding  expressions  for  Tan  z.  Cot  z.  Sec  z,  and 
Cosec  z. 

By  (4)  we  have 
Cos  'z  +  Sin  '2 

=  i[{Exp (f.)}' +  {Exp  (-£.)}'+ 2 Exp  (t2)  Exp (- i.) 
-  {Exp  (t.)r  +  Exp  {<-«)}•- 2  Exp (L-)  Exp  (- i!)). 
Hence,  bearing  ia  mind  that  we  have,  by  the  exponential 
addition  theorem, 

Exp  (is)  Exp  ( -  ti)  =  Exp  {k  - 1^)  =  Exp  0  =  1, 
we  see  that 

Cos '2  + Sin '2=1  (5X 

from  which  we  deduce  at  oace,  for  the  generalised  functions,  all 
the  algebraical  relations  which  were  formerly  established  for  the 
circular  functions  properly  go  called. 

We  also  see,  from  (4),  that  Cos {~z)  =  Cos z  and  Sin {-  z) 
-  -Sin 2;  that  is  to  say,  Cos 2  is  an  even,  and  Sins  an  odd 
function  of  z. 

Since,  by  (4),  we  have 

CoBZ  +  iSin2  =  Exp(ij), 
Cos  2  -  i  Sin  3  =  Exp  ( -  is), 

*  These  formnlB  were  first  given  hy  Euler.  See  Int.  in  AnaL  I«f.,  U  i. , 
g  ISS.  He  gave,  bowever,  no  snSdent  jnstllication  for  their  usage,  testing 
merely  on  a  bold  analogy,  as  Bemonlli  and  Demoivra  had  done  before  Mm. 
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it  follows  from  the  exponential  addition  theorem,  namely, 
Eip  (lj,  +  bj  =  Exp  (i;,)  Exp  (L,), 

that 

Cos  (;,  +  z,)  + 1  Sin  {z,  +  ^  -  {Cos  =,  +  i  Sin  z.)  (Cos  ^  + 1  Sin  ;,) 
=  (Cob  z,  Cos  s,  -  Sin  3,  Sin  2,)  +  i  (Sin  2.  Cos  r,  +  Cos  =,  Sin  r,).» 
Hence,  changing  the  signs  of  z,  and  z.  and  remembering  that 

Cos  is  even  and  Sin  odd,  ve  have 

Cos  (zi  +  z,)  - » Sin  (Z|  +  j^  =  (Cos  z,  Cos  s,  -  Sin  z,  Sin  s.) 

-  i(Sin  2,  Cos  z,  4  Cos  =1  Sin ::,). 
Therefore,  by  addition  and  subtraction,  we  deduce 


Cos  (z,  +  z.)  =  Cos  2,  Cos  !i  -  Sin  z,  Sin  z, ;  1 
Sin  (z,  +  z,)  =  Sin  z,  Cos  :^  +  Cos  s,  Sin  z,  j 


(6). 


/n  olha-  words,  the  addition  theorem  for  Cos.  and  Sin.  in  general  is 
identical  aith  that  for  cos.  and  sin. 

By  (6)  we  have 

Cos  (z  +  2Bir)  =  Cos  z  Cos  2njr  -  Sin  s  Sin  2»ff, 
that   is,   if  n  be  any   positive  or  negative    integer,   so  Uiat 
Cos  2njr  =  cos  2nir  =  I,  and  Sin  2nw  =  sin  2Bff  =  0,  then 

Cos  (z  +  2nir)  -  Cos  z. 
In  like  manner,  Sin  (z  +  27nr)  -  Sin  z ;    Tan  (z  +  fwr)  =  Tan  z ;  &c. 
That  is  to  say,  the  Generalised  Ciradar  Funditms  have  the  same 
real  ^periods  as  the  CiTodar  Fu-adions  proper. 

Just  in  the  same  way,  tee  can  establish  all  the  relations  for  half 
arid  quarter  periods  given  in  equations  (3)  of  g  2.  Thus,  for 
example, 

Cos  (jT  +  z)  =  Cos  n-  Cos  s  -  Sin  ■■  Sin  z, 
=  cos  T  Cos  s  -  sin  T  Sin  z, 

=   -COBZ. 

Also  all  the  equations  (5),  (6),  (7)  of  §  2  mil  hold  for  the 
generalised  functions  ;  for  they  are  merely  deductions  from  the 
addition  theorem. 

*  We  cannot  liera  equate  the  ci>efficieuts  of  t,  lie,  on  both  sides,  because 
Sin  {zi*Ji),  kc,  ara  do  longer  neceasuily  real. 
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§  24.]  We  proceed  next  to  discuss  briefly  the  variation  of 
the  gQneralised  circular  fiinctions. 

Consider  first  the  case  where  the  argument  is  wholly 
im^^inary,  say  z  =  it/.     In  this  case  we  have 

Cos  (iy)  =  i{Exp  (fiy)  +  Exp  ( -  tiy)}, 

=  \{'-''  +  ^)  0); 

Sin  (»y)  =  ^/«-'' -«!*), 

=  i(^-,-v)  (2). 

We  are  thus  naturally  led  to  Introduce  and  discuss  two  new 
functions,  namely,  ^(ef  +  e"")  and  ^(6"  -  e""),  which  are  called 
the  Hyberbolic  Cosine  and  the  Hyperbolic  Sine.  These  functions 
are  usually  denoted  by  coshy  and  sinhy;  so  that,  for  real 
values  of  y,  cosh  y  and  sinh  y  are  defined  by  the  equations 

coshy  =  i(e»  +  e-'0,     ainhy  =  J(e>'-e-'')  (3). 

In  general,  when  y  ia  complex,  we  define  the  more  general 
functions  Coshz  and  Sinhz  by  the  equations 

Co3hz  =  i(Exp(2)  +  Exp<-2)}, 
Sinh^=HExp(^)-Exp(-2)}  (3'). 

We  also  introduce  tanh  y,  coth  y,  sech  y,  and  cosech  y  by  the 
definitions 

tanh  y  =  sinh  y/cosh  y,     coth  y  =  cosh  y/sinh  y ; 
Bechy=  1/coshy,  cosechy=  I/sinhy; 

and  the  more  general  functions  Tanhs,  Coth  2,  &c,  in  precisely 
the  same  way. 

From  the  equations  (1)  and  (3)  we  have 

Cos  (iy)  =  cosh  y,      Sin  (iy)  =  t  sinh  y ;  ^ 

Tan ()y)  =  t tanh y,  Cot{iy)=  -icothy;        I       (4), 
Sec  (iy)  =  sech  y,      Oosec(ty)=  -icosechy;  I 
and,  of  course,  in  general,  Cos  ix  =  Cosh  z,  &c. 
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The  discusflion  of  the  T&tiation  of  the  circnlar  functions  for 
purely  imaginary  arguments  reduces,  therefore,  to  the  diBcussion 
of  the  hyperbolic  functions  for  purely  real  argumente. 

§  26.]  Farialwn  of  the  Hyperbolic  Funclions  far  real  arguments. 
The  graphs  of  y  =  c03hz,  ^^sinb^  &&,  are  given  in  Fig.  9  as 
follows  :—        ^^  ^^  CO  ^  sinh  3i  SOS ; 

coths!,  TT'TX;  tanha^  TTOTT; 
aechx,  C'C;  cosechx,  S'S'S'S', 

By  Btudying  these  curves  the  reader  will  at  once  see  the  truth 
of  the  following  remarks  r^arding  the  direct  and  inverse  hyper- 
bolic functions  of  a  real  argument. 

(1)  coshx  is  an  even  function  of  x,  having  two  positive  infinite 
values  corresponding  to  x  =  ^^  oo ,  no  zero  value,  and  a  nuDimom 
value  I  corresponding  to  a;  -  0. 

cosh'^y  is  a  two-valued  function  of  y,  defined  for  the  con- 
tinuum Xlf'ylf"'^,  having  a  zero  value  corresponding  to  y=\, 
and  infinite  values  corresponding  to  y  =  oo ,  but  no  turning  value. 

(2)  sinh  X  is  an  odd  function  of  x,  having  a  zero  value  when 
X  =  0,  and  positive  and  negative  infinite  values  when  a;  =  +  oo  and 
a;  =  -  CD  respectively. 

sinh  ~  'y  is  one- valued,  and  defined  for  all  values  of  y ;  it  has 
a  zero  value  for  y  =  0,  and  positive  and  negative  infinite  values 
when  y  =  +  Qo  and  =  -  oo  respectively. 

(3)  tanh  x  is  an  odd  function,  has  a  zero  value  for  x  =  0, 
positive  maximum  +  1,  and  negative  minimum  -  1,  corresponding 
to  X  =  +  «o  and  x  =  -  co  respectively. 

tanh'^yisa  one-valued  odd  function,  defined  for-  lii^y^  +  1; 
has  zero  value  for  y  =  0,  positive  and  negative  infinite  values 
corresponding  to  y  =  +  1  and  y  =  -  1. 

(4)  cotbx  is  an  odd  function,  having  no  zero  value,  hut  an 
infinite  value  for  x  =  0,  and  minimum -h  1,  and  maximum -1, 
for3;=  +00  and  y=  ~  <a  respectively. 

coth-^  '3  a  one-valued  odd  function,  defined,  except  for  the 
continuum- l>-y J- +  I,  having  positive  and  n^ative  infinite 
values  corresponding  to  y  =  + 1  and  y  =  - 1  respectively,  and 
a  zero  value  for  y  =  oo  . 
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(5)  sechx  is  an  even  function,  having  a  maximum  +  1  for 
a:  =  0,  and  a  zero  value  for  z  =  ±  oo , 

BMh~'^i/  is  a  two-valued  function,  defined  for  0:t>y:j>l,  having 
a  zero  value  ior  y=  1,  and  infinite  values  for  y=0. 

(6)  coseclix  is  an  odd  function,  having  zero  values  for 
x=  ±  <X),  and  an  infinite  value  for  x=0. 

coeech''^  is  one-valued  and  defined  for  all  values  of  y,  having 
zero  values  for  y  =  ±  * ,  and  infinite  values  for  y  =  0. 
§  26.]  Logarithmic  expressions  for  cosh''^y,  sinh'^,  <&c. 
If  «  =  cosh" V>  ^^  ^*^* 

y  =  cosha=  J{e"  +  e-')  (I). 

Therefore 

±  ^/(y=-l)=J(e'-<")  (2). 

From  (1)  and  (2), 

<*  =  y±  v/(y*-l). 
Hence 

^  =  )og{y±  v/(y*-l)}; 
thatis,  oo8h-iy  =  Iog{y±  v''(y*-l)}  (3), 

the  upper  sign  corresponding  to  the  positive  or  principal  branch 
of  cosh~'y,  the  lover  sign  to  the  negative  branch. 
In  like  manner  we  can  show  that 

sinh-iy  =  log{y-H  ^{y'+l)}  (4); 

tanh-iy  =  Jlog{(l-^y)/(l-y)}  (5); 

coth-V  =  4iog{(y+i)/(y-i)}  (6); 

sech-V  =  log[{l±  V(l-y^}/y]  (7); 

cosech-V-log  [{1  +  -yil+f))!!/]  (8). 

g  27.]  Properties  of  the  General  Hyperbolic  Functions  analogova 
to  those  of  the  Circular  Functions. 

Wb  have  already  seen  that  the  properties  of  the  circular 
functions,  both  for  real  and  for  complex  values  of  the  argument, 
might  be  deduced  from  the  equations  of  Euler,  namely, 

Sm«  =  i{Iip(  +  fe)-Exp(-ir))   J  >*'■ 

In  like  manner,  the  properties  of  the  general  hyperbolic 
functions  spring  from  the  defining  equations 
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Sinh2  =  J{Exp(  +  ^)-Eip(-2)}  J  ^*''- 

We  should  therefore  expect  a  close  analogy  between  the 
fimctional  relatione  in  the  two  cases.  In  what  foUows  we  state 
those  properties  of  the  hyperbolic  functions  which  are  analogous 
to  Uie  properties  of  the  circular  functions  tabulated  in  §  2.  The 
demonstrations  are  for  the  most  part  omitted ;  they  all  depend 
on  the  use  of  the  equations  (B),  combined  with  the  properties  of 
the  general  exponential  function,  already  fully  discussed. 

The  demonstrations  might  also  be  made  bo  depend  on  the 
relations   connecting   the  general   circular  functions  with   the 
general  hyperbolic  functions  given  in  §  24,*  namely, 
Cosh  z  =  Cos  tz,  t  Siuh  z  =  Sin  iz ;       \ 

+  iTanh2  =  Tanw,      -tCoths^Cotts;       l       (C). 
Sech2  =  Secti^       -iCosechzsCoseei?;  J 
Alffebrak  BdaUoTis. 

Co8h'2-Sinh'3=l,     Sech 'z  +  Tanh 'z  =  1         {!), 
&c. 
PerwdwHy. — All  the  hyperbolic  functions  have  the  period 
2ri ;  and  Tanh  a  and  Coth  z  b&ve  the  smaller  period  in. 
Thus 


Cosh  (z  +  2mri)  =  Cosh  z :  &c  1 


Tanh  {z  +  md)  =  Tanh 
Also, 

Co8h(«±z)=  -Coshz,       Sinh(«±z)=  ^Sinhs;     \ 
Coah(Jirt±«)=  iiSinhe,   Sinh { J« ± 2)  = » Cosh z ;     1(3). 
Tanh(JiH±2)=  ±Cotha,    Coth<jTt±2)=  iTanh?;] 

Additum  Formvlm. 

Cosh  {z,  ±  zj  =  Cosh  Zi  Cosh  z,  ±  Sinh  z,  Sinh  ^ ;  \ 

Sinh  (z,  ±  z,)  -  Sinh  z.  Cosh  z,  ±  Cosh  z,  Sinh  ^ ;  1(8). 

Tanh  {z,  ±  zj  -  (Tanh  z,  ±  Tanh  z^/(l  ±  Tanhz,  Tanh z^.) 

a  teAnica  (br  the  h;rF"- 
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Cosh  z,  -  Coah  z,  =  2  Sinh  K^,  +  z.)  Sinl*  K'^.  "  0  J  [(*)■ 
Sinh  ?,  ±  Sinh  s,  =  2  Sinh  J  (2,  ±  «,)  Cosh  J{«,  t  e,)-    j 

Cosh  2,  Coah  a,  =  i  Coah  (z,  +  z.)  +  J  Cosh  (»,  -  z,)  A 
Sinh  z.  Sinh  z,  =  J  Coah  (z,  +  s.)  -  J  Coah  (z.  -  z.) ;  i  (7). 
Sinh  z.  Cosh  z,=  i  Sinh  (z,  +  z,)  +  i  Sinh  (*,-z.).  j 


Cosh  2z  =  Cosh  'z  +  Sinh  'r  =  2  Cosh '«  -  1, 

=  1  +  2  Sinh  'z  =  (1  +  Tanh  'z)/(l  -  Tanh  'z). 
Sinh  2z  =  2  Sinh  z  Cosh  z  =  2  Tanh  z/(l  -  Tanh  'z). 
Tanh  2z  =  2  Tanh  z/(  1  +  Tanh  'z). 


>(8). 


Iruxne  FwiclUms. — Regarding  the  inverse  functions  Coah"', 
Sinh~\  &c.,  it  is  sufficient  to  remark  that  we  can  always  express 
them  by  means  of  the  functions  Cos'',  Sin"',  &a.  Thus,  for 
example,  if  we  have  Cosh  ~^z-v>,  say,  then 


e  =  Cosh  tt>  =  Cob  tw. 

Hesee 

ti».Co!-'i; 

thitii, 

n.  -iCo!->!. 

So  that 

Co«h-'z=  -iCo»-'z 

and  80  on. 

In  the  practical  use  of  such  formulee,  however,  we  must 
attend  to  the  multiplo-vsluednees  of  Cosh"'  and  Cos"'.  If,  for 
example,  in  the  above  equation,  the  two  branches  are  taken  at 
random  in  the  two  inverse  functions,  then  the  equation  vill  Uike 
the  form 

Cosh  " 'z  =  2mjn' ±  t  Cos  "  ^, 

where  m  la  some  positive  or  negative  integer,  whose  value  and 
the  choice  of  sign  in  the  ambiguity  ±  hotli  depend  on  circum- 
stances. 

§  28.]  Formvia  for  the  Hyperbolic  Fvndions  analogous  to 
Demoivr^i  Theorem  and  Us  consequences. 

We  have  at  onco,  from  the  definition  of  Coah  z  and  Sinh  z, 
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Cosh  (a,  +  z,  + .  .  .  +  :t„)  ±  Sinh  (z,  +  z,  +  .  .  .  +  z„) 

=  Exp±(z, +J,  +  .  .  .  +  «,), 

=  Exp  ±  i,  Exp  ±  z, . . .  Exp  ±  z„, 

=  (Cosh  z,  ±  Sinh  z,)  (CoBh  2,  ±  Sinh  z.) 

...(Coflhz«±Sinh«„)    (A); 
and,  in  particular,  if  n  be  any  positire  integer, 

CoBh  m  ±  Sinh  m  =  (Cosh  z  ±  Sinh  s)"  (B). 

Tliese  correspond   to  the   Demaivre-formube,  with  which  the 
reader  is  already  familiar  * 

W«  can  deduce  from  (A)  and  (B)  a  series  of  formulie  for  the 
hyperbolic  functions  analogous  to  those  established  in  §  12  for 
the  circular  functions. 

Thus,  in  particular,  we  have 

C08h(j,  +  3,  +  .   .  .  +  2„)  =  P„  +  P„.,  +  P„_,  +  .   .    .     (1'), 
vhere  P,  =  Z  Cosh  z,  Cosh  z, . . .  Cosh  ;,  Sinh  Zr+ , .  -  -  Sinh  z„. 
Tanh  (z,  +  z,  + .  .  ,  +  2„) 

=  (T,  +  T,  +  T,  +  .  .  .)/(l+T,  +  T,  +  .  .  .)     (S-), 
where  T,  =  2  Tanh  z,  Tanh  z, . . .  Tanh  z^ 

Cosh  Mz  =  Cosh  "2  +  „C,  Cosh  *-  %  Sinh  % 

+  „C,Cosh"-*2Sinh'2  +  .  .  .     (4'). 
Sinh  IK  =  „C,  Cosh"-i2  Sinh  z  +  „C,  Cosf-'z  Sinh  h 

-(-„C.Cosh"-«zSinh''2  +  .  .  .     (5'). 

Coshn2  =  (-)'^-fl-^co8h*2  +  ^i^^=^co8h<z-.  .  . 


^«V«-2^)...(7t'- 


(2s)! 

(n  even) ; 


■  j-(n 


*  As  s  matter  of  history,  Demoivre  first  found  <B)  in  the  form 
y=i[l/C/{v'(l  +  o')-r}-  ^{V(l+i^-rl].  whore  !/ is  the  onlinate  of  P  in 
Fig.  10  bolow,  and  v  the  ordinate  of  Q,  Q  coneeponding  to  a  vector  OQ  suoU 
that  the  area  AOQ  ia  n  times  AOP,  and  OA  is  taken  to  be  1.  He  then 
deduced  the  corresponding  formula  for  tlie  circle  hy  an  imaginai;  transfonn- 
atioD.     (See  MiKtltaneit  Analytica,  Lik  II.,  cap.  i.) 
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Sinh«s/3inh5  =  (-)("-«l«|^coBhs 


(n  even) ; 


We  may  aJao  deduce  formulte  analogoiu  to  those  of  §  13, 
such  as 

Smh*»+iz  =  ^{Binh(2m+l)s~™+.C,smh(2m-l>  +  .  .  . 

§  29.  Fwidameniai    InequaiUy   and  lamU   Thanrem  for    the 
Hyptrioiic  Fuiidions  of  a  real  armament. 
I/ube  anyposUtve  reai  qvaiUity,  then 

tanh  u<u<  einh  u  <  cosh  u  (1). 

By  the  defioitioiiB  of  g  24  we  have 

sinh  «  =  i{e3£p  («)  -  exp  { -  w)} ; 

=  b  +  w73!  +  m75!  +  .  .  .  (2); 

cosh«=  1 +1*72! +  «'/*'  +  ■  ■  ■  (3); 

whence  it  appears  at  once  that  sinh  u  >  u. 

Again,  cosh  u  =  +  ^(1  +  sinh 'u),  so  that  co6hu>  sinh  u. 
Finally,  since 
tanh  u  =  sinh  u/cosh  u 

-m{1+«73!+mV5!  +  .  .  .)/(l+«72!+«74!  +  .  .  .), 
and  «73!<w72!,     u'/5l<u'li],    &c., 

we  see  that  tanh  u  <  u. 

Cor.  ff'hmit=Q,  LBinhu/u=l,  and  LtaDhu/u=l.  This 
may  either  be  deduced  from  (1)  or  established  directly  by  means 
of  the  series  (2)  and  (3). 

If  a  be  a  quanliiy  which  is  either  finite  and  indtfendejU  of  n  or 
else  itas  a  finite  limit  when  n  -  oo ,  then,  when  n  =  co , 

L(co8h^)''=l,   L(sinhV^)''  =  l,   L(t«ih^/^''=  1. 
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We  have 

r^;i)  =(—2—)  =<-^— )■ 

Hence,  if  we  put  1  +  <-*"/"  =  2  -  2z,  bo  that  a  =  0  correspoDds 
to  n  =  00 ,  then  we  hare 

L  (eo8h-)"  =  «-  L  {(l-2)-i/'}-wioBa-fc). 

Now,  L(l-3)-i«  =  «,  and  L22/log(l  -  23)  =  -1.  Hence, 
by  chap,  zxv.,  %  13, 

L(eosh-J   =e'«-'  =  l. 

We  leave  the  demonstration  of  the  second  limit  as  an  exer- 
cise for  the  reader.  The  third  is  obvioualy  deducible  troia  the 
other  twa 

A  very  simple  proof  of  these  theorems  may  also  be  obtained 
by  using  the  coavei^nt  series  for  cosh,  a/n  and  sinh.  a/n. 

§  30.]  Gemnetrieal  Analogies  between  the  CiraUar  and  Hyper- 
bolie  FuncUcma. 

If  ^  be  continuously  varied  from  -  t  to  +  ir,  and  we  connect 
X  and  y  with  6  by  the  equations 

a;  =  a  cos  S,     y  =  o  sin  ^  (1), 

then  we  have 

3?  +  ^  =  a'(cos  '0  +  sin  'fl)  =  a'  (2). 

Hence,  if  (x,  y)  be  the  co-ordinates  of  a  point  P,  as  ^  varies  con- 
tinuously from  -w  to  +  ff,  P  will  describe  continuously  the 
circle  A'AA'  (of  radius  a)  in  the  direction  indicated  by  the 
arrow-heads  (Fig.  10). 

Xiet  P  be  the  point  corresponding  to  6 ;  and  let  6  denote  the 
area  AOP,  to  be  taken  with  the  sign  +  or  -  according  as  0  is 
positive  or  n^ative.  Then  6  is  obviously  a  function  of  0.  We 
can  determine  the  form  of  this  function  as  follows : — 

Divide  0  into  n  equal  parte,  and  let  P,,  P„  .  .  .,  Pn  •  ■  -  P 
be  the  points  corresponding  to  ^/n,  20}%,  .  .  .,  r^/n,  .  .  .  nSjn 
respectively.     Then  we  have,  by  the  lemmas  of  Newton, 

AreaAOP=L    Vp,OPr+.. 
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Now 
PrOP.+  , 

=  OMr+,P,+,  +  M,+,P,+,P,Mr -  OM^P,, 

=  ia'{coB.rff/»sin.(r+  l)fl/n-Bin.rd/ncoB.{r+  l)d/»], 

=  Jo'  sin .  ^/n. 
Biice 

8  =  ^a1jnsin.d/n, 

.J<.-«I.(>in-»/")/(«/«), 


Hence,  if  0  =  26/a',  we  have  cos  ^  =  x/u,  sin  d  =  ^/a,  tan  0  =  y/x, 
oot  0  =  a/y,  &C. 

Next,  let  u  be  continnouslj  varied  from  -  oo  to  +  oo  ;  and 


x  =  a  coeh  u,    y  =  a  Binh  w 


(!■). 


a^  -  y"  =  a'^cosli  'u  -  ainh '«)  =  o'  (3'). 
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Hence,  if  (a^  y)  be  the  co-ordinates  of  P,  as  u*  varies  con- 
tinuously from  -  CO  to  +  00 ,  P  will  describe  continuoiuly  the 
right-hand  branch  A'AA'  of  the  rectangular  hyperbola,  whose 


semi-axis-inajor  is  OA  =  o,  in  the   direction  indicated  by  the 
arrow-heads  in  Fig.  11. 

If  P  be  the  point  corresponding  to  v,  P,,  Pr+,  the  points 
corresponding  to  rujn  and  (r +!)«/«,  and  U  the  area  AOP 
i^reeing  in  sign  with  u,  then,  exactly  as  before, 

*  Adopting  on  Bstronomical  term,  we  may  call  u  the  byperbolfc  eicflDtric 
sDonul;  of  P.  u  plays  in  the  tbeoT?  of  the  hyperbola,  in  general,  the  Mine 
part  aa  the  eccentric  angle  in  the  theoiy  of  tlie  ellipse. 
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and 

=  (['{co8h.r«/rtsiiib.(r+  l)u/n  -  sinh.ru/nooeh.  (r+  !)«/«}, 
=  a'sinh.«/n. 
Therefore 

U  =  Ja'Ln  sinh.  w/n, 
=  ^a'«L(Bmh.tt/™)/{K/n), 
=  Jtt'M,  by  g  29,  (3'). 

Hence,  if  the  area  AOP  =  U,  and  u  =  2U/a',  then,  x  and  y 
being   the   co-ordinates   of    P,   we   might  give   the   following 
geometric  definitions  of  cosh  u,  sinh  u,  &c. : — 
cosh  u  =  xja,     sinh  u  =  yja, 
tanh  u  =  yjx,     coth  u  =  xfy,  && 

It  will  now  be  apparent  that  the  hyperbolic  functions  are 
connected  in  the  same  way  with  one  half  of  a  rectangular 
hyperbola,  as  the  circular  functions  are  with  the  circle.  It  is 
from  this  relation  that  they  get  their  name. 

We  know,  from  elomeatu-;  geometriol  consideratioca,  that  the  area  8  is 
the  pnxluct  of  Ja'  into  tha  number  of  radiaUB  in  the  angle  AOP.  It  there- 
fore follows  from  (3)  that  the  variabla  6  introduced  above  ia  Bimply  the 
nnmber  of  radionB  in  the  angle  AOF.  Oar  demonBtratian  did  not,  howeTcr, 
rest  upon  this  fact,  but  merely  on  the  functional  equation  coa'S  +  aiu'tf^l. 
Tim  ia  tui  iutereetuig  point,  because  it  ehowa  ua  that  ve  might  have  intro- 
duced the  functiona  cobB  and  ain0  bj  the  definitions  coe0  =  i{£ip({0) 
+  Exp(-t*)},  BinS=— .JErp(ifi)-Eip{-i*)(;  and  then,  by  maajia  of  the 
above  reasoning,  have  deduced  the  property  which  is  made  the  bads  for  their 
goometrical  definition.  When  this  point  of  view  ia  talcen,  the  theory  of  the 
circular  and  hyperbolic  functions  attains  great  analytical  symmetry  ;  for  it 
becomes  merely  a  branch  of  the  general  theory  of  the  exponential  function  as 
defined  in  §  IS. 

When  tve  attempt  to  get  for  u  a  connection  with  the  arc  AP,  like  that 
which  subsists  in  the  case  of  tlie  circle,  the  parallDl  ceases  to  run  on  the  same 
elementary  line.  To  uudersbmd  its  nature  in  this  respect  we  must  resort  to 
the  theory  of  Elliptic  lutegnds. 

§  31.]  Expreisim  of  Real  Hyperbolic  Fundians  in  terms  of 
Me<U  CireulaT  FktkHoju. 
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Since  the  range  of  the  variation  of  cosh  u  when  u  varies  from 
-  00  to  +  £ci  IB  the  same  a£  the  range  oi  aecO  when  0  varies 
from  -  a-  to  +  X,  it  followH  that,  if  we  restrict  6  and  u  to  have 
the  same  sign,  there  is  always  one  and  only  one  value  of  u 
between  -  »  and  +  oo  and  of  6  between  -  tr  and  +  ir  auch  that 
coshuc^eecd  (1). 

If  we  determine  6  in  this  way,  we  have 
Binhu=  ±  ^(coBh 'u  -  1), 
=  ±  s/(Bec'tf-l); 
hence,  bearing  in  mind  the  understanding  as  to  sign,  we  have 
siiihu  =  tan0  (2). 

From  these  we  deduce 

e''  =  co8h«  +  Binht(, 

=  sec  fl  +  tan  ^ ; 
u  =  log  (sec  9  +  tan  0), 
=  logtan(ijr  +  itf)  (3), 

Also,  as  may  be  easily  verified, 

tanhiu  =  tanJ0,  (4). 

When  0  is  connected  with  «  by  any  of  the  four  equivalent 
equations  just  given,  it  is  called  the  Oudermannian  *  of  u,  and  we 
write  d  =  gdu. 

*  ThU  name  was  inrented  1>y  Ciyley  in  honour  of  the  Gennon  mathe- 
mftdciaa  Qudennann  (I79S-I8G2),  to  whom  the  introdnction  of  the  hyperbolic 
fnnctioii*  into  modem  analytical  practice  ia  largely  due.  The  origin  of  the 
fDuctiona  goea  back  to  Mercator's  discoveQr  of  tb«  logarithmic  quadrature  of 
the  hyperbola,  and  Demoivre'a  deduction  therefrom  (aee  p.  282).  According 
to  Houel,  P.  0.  Uayer,  a  contempontry  of  Demoine'e,  was  the  firet  to  gixe 
shape  to  the  analogy  between  the  hyperbolic  and  the  citcnlar  functions.  The 
notation  cosh.  sinh.  eeema  to  be  a  contraction  of  coahyp,  and  sinbjp.,  pro- 
posed by  Lambert,  who  worked  out  the  hyperbolic  trigonometry  in  oousidei- 
«blo  detail,  and  gave  a  abort  numaricaJ  table.  Many  of  the  hyperbolic 
formulsB  were  independently  deduced  by  William  Wallace  (Profeasor  of 
Hathematica  in  Edinburgh  from  1810  to  1638)  from  the  geometrical  pio- 
pertiee  of  the  rectangular  hyperbola,  in  a  little  known  memoir  entitled  Ne» 
Serki/or  tiie  Quadrature  o/  Conic  Stttiimi  and  the  ComputatUm  of  LogariUmu 
{Tram.  R.3.S.,  vol.  vi.,  1812).  For  further  historical  inibrmttiati,  see 
Qiinther,  Dit  Lchre  von  dm,  geiBtihnlitJitn  v/nd  verallgmteinerttti  BypaM- 
/unUuTnen  (Halle,  1881);  abo,  BeUrigesMrQtKhiekUderNtuerttiMaOiematik 
(ProgravviMciir^,  Ansbach,  1881). 
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It  is  BEsy  to  giTe  a  geometrical  form  to  the  T«latJoii  between  B  and  «.  ir, 
in  Fig;  11,  a  circle  be  described  about  0  nitli  a  as  radius,  and  from  H  a 
tangent  be  drawn  to  touch  this  circle  in  Q  (above  or  below  OX  according  as  u 
is  positive  or  negative),  tben,  since  MQ'=OM'-OQ'=ie'-a'=y»,  we  have 
acoBhti=:ic=aBecQOM.  Therefore  QOM  =  »,  and  we  have  |/^MQ  =  i(U&0. 
From  this  relatioD  many  intareating  geometrical  resultB  arise  which  it  would 
be  out  of  place  to  porsne  here.  We  ma;  refer  the  reader  who  desires  farther 
iaformatioii  regaiding  this  and  other  parts  of  the  theory  of  the  hyperbolic 
fanctious  to  the  followii^  anthorities : — Oreenhill,  Differential  arid  TnU^ral 
Cdleuiiia  (Hacmillan,  1S86),  and  also  an  important  tract  entitled  A  Chapter 
in  the  Inlegral  Calculia  (Hodgson,  London,  1S8S) ;  Laiaant,  "Euai  eur  les 
Fonctioiu  hyper boliqnea,"  iftm,  de  la  Soc.  Pkyt.  U  Nat.  de  Bordeaux,  1876; 
Heia,  Die  Hyperboliichen  Funetionen  (Halle,  1875).  Tables  of  the  functioBs 
have  been  calculated  by  OudBrmaan,  Theorie  der  Potential-  oder  Cycliach- 
hyptrboliseken  Fiauiitmai  (Berlin,  1833) ;  and  by  Gronan  (Dantzig,  1863). 
See  also  Cayley,  Qvarlerly  Journal  of  MaUitmatiea,  vol.  ix. 


EZEBCISES  XVII. 
(1.)  Writ«  down  the  valnea  of  the  six  hyperbolic  fonctioos  corresponding 
to  the  OTgamentB  ^rt,  ri,  2ri. 

Draw  the  graphs  of  the  following,  x  and  y  being  real :  — 
(2.)  y=aahxl3\  (S.)  ^  =  xcothx. 

(4.)  K=gdiK.  (6.)  y=sinh-'{l/(i>!-l)!. 

(6.)  EipresB  Sinh "V  Tanh-ij,  Sech"*!,  C!osech-'i  by  means  of  Sin "'z, 
Cos  -h,  kc 

(7.)  Show  that  oosh*u-sinh'M=I  +  3  ainh*ucoah*u. 

(8.)  Show  that 

4  co8h*«-3  ooahu-(K»h3u=0; 
4  sinli'u  +  SBinhu-siQh8u=0. 

(9.)  Show  that  any  cubic  equation  which  has  only  one  real  toot  can  be 
nnmerically  solved  by  means  of  the  equations  of  last  exercise.  In  particular, 
allow  that  the  roots  of  i*-cp:-r^O  are  V(f/3)coahu,  2V(9/8) (cosjx 
coah  u±i  sin  It  sinhu),  u  being  determined  by  cosh  5u  =  3T-^SI7.\/q', 

(10.)  Solve  by  the  method  of  last  exercise  the  equation  j?  +  &x  +  7-0. 


(11.)  tanh-'i+tanh-Vin  theform  tanh-'t 
(12.)  cosh -'^+co8h-'y  in  the  form  cosh -'j. 
(13.)  aini-'i-wnh-V'"  the  form  cosh"':. 

Expand  in  a  series  of  hyperbolic  stnes  or  cosines  of  multiples  of  u; — 
(14.)  Coeh»«.  (16.)  Binh'u.  (18.)  cosh'usinh.'M. 
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Eipaud  in  aaerios  of  powers  of  hyperbolic  sine*  or  eoaines  of  «; — 

(17.)  CoahlOu.  (18.)  ainh7«. 

(IS.)  coshSusinhSu.  (20.)  sinh mu  cosh nu. 

Establish  the  following  identitipfi  : — 

(21.)  tanh  J(u  +  ii)-tanhJ(M-tt)  =  2sinhT/(cosh«  +  coshp), 

.inij.^) +  ,mh  .  +  ,o|,h  (.  +J,)  _ 

cosh  [u  -  ij)  +  cosh  u  +  coah  {«  + r) 
(23.)  tanh«  +  tanh[iTt  +  B)  +  t4nh(|ri  +  u)  =  3tanh3«, 

G(»h2u  +  cagh2e-l-co9h2ui-l-coBh2(u-t-tr+tr)  =  tn  cosh  (v+u). 
(24.)  Tttni(u  +  i«)=(6inu+i  Binhp)/(coau  +  c(isho). 

(25.)  EzpressC;osb*(u+^'')-i-Su]h'(u+iE')intermsoffimctionsorHandi>. 

Eliminate  u  and  v  from  the  fallowing  eqnationa : — 
(28.)  a!=acoah(a  +  X),     jf  =  6  Binh(K  +  ^). 
(27.)  y  coBhu-a!einhu  =  a  C09h2u, 
^einhu  +  zcoBhu=asiah2K. 
(28.)  le^tanhB  +  tftnhc,    y^cothit  +  cothf,     v  +  v  =  c 

(29.)  Expand  8inh(»  +  A)  in  powers  of  ^ 

(30.)  Expand  tanh-i«  in  powers  of  x;  and  deduce  the  cxpandoDs  of 
cosh  ~'j:  and  sinh  ~':t:.     Dibcuss  the  limits  within  which  yoai  expansions  are 

,     (31.)  Given  sinhu/u^lOOl/lOOO,  calcnlate  u. 

(32.)  Show  that  the  series  11  --^^^ — -  is  convergent,  and  that  its  sum  is 
(z'  +  l)/(«'-l)-l/Iogi(Walhice,  i.c.). 

(33.)  ProTe  that  the  infinite  product  cosh  5,  cosh ^  cosh 55  .  .  ,  is  con- 
vergent, and  that  its  value  is  sinh  u/ti. 

(34.)  Show  that 


logz. 


from  1/logx  (in  defect)  by  leas  than 

{I  +  l(a^''^'  +  ie-"''^*')}/8.4-+'r.. 

Evaluate  the  following  limits ; — 

(36.)  (sJnhiB-sin3!)/K>,  3;  =  0. 

(37.)  (sinh*nii-ainh')ia:)/(coshjKK-coah5J:),  x=0. 

(38.)  {taD%-tanhVy(coai-cosha:),  ic^O.  . 
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Show  that,  vlien  A=0, 
(38.)  Llco«ho(*  +  A)-coshitt!/A=<iainhaji 
(40.)  L{siDha(i+fc}-sinhoa:[/A  =  ao«ihar. 
(41.)  l,ltaDha[x+h]-Un\iax}/h  =  a  aech^x. 
(*3.)  L{cothi»(ir+A)-colh(ur;/A= -ocosechW'. 

(43.)  Showthmt 

Si  cotLii-  =  cothii-S  —  Unh  — 


-  =  coth  u  -  2  —  tanli  ,Tj 

and  state  the  correBpondLng  formnUe  for  the  circular  functions  (Wallace, 
Traua.  R.S.E.,  vol.  ti.). 

(44.)  From  tha  formula  of  laat  exercise,  derive,  by  the  process  of  chap, 
xivii.,  I  2,  the  following  :— 


:coth'u-S2i;*"''''a 

eoth'u-S^lit.nh'' 


1 


(Wallaoe,  I.e.). 


In  the  tollowinft,  0  is  the  Kentre  of  the  hyperbola  z"/a'~y'/6'  =  l ;  A  one 
of  its  verticeg ;  F  tlie  correspoDdinj;  focus  ;  1'  and  P'  any  two  points  on  the 
curve,  whosa  eioentric  unomaliea  aro  u  and  u',  and  whose  co-ordinates  are 
{x,  k)(z',  y'),  BO  that  E^uooshK,  y—b  sinli  li,  iic.;  and  N  is  the  projection 
of  P  on  tlie  aii!n  a.     Show  that 

(45.)  Area  ANF  =  lafr(sinh2u-2u). 

(46.)  Area  of  tha  right  segment  cut  off  by  the  double  ordinate  of  P 


-j:V(j^-a»)-aJcoBh-"-, 


-^^(^-O-atlog' 


+  V(^-"'} 


(47.)  Area  of  the  segment  cut  off  by  PP'  =  Jai(sinh(ii'-i()-(«'-»')). 

Eipresa  tliis  in  terms  of  it,  y,  x',  y". 

(48.)  If  R  be  the  middle  point  of  PF,  and  OR  meet  tlia  hyperbola  in  S, 
the  co-ordinates  of  S  are  (acosh  ^(u-l-u'),  I>  Binh  i(u  +  u')!. 

(49.)  03  bisects  tha  hyperbolic  area  POP'. 

(50.)  If  FP' more  parnllel  to  itself,  the  locus  of  R  is  a  straight  liaa  passing 
through  0. 

(51.)  If  PP'  cnt  off  a  segment  of  constant  area,  the  locns  of  R  ia  a 
hyperbola. 
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GRAPHICAL  DISCUSSION  OF  THE  GENERALISED  CIRCDLAR 
FUNCnOMS, 

§  32.]  Let  us  now  consider  the  general  functional  equation 
u  =  Cos  3,  or,  as  we  may  write  it, 

w  +  tp  =  Cob  {x  +  yi)  (1), 

where  ii,  v,  x,  y  slto  all  real. 

Since  Cos  {a;  +  yi)  =  Cos  x  Cos  yi-Sinx  Sin  yt  =  cob  i  cosh  y  - 1 
sin  X  einh  p,  we  have 

M  =  COB  I  cosh  y,     p=-sin^dnhy  (2); 

and  therefore 

w'/cos  'x  -  p'/aiD  'a;  =  1  (3)  ; 

w'/cosh  'y  +  p'/sinh  'y  -  1  (*)• 
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In  order  to  avoid  repetition  of  the  values  u  and  v,  ariaiog 
from  the  periodicity  of  cos  x  and  sin  x,  we  confine  z,  in  the  first 
instance,  to  lie  between  the  axis  of  y  and  a  parallel  UCGCTJ  to 
this  axis  at  a  distance  from  it  equal  to  ir  (Fig.  1 2). 

If  we  draw  a  series  of  parallels  to  ihe  y-axis  within  this  strip, 
we  see,  from  equation  (3),  that  to  each  of  these  will  belong  half 
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of  a  bTperboU  in  tfae  uvplane  (Fig.  13),  having  its  foci  at  the 
fixed  points  F  and  Q,  which  are  such  that  OF  =  OG  =  1.  Thus, 
for  example,  if  in  the  z-plane  FP  =  Jn-  and  FQ  =  |ir,  then  to  the 
parallels  LPL,  NQN  correspond  the  two  halves  LPL,  NQN  of  a 
hyperbola  whose  transverse  aria  is  FQ  =  V2. 
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To  the  pairallel  MAM,  which  hiaects  the  etrip,  corresponds 
the  axis  of  v  (which  may  be  regarded  as  that  hyperbola  of  the 
gontocal  system  which  has  its  transverse  axis  equal  to  0) ;  and 
to  the  parallels  KFK  and  UGU,  which  bound  the  strip,  corre- 
spond the  parts  KFK  and  UGU  of  the  u-axis,  each  regarded  as 
a  double  line  (flat  hyperbola). 

Again,  if  we  draw  parallels  to  the  x-azis  across  the  strip,  to 
each  of  these  will  correspond  one  of  the  halves  of  an  ellipse 
belonging  to  a  confocal  system  having  F  and  O  for  common  foci. 
Thus  to  BRDSC  and  BKDSO  equidistant  from  the  x-axis  corre- 
spond the  two  halves  BBDSC  and  BH1>SC  of  the  same  ellipse 
whose  semi-axes  are  cosh  p  and  sinh  y.  In  particular,  to  FPAQG^ 
on  the  X-axis  itself  corresponds  the  double  line  (flat  ellipse) 
FPAQG. 

Thus,  to  the  whole  of  the  flrst  parallel  strip  between  KOK 
and  UU  corresponds  uniquely  the  whole  of  the  w-plane.  Hence, 
if  we  confine  oui-selves  to  this  strip,  (1)  defines  w  and  z  each  aa 
a  continuous  one-valued  function  of  the  other.  To  each  succeed- 
ing or  preceding  strip  corresponds  the  ic-plane  again  taken  once 
over,  alternately  one  way  or  the  opposite,  as  indicated  by  the 
lettering  in  Fig.  12.  w  is  therefore  a  periodic  function  of  z, 
having  the  real  period  3t  ;  and  z  is  a  multiple-valued  function 
of  VI  of  infinite  multiplicity,  having  two  branches  for  each  period 
of  w. 

The  value  of  z  corresponding  to  the  first  strip  on  the  right 
of  the  y-axis  ia  called  the  principal  branch  of  Coa"'w,  and  the 
others  are  numbered  as  usual.  We  therefore  have  for  the  Mh 
branch 

(Cos-i«>  =  z,  =  (/  +  i  +  ( -  y-^):r  +  ( -  )'Coa-iic     (5), 

where  Cos'ho  is  the  principal  value  as  heretofore;  and  Coa~^ 
=  X  +  yt,  X  and  y  being  determined  by  (3)  and  (4),  when  u  and  v 
are  given. 

It  should  be  noticed  that  for  the  same  branch  of  z  there  is 
continuity  from  B  to  B  not  directly  across  t^e  u-axis,  but  only 
by  the  route  BFB;  whereas  there  is  continuity  from  B  to  B 
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directly,  if  we  pass  from  one  branch  to  the  next.  This  may  be 
represented  to  the  eye  by  slitting  the  w-asis  from  F  to  +  oo  and 
from  G  to  -  CO ,  as  indicated  in  Fig.  13.  If  we  were  to  con- 
struct a  Riemann's  surface  for  the  ic-plane,  so  as  to  secure  unique 
correspondence  between  every  livpoint  and  its  a-point,  then  the 
junctions  of  the  leaves  of  this  surface  would  be  along  these  slits. 
The  reader  will  find  no  difficulty  in  constructing  the  model. 

Since  to  the  line  KFPAQGU  (the  whole  of  the  u-axis)  corre- 
sponds in  the  2-plane  the  three  lines  KF,  FPAQG,  GU  taken  in 
succession,  we  see  that  as  id  varies  first  from  +  oo  to  1,  then  from 
1  to  -  1,  and  finally  from  -  1  to  -  oo,  Coe"%  varies  first  from 
CO  i  to  0,  then  from  0  to  n-,  and  finally  from  n-  to  n-  +  ao  t ;  so 
that  an  angle  whose  cosine  is  greater  than  1  is  either  wholly  or 
partly  imaginary. 

§  33.]  If  w  =  Sm  s,  say 

u  +  iv  =  Svi(x  +  yi)  (1), 

then,  as  in  last  paragraph, 

u  =  sin  :c  cosh  J/,     p  =  cosa:8inhy  (2); 

u'/sin  'x  -  I'/cos  'x=l  .  (3) ; 

w'/cosh  'y  +  p'/sinh  'y  =  1  (*)■ 

The  graphical  representation  is,  as  the  student  may  easily 
verify,  obtained  by  taking  Fig.  13  for  the  w-plane  and  Fig.  14 
for  the  z-pUne. 

We  have  also,  for  the  Mh  branch  of  the  inverse  function, 

(Sin"%=^(  =  iir  +  (-)'Sin"'a', 

where  Sin~%  =  a;  +  yt,  x  and  y  being  determined  by  equations 

(3)  and  (4),  under  the  restrictions  proper  to  the  principal  branch 

of  the  function. 

§  34.]  If  w  =  Tan  s,  say 

a  +  w  =  Tan{^ +  yi)  (1), 

then  (it  +  if)  Cos  {x  +  yi)  =  Sin  {x  +  yi), 

that  is, 

{u  COB  z  cosli  y  +  p  sin  a:  sinh  y)  +  i{  -  it  sin  x  sinh  y  +  c  cos  a:  cosh  y) 
=  sin  X  cosh  y  +  icosx  sinh  y. 
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u  cos  X  cosh  t/  +  vanx  sinh  y^ainx  cosh  y, 
-  u  siD  X  Binh  y  +  r  C09  a  cosh  y  =  cos  x  sinh  y. 
From  the  last  pair  of  equations  it  is  easy,  if  we  bear  in  mind 
the  formulte  of  §  37,  to  deduce  the  following : — 
u  =  sin  2x/(coa  2x  +  coeh  2y),   v  =  sinh  2y/(coB  2x  +  cosh  2y)     (2) ; 
i^  +  c'  +  2woot2x-l=0  (3); 

u'  +  if~2v  coth  2y  +  1  =  0  (4). 

The  graphical  representation  of  theae  results  is  given  by 
Figs.  IB  and  16. 
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When  X  is  kept  constant,  the  equation  to  the  path  of  u?  is 
given  by  (3),  which  evidently  represents  a  series  of  circles  passing 
through  the  points  (0,  +  1)  and  (0,  -  1). 

When  y  is  constant,  the  equation  to  the  path  of  to  la  {i\ 
which  represent  a  circle  having  its  centre  on  the  v-bjob  ;  and  it 
is  easy  to  verify  that  the  square  of  the  distance  between  the 
centres  of  the  circles  (3)  and  (4)  is  equal  to  the  sum  of  the 
squares  of  their  radii,  from  which  it  appears  that  they  are 
orthotomic 

If  we  consider  a  parallel  strip  of  the  z-pUne  bounded  by 
x=  ~^ir,x=  -i-  ^,  we  find  that  to  this  corresponds  the  whole 
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lo-plane  taken  once  over.  The  correaponding  values  of  z  are 
said  to  belong  to  the  principal  branch  of  the  function  Tan~^. 

To  the  vertical  parallels  in  the  s-plane  correspond  the  circles 
passing  through  I  and  I  in  the  u^place,  and  to  the  horizontal 
parallels  correspond  the  circles  in  the  w-plane  which  cut  the 
former  orthogonally. 

It  should  be  noticed  that  I  and  I  in  the  u-plane  correspond 
to  +  m  and  -  00  in  the  direction  of  the  ^axis  in  the  ^-plane,  and 


that  to  A  and  J  in  the  s-plane  correspond  the  points  at  <a  on 
the  «-  and  p-asea  in  the  lo-plane  ;  also  thst  there  is  no  continuity 
directly  across  IKco  or  IKoo  in  the  w-plane,  except  in  passing 
from  one  branch  of  Tan'^to  to  the  next. 

For  the  (th  branch  of  the  inverse  ftinction  we  have 

iT&ii-he  =  Zt  =  tir  +  Tan-%  (i 

where  the  principal  value  Tan'^tc  is  given  by  Tan"'«J  =  a; 
X  and  y  being  determined,  under  the  restrictions  proper  tc 
principal  branch,  by  means  of  (3)  and  (4). 
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g  35.]  It  will  be  a  useful  exerciae  for  the  student  to  discuss 
directly  tlie  graphical  representation  of  w  =  Sec  z,  w=  Cosec  z, 
and  ui  =  Cot  z.  The  figures  in  the  uvplane  for  these  functions  may, 
however,  be  derived  from  those  already  given,  by  means  of  the 
following  interesting  general  principle. 

If  'L  he  any  z-palh,  W  imd  W  the  carrKpmding  w-paihs  for 
w  =f{z  +  yi)  and  vf  =  1//(!C  +  yi),  then  W  is  the  image  vnlh  respect 
to  the  u-axis  of  the  inverse  of  W,  the  centre  of  inversion  teiwj  the 
origin  of  the  w-plane  and  the  radius  of  inversion  being  unity. 

This  is  easily  proved ;  for,  if  {p,  ^),  (/>',  i^')  be  the  polar  co- 
ordinates of  points  on  W  and  W  corresponding  to  the  point 
(j:,  y)  on  Z,  then  we  have 

p(co3  "^  + 1  sin  ^)  =f{z  +  yi), 
p'(co3  <^'  +  i  sin  i^')  =  \jf{x  +  yi). 
Hence        p(co8  <^  +  i  sin  ^)  =  1  /p'{coa  ^'  +  i  sin  i^'), 

=  (l/p')(co6(-f)  +  isin(-f)). 
Therefore  p  =  Xjp,  <j>=  ~  tfi',  which  is  the  analytical  expres- 
sion of  the  principle  just  stated. 

From  thia  it  appears  at  odm  that,  if  ws  choose  for  out  Btandanl  z-paClie 

ft  double  ajaUm  of  orthotomic  parallels  to  the  x-  and  ^aies,  then  the  to-patha 

for  w=Cotz  will  he  a  double  Byatem  of  orthotomic  circles,  and  the  w-patha 

for  in  =  Sec  :  and  u  =  Coiec  z  a  double  system  of  orthotomic  Bidicnlar  Quaitics. 

Example  1.  If  u  +  i>£  =  Seo(j!  +  yi),  nhow  that 

u  =  2  cos  z  cosh  y/(co3  2  £  +  cosh  2y) ; 
D=  2  ain  ie  aioh  y/(co8  2x  +  cosh  2y) ; 
(u'  -t-  b")'  =  u'/oos  "a:  ^  u'/sin  ^  ; 
(u'  +  o'j'^u'/coshV  +  i^/BinhV 
Discuss  the  grspbica!  i;epreaentation  of  the  functional  equation,  and  show 
how  to  deduce  the  t-th  branch  from  the  principal  branch  of  the  function. 

The  cnirea  repreaented  by  tho  last  two  equations  are  most  easily  traced 
from  their  polar  aquations,  which  are 

p'=2(co3  2^-cos2a)/Mn'ar, 
fp  =  2(cosU  2y  -  COS  2ifr)/M)ih  *2y, 
rospcetiTely. 

Eiample  2.  The  same  problem  for  i*  +  ct  =  Coaoc  {x  +  yi). 
Example  3.  The  same  problem  for  u+ct'=CoI(3;  +  ^'). 
§  36.]  Before  leaving  the  present  part  of  our  subject,  it  will 
be  well  to  point  out  the  general  theorem  which  underlies  the 
fact  that  to  the  orthogonal  parallels  in  the  z-plane  in  the  six 

D,a,l,zc.bvG00gIf 


IXIS  08THOMORPH10  TKAMSFORMATION  299 

cases  just  discusaed  correspond  a  syat«m  of  orthogonal  paths  in 
the  w-plane. 

Let  ufl  suppose  that  /(s)  is  a  continuous  function  of  the  com- 
plex variable  x,  such  that  for  a  finite  area  round  every  point 
z  =  a  within  a  certain  region  in  the  s-plane /(s)  can  always  be 
expanded  in  a  convergent  aeries  of  powers  of  2  -  a,  so  that  we 
have 

/«./(.)  +  A,(.^.)  +  A^.— )■+.  .  .     ■       (1), 

where  A,,  A,,  .  .  .  are  functions  of  a  and  not  of  2. 

When  A,  does  not  vanish,  the  point  a  is  said  to  be  an 
ordmary  or  non-singular  point  for  the  function  f{z).  If  A,  =  0, 
A,  =  0,  .  .  .,  A„_,  =  0,  A„#0,  thepoint  a  is  said  tobeamu/ftp/e 
pmnl  of  the  nth  order. 

Then  we  have  the  following  general  theorem,  which  is  funda- 
mental in  the  present  subject. 

If  ike  point  a  be  an  ordinary  point,  the  angle  between  any  two 
z-paihs  emanating  from  a  is  the  same  as  ths  angle  between  the  corre- 
sponding Vhpaths  emanating  from  the  point' in  the  w-plane  which 
corresponds  to  a. 

Proof. — Let  s  be  any  point  on  any  path  emanating  from  a, 
{r,  6)  the  polar  co-ordinatea  of  z  with  respect  to  a  as  origin,  the 
prime  radius  being  parallel  to  the  z-axis.  Let  w  and  6  be  the 
uT-points  corresponding  to  z  and  a,  {p,  (f.)  the  polar  co-ordinates  of 
10  with  respect  to  b.  Then  we  have 
^(cos  >^  +  i  sin  ^) 

=  w-b=f{z)-f{a), 

=  A,{z~a)  +  A^z-ay+  .  .  .,  by  (1), 

=  A,r(cos^  +  i8infl)  +  A,7'(cos^  +  i8infl)'+  .  .  .     (2). 
Let  now  A|  =  ri(coaai  +  iaina,),  A,=  r,(cosa,  +  taina,),  .  .  ., 
then  (2)  may  be  written 
p(coB  (^  -h  i  sin  -/))  =  r|r{cos  (a,  +  $)  +  i  sin  (a,  +  0)} 

+  r/{cos(a,+  2fl)  +  i8in(a,+  2^}+  ...     (3). 
Whence 

pc08^  =  r,rcos(a, +  ^)  +  r/co3(o,+ 2fl)+ .  .  .      (4); 
/)  sin  ^  =  r,r  sin  (a,  +  &)  +  r^  ain  (o,  +  2tf)  +  .  .  ,      (6), 
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In  the  limit,  when  r  and  consequently  p  are  made  infinitely 
small,  (4)  and  (5)  reduce  to 

(p/f )  COS  ^  =  r,  cos  (a,  +  6),     {pjr)  sin  ^  =  r,  sin  (a,  +  6)     (6). 
Since  p  and  r  are  both  positive,  these  equations  lead  to 

pjr  =  r, ,  and  <^  =  2/w  +  o,  +  fl  (7). 

Hence,  if  we  take  any  two  paths  emanating  from  a  in  directions 
determined  hy  0  and  ff,  we  should  have  ij>  -  ifi  =  B  -  ff,  which 
proves  our  theorem. 

We  see  also,  from  the  first  of  the  equationa  in  (7),  that  if  we 
construct  any  infinitely  small  triangle  in  the  z-plane,  having  its 
vertex  at  a,  to  it  will  correspond  an  infinitely  small  similar 
triangle  in  the  to-plane  having  its  vertex  at  b. 

Hence,  if  me  establish  a  unique  wrrespondertce  between  poinis 
{u,  v)  and  {x,  y)  in  any  two  planes  hy  means  of  the  Tdaiion 

w  +  pi  =f{x  +  yi)  =  x{^  y)  +  'vK^  y)> 
then  to  any  diagram  D  in  the  one  plane  corresponds  a  diagram  W  tn 
the  other  which  is  similar  to  H  in  its  infinitesimal  detail. 

The  propositiona  just  stated  show  that,  if  we  have  in  Ike  z- 
plane  any  two  families  of  curves  A  and  B  such  that  each  carve  of  A 
ctUs  each  curve  of  ^  at  a  constant  angle  a,  then  to  these  correspond 
respectively  in  the  w-plane  families  A'  and  B'  su/A  that  each  curve  of 
A'  cuts  each  curve  of  B'  at  an  angle  a.  Since  the  six  circular 
functions  satisfy  the  preliminary  condition  regarding  the  function 
f{x  +  yi),  the  theorem  regarding  the  u-tH:urves  for  these  functions 
which  correspond  to  z  =  const,  y  =  const,  follows  at  once. 

If  the  point  2  =  a  be  a  multiple  point  of  the  nth  order  for 
/(s),  then  the  above  conclusions  fail.  In  fact,  the  equations  (7) 
then  become 

p/r»  =  r„,    <i>=2lat  +  a„  +  nd  (7'); 

and  we  have  ift-  <f>'  =  n{0  -  6"). 

In  this  case,  as  the  point  2  circulates  once  round  a,  the  point 
w  circulates  n  times  round  b.  That  is  to  say,  when  a  is  a  singu- 
lar point  of  the  nth  order  for  to,  5  is  a  winding  point  of  the  nth 
order  for  z;  and  the  Riemann's  surface  for  the  tD-plane  has  an 
n-fold  winding  point  at  b.     We  have  a  simple  example  of  this  in 
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the  case  of  w  =  f,  already  discussed,  for  vhich  2  =  0  is  a  triple 
point,  and  w  =  0  a  winding  point  of  the  tliird  order.  The  points 
tc-  ±1  and  2=  ±0  are  coireBpouding  poiote  of  a  similar 
character  for  tc  =  cos  z. 

The  theorem  of  the  preaeat  paragraph  ia  of  great  tinportance  in  many  parte 
of  mathematica.  From  one  point  of  view  it  maj  be  regarded  as  the  geomet- 
rical condition  that  ^{x,  yj  +  ixi^  v)  maj  be,  according  to  a  irertuiii  definition, 
a  fanctioQ  o(  z  +  yf.  In  this  way  it  firet  made  its  appeusnce  in  the  fiunout 
menioir  entitled  Onindlagen /Ur  tint  allgaiuine  Tkeorie  der  Fuiutionen  einer 
ver&nderliAen  compUan  Groase,  ID  vrbich  Riemonn  laid  the  fouudationa  of 
the  modem  theory  of  functions,  which  has  borne  fruit  in  so  many  of  the 
higher  brauchei  of  mathematica. 

From  another  point  of  view  the  theorem  ia  of  great  importance  in 
geometry.  When  the  pointa  in  one  plane  are  connected  with  thoie  in 
another  in  the  manner  above  described,  so  that  corresponding  figures  have 
infinitesimal  aimilarity,  the  one  plane  ia  said  by  German  mathematicians  to 
be  amform  tUigebildet,  that  is,  eon/ormabli/  repremnled  (Cayley  has  used  the 
pbraae  "orthomorphic  tiaDsformatioa")  upon  the  other;  and  there  is  acor- 
responding  theory  for  sqrfacea  in  general.  Many  of  the  ordinuy  geotaetrical 
transformations  ore  particular  cases  of  this ;  for  example,  the  student  will 
readily  verify  that  the  equation  vr-a'/i  corresponds  to  invereion. 

Lastly,  the  theory  of  coiyugate  functions,  as  eipoundad  by  Clerk- 
Maxwell  iu  his  work  on  electricity  (vol,  L  chap,  xii.],  dejiends  entirely  on  the 
theorem  which  we  liave  juat  established.  In  fact,  the  curves  in  Figo.  12, 
13,  15,  and  16  may  be  token  to  represent  lines  of  force  and  lines  of  equal 
potential ;  so  that  every  particular  case  of  the  equation  u-t-vi=/{x  +  yi)  gives 
the  solution  of  ooe  or  mora  physical  problems. 


EXBBCIBEB   ZTIII. 

<1.)  Discuss  the  variation  of  iin  ~'u  and  sin  ~'if,  where  u  and  v 
and  vary  from  -  =0  to  +  so . 

Draw  the  Argand  diagrams  for  the  following,  giving  in  each  cae 
they  have  not  been  given  above,  the  w.paths  when  the  ;-patha  al 
about  the  origin  and  parallela  to  the  real  and  ima^nary  axes  :— 

(2.)  w  =  log2.  (8.)  M  =  eipj. 

(4.)  w=cosb^  (6.)  a'=tanh:. 

(8. )  Show  that  cos  -'(«  +  ie)=coa  -'U  -  icoah  -'V  ; 
sln-'(«'+<<')  =  »in"'U  +  »c<wli"'V, 
where  2n  =  VU«  +  l)'  +  «*t-'s/{(«-l)*  +  ^}. 
2V  =  Vi(''  +  l)'  +  i^}+N/U«-l)»  +  B'|, 
the  principal  branch  of  each  function  being  alone  in  question. 
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(7.)  Show  that  the  principal  branch  of  ton-'^u-f  ic)  ie  givau  by  tc-i-ffi, 
whore  y  =  1  Unh  -'  {  2u/(u'  +  tf"  + 1)} ; 

and  iE^itan-i{2u/(l-«>-u')),ifu'  +  l^<l  ; 

=  ±iir  +  iWn-i{2u/(l-B'-B»)},  ifif'  +  «":.l, 
the  npper  or  lower  uign  being  taken  according  as  u  ia  positive  or  negative. 
(8.)  Ifu  +  m  =  cot(z  +  j/i),  show  that 

u  =  8iii£E/(coBh2!/-coa2x},     o  =  -  ainh  2y/(co»h  2y  -  cos  2ii!) ; 

u"  +  if>-2ucot2s-l  =  0,     uHti" +  2000111 2y +  1=0, 

(80  Ifu  +  ri  =  cosec(3:  +  !(i),  show  that 

u - 2  sin X cosh  j//(co9h  2y-coR2x),     v=-2 cos x ainh y/(cosh 2y - oos  2a}  ; 

W  +  iP)'^v.'/coah:-v'/an%     (u"  +  ii^'=uVooih  V  +  '^/sinh  V 

Express  the  roOaning  in  the  form  ti  +  vi,  giving  both  the  principal  branch 
and  tho  general  branch  when  the  function  is  multiple-Talued  r— 
(10.)  Cosh-'(i  +  y.).  ("-)  Taiih-"(i  +  irt). 

(12.)  i Log {(«  +  !«)/(« -!«)!.  (IS.)  Log3ii.(x  +  vi)-    . 

{!*.)  (coae  +  fsinfl}'.  (15.)  Log ^tf («  +  yi)- 

(le.)  Show  that  the  general  value  of  Sin -■(coaec  0)   is  (l  +  i)r  +  i  tog 
coti(tr  +  6),  where  t  is  any  integer. 

(17.)  Show  that  the  real  part  of  Eip,  iLog(l  +i)}  U  e"''"  cos(iir  log  2). 

(18.)  Prove,  bjmoansof  theseriwfor  Cose  and  Sin  S,  that  Sin2e=2Sin» 
CoaS. 

(19.)  Deduce  Abel's  generalised  form  of  the  binomial  thsoreni  from  §g 
20,  22. 

(20.)  Show  that 

l+,.H--Ci»:+~+«C,ar'-i-.  .  .  ad  co 

=(l+=:)-[«>a>log(l+ar)}+i™inlog(l  +  =:n]. 

(21.)  Show  that  the  faniiliea  of  curves  represented  by 

sinscosh^— X,     cosa:sinhy=/i 
are  orthotomic. 

(22.)  Find   the  equation    to    the    family    of  curves   orthogonal   to    r* 
coanfl^X. 

(23.)  Find  the  condition  that  the  two  famjlios 

Ajr'  +  2Bxj(  +  Cj/==X,     A}x'  +  2Wxj/  + 0^1^=11 
be  orthotomic. 

SPECIAL  APPLICATIONS  OF  THE  FOREGOING  THEORY  TO  THE 
CIRCULAR   FUNCrrONS. 

g  37.]  In   order  to  avoid  breaking  our   exposition   of   the 
general  theory  of  the  elementary  tranEcendents,  we  did  not  stop 
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to  deduce  consequeoces  from  the  various  fundameDtal  theorems. 
To  this  part  of  the  subject  we  now  proceed ;  and  we  shall  find 
that  many  of  the  ordinary  theorems  regarding  series  involving 
the  circular  functions  are  simple  coroUariea  from  what  has  gone 
before. 

Let  us  tike,  in  the  first  place,  the  generalised  fonn  of  tfie 
binomial  theorem  given  in  §  15.  So  long  as  1 -i- i;„C„s"  is 
convergent,  we  have  seen  that  it  repreaents  the  principal  value 
of  (1  +  z)"'.  Hence,  if  s^r  (cos  0-\-i  sin  ff),  where  r  is  positive, 
and  -  ir4>fl:^  4  IT,  we  have 
1  +  2„C„f^cos  nd  +  iein  nd) 

=  (1  +  2rco8^  +  r*)"''*(co8m(^  +  ieinm^), 
where        -i)rJ-^  =  Un->{rsin^/(l  +rcos  tf)}>  +  Jjt. 
Hence,  equating  real  and  imaginary  parts,  we  must  have 
.    ]  +S„C„r«cosnff  =  (l+2rcosfl  +  r«)™«cosm0     (I); 
S„C„r»  sin  n*  =  (1  +  2r  cos  tf  +  r')"'«  sin  m^     (2). 
These  f ormulie  will  hold  for  all  values  of  m,  provided  r  <  I . 
When  r  =  1 ,  we  have 

<t>  =  Um-^ {sin  &j{l  +  cos  ff)}  ^  1$, 
and  (1)  and  (2)  become 

1  +2™C„co8nfl  =  2"'cos'"^^co9^fae  {!'), 

2„C„  Bin  n0  =  2"  coa^-je  sin  \m6  (2'). 

These  formnlie  hold  for  all  values  of  6  between  -  n-  and  +  n-,* 
when  m  >  -  1 ;  and  also  for  the  limiting  values  -  n-  and  +  ir 
themselves,  when  m>  0. 

g  38.]  Series  fur  msm<^  and  sinnnjt,  when  mis  not  inlegrai. 
If  in  (1)  and  (2)   of  last  paragraph  we  put  &=\Tr,  and 
r  =  tan  ^   so   that  i^   must   lie  between  -  \ir   and  +  \ir,   then 
(1  +  2r  cos  0  +  i^y^  =  sec"-/! ;  and  we  find 

cosm^  =  eos"'^I -mC  tanV  +  mC,  tanV- ■  ■  ■)     (3), 
sinm^  =  cos"'^i(,„C|  tnni^-„C,  tenV  +  -  ■  ■)  (4). 

"  Since  the  laft-haiid  rides  of  (1')  and  (2')  ore  periodic,  it  is  ensy  to 
see  tlist,  for  apx-xi>flt-2(Hr  +  r,  the  right-hand  sidea  will  be  2"co8"'Jfl 
008  iin(e  -  2(nr)  and  2"coa"lflsinim(e-2p»)  respectivoly,  where  2"coa-ifl. 
b«itig  the  valne  of  a  modnliiB,  most  be  mode  real  and  positive. 
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Whence 

■nC,  tan  4>  -  mC,  tan  *<6  +  ■  ■  ■ 

*"*"* = f-»c.snv  T;;c.iinv^7T-.      <')■ 

These  fonnulre  are  the  generalisationa  of  formulae  (4),  (5^  (6) 
of  §  12.  They  will  hold  even  when  <^  has  either  of  the  limiting 
values  ±  Jjr,  provided  m  >  -  1 ;  so  that  we  have 

2'»«cosJmir=l-„C,  +  „C.-.  .   .; 

2"^  sin  Jmn- =  „Ci  -  „C,  + .  .  .     . 

Since 

eo8"-^^=  (1  -  ainV)^"*"'^'"  =  1  +  2(  -  )'(™-,)/,C,sin  ^-^ 
and  the  terms  of  this  series  are  ultimately  all  positive,  it  follows 
that  the  double  aeriea  deducible  from  (3),  that  is  to  aay,  from 
2(-)'"mCn'C08"'"^<^sin*'<^  by  substituting  expansions  lor  the 
cosines,  satisfies  Cauchy's  conditions  (chap.  xxvL,  §  34),  for 
there  is  obviously  absolute  convergency  everywhere  under  our 
present  restriction  that  -  ^^ii^  +  {tt. 

Hence  we  may  arrange  this  double  series  according  to 
powers  of  sin  (^ 

The  coefficient  of  ( -  ^  sin  ^^  is 

1=0 


1.3  ..  .  (2r-l) 
Now,  by  chap,  xxiii.,  g  8,  Cor.  5, 

2(Di-i)/.C,  it,-,)nGr-t  =  (m+^-,)j,Or. 
Hence  tile  coefScient  of  ( -  )**  sin  ^^  is 
to(«i-2)  .  .  .  (m-8rti)(nn-3r-2)  .  .  .  (m+2)m 
1.3  ..  .  (2i--l)2  .  .  .  (2r-2)2r 

mV-2')  .  .  .  (»i'-2r-2') 
(2r)! 


Hence 


cos  wi"^  =  1  -  —  sinV  +  "-  -:■: — ^sin'i^-.  .  .      (6). 
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In  like  manner,  we  can  show  that 


sin  171^  =  y;  sin  (^  - 


n(m'  -  !■)   .  , 


l!"""^  3! 


*"<"^<"^'5,i«v-. . .  m 


Also 

COB  m^  =  COB  ^ 


-1 1 ^^ —  sin''^ 


4! 

sin.^- 

31 

iia'4> 

M> 

«'-2')(™-. 

-*■). 

6! 


(9). 


The  demonstratioii  above  given  establishes  these  forinulEe 
under  the  restriction  -  i'r^^^i'.  It  can,  however,  be  shown 
that  they  hold  so  long  as  -  ^ir  :(>  ^  ^  i"" ;  that  is  to  say,  so  long 
as  the  series  involved  are  convergent. 

Cauchy,  from  whom  the  above  is  taken,  shows  that  by 
expanding  both  sides  in  powers  of  m  and  equating  coefficients 
we  obtain  expansions  for  i^  ^',  <^,  &c^  in  powers  of  sin  ^ 

Thus,  for  example,  we  deduce 

1  sin*<^     1.3  sinV     1.3.l>  sinV 
*  =  •»*+,  V^  +  5^^" S 


7 
If  we  put  x  =  smi^  thk  gives 

.     ,  iif     l.Sif     1.3.5 1' 

In  particular,  if  we  put  x  =  ^,  we  obtain 

1  1.3  1 

^  2.3.2''^2.i.5.2*'^'   '  '  I 


i^ 


(10). 


OU 


from  which  the  value  of  v  mi^ht  be  calculated  with  tolerable 
rapidity  to  a  moderate  number  of  places.  The  result  to  10 
places  is  )r  =  31415926S36  .... 

VOL.  U  X 
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The  unportont  wriea  (10)  far  expanding  «in  -'x  ie  here  demoiut»t«d  for 
Talues  of  X  lying  between  -  l/V^  >°^  +  1/V^-  '^  '^^^  ^°  shown  tliat  it  ia 
valid  between  the  limits  x=  -1  and  x=  + 1. 

The  aeTica-was  diaoovered  fay  Newton,  who  gives  it  along  with  the  seiies 
for  sinz  Mid  coaz  in  powers  of  «  in  «  small  tract  entitled  Andtytii  per 
.iEquatioiui  tlumero  TVmttRorum  Infin^at.  Same  tjiia  tract  was  shown  by 
Newton  to  Barrow  in  1669,  the  sariea  (10)  is  one  of  the  oldest  examples  of  an 
infinite  seriea  applicable  to  the  quadrature  of  the  circle. 

Ezunplel.  Ifi>t>0,  and 

C  =  2-"  1  „C.  cos  (m  -  2n>ii 

S  =  2-"  £  «C«Bin{?»-2n>i, 
C'=2-  1  (-)-'„C,cos(m-2«)z, 
S'=2-»  2  (-)"-',C«n{w-2n>i, 
then,  p  being  any  integer, 

r.  C=(cosii;}"'cos2mpT,    S=(coBi>!)~8inainfw, 

&onia:=(2fi-i)r  Uix=(2p  +  i)r. 
2°.  C  =  (-oo8a:)"eoam(2p  +  l}F,     S  =  (-coBa;)-Binm(2p  +  l)», 

from  *=(2;)  +  i)x  to  iE=(2(i  +  f)T, 
8'.  C  =  {sina;)-coBm(2p  +  i)T,     S'  =  (ainz)'"Binm{2p  +  lV, 

from  x^ipw  to  I  =  (2p  + 1  )x. 
*°.  C  =  (-sina!}-cosm(2p+JK     S'={-sinK)-'Binm(a/i+4)ir, 
from  a;=  (2p  + 1)»  to  z=(2p+  2)t. 
These  formolK  will  also  hold  when  m  liee  between  - 1  and  0,  only  that 
the  extreme  values  of  z  in  the  various  stretches  most  be  excluded.     (Abel, 
(Buvrtt,  ti,  p.  2ie.) 

If  we  mnltiply  (I')  and  (2')  above  by  cos  a  and  sin  a  respectively,  and  add, 
we  obtain  the  formnls 

coao  +  2«C,cos(a-n*)  =  2~oos"iflcos(a-imS  +  i7VT}, 
wheruD  it  must  be  observed  that  cos  "^0  is  the  modulus  of  (l  +  2roos0  +  T'}~'' 
when  T=l,  and  must  therefore  be  always  so  adjusted  as  to  have  a  real  positive 

From  the  equBtiou  jost  written,  Abel's  formalte  can  at  once  be  deduced  by 
a  series  of  substitutions. 

Example  2.  Show,  by  taking  the  limit  when  m=0  on  both  sides  of  (I) 
snd  (2)  above,  that  the  series  (1)  and  (2)  of  g  10  can  be  deduced  from  the 
generalised  form  of  the  binomial  theorem. 

Example  3.  Sum  to  infinity  the  series  Xn'„C,  sin  "9  cos  nB.    This  eeriet  ia 
therealfArtof Zn'HCUBin<Vlcosne+isinnfi).    Hence 
8  =  E[Z«»„CU  sin  -ff  (cos  ff  +  i  sin  ff}»], 
=  E[{ni»sin'e(coie  +  isinfl)'  +  in{8m-l)Bin'S(coeff+isinff)» 

+msine  (cosfi+isio  8)1(1 +sinfl(ooBtf+(Bin*)}—^, 
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hy  Example  S  of  cb«p.  xxTii,  S  S, 

=  [m*aiii*ffcoB{Stf  +  (m-3)^}+Tn(3m-l)ain>Pcoa{2S-t-(ni-3)^) 
+  OTBiQflco8{9  +  (m-3)^}](l+28inflcoBe  +  am'S)(— '1^, 
where  ^=Un-'{Bin*9/(l+amflco»e)}. 

§  39.]  FormalcB  deduced  from  the  Ex^onaUial  Series. 
From  the  equation 

««(0O8y  +  iBmy)=l  +  2(a:  +  yi)»/«!, 
putting  x  =  r(xmd,  y  =  reia0,vio  deduce 
«'"*'{coa(rsintf)  +  tain(r8ine)l=  1  +2r»(oOBn^  +  i8inn6i)/fi! 

Hence 

«"»»*coB(r8intf)  =  l  +  2r"co8ntf/n!  (1); 

('"••sin(r8intf)  =  2r"Binnfl/n!  (2); 

which  hold  for  all  values  of  r  and  $. 

In  like  manner,  msnf  summations  of  series  involving  cosines 
and  sines  of  multiples  of  0  may  be  deduced  from  series  related 
to  the  exponential  series  in  the  way  explained  in  chap,  xzviii., 
§  8. 

Thus,  for  instance,  frotn  the  result  of  Example  S,  in  the  panignph  just 
quoted,  sre  deduce 

2(l'  +  2'  +  .  .  .+n')2"/tt!=«'"'"*{rcoa(«  +  rBine)  +  }i^«)B(2fl  +  raine) 

1  +2r*C(a(3fl-t-rain«)  +  ic08{4fl+rsm«)J. 

§  40.]  Formvia  deduced  from  the  Logarithmic  Series.  Since 
the  principal  value  of  Ix^  (1  +  ^)  ^  given  by  Log  (1  +  z) 
=  log  mod  (1  +  a)  + » amp  (1  +  z),  and  since  the  aeries  z  -  2*/2 
+  z'/3-.  .  .  represents  the  principal  value  of  Log(l+i:),  if 
we  put  z  =  r(c0B  tf  +  i  ain  ^,  we  have 
log<l  +  2rcostf  +  r*)i'i'  +  itan-»{rsin«/(l+rcosff)} 

=  2(  - )"  -  V(cos  ntf  + » sin  n tf)/n, 
where  -i)r^tan"^{r8intf/(l  +rcosd)}:^Jjr,  that  is,  the  prin- 
cipal value  of  the  function  tan  ~^  is  to  be  taken. 
Hence  we  have  the  following : — 

J  log{l  +2rooB«  +  f*)  =  2(- )"- V'cosnfl/n        (1); 
tan-»{rBintf/(l+rcos^)}=2(-)"-VsinnS/»         (2). 
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Althongh,  strictly  speaking,  we  have  established  these  results 
for  values  of  $  between  -  ir  and  -f  x  both  inclusire,  yet,  since 
both  sides  are  periodic  functions  of  6,  they  will  obviously  hold 
for  all  values  of  S,  provided  r<  1. 

If  r=l,  (l)and  (2)  will  still  hold,  provided  tf+  ±v,  for  the 
series  in  (1)  and  (2)  are  both   convergent,  and  we  have,  by 
Abel's  Theorem, 
cos6-icoB2tf+icos3fl-.  .  .=  L  JIog(l  +  2rcosfl  +  r0, 

=  Iog(2co8j^  (3); 

sin  e  -  i  sin  2tf  +  i  sin  3d  - .  .  .  =  tan  ->{sin  5/(1  +  cos  $)], 
=  tan-i{tanj(^  +  3i»-)}, 
=  ifl  +  for  (4), 

where  k  must  be  so  chosen  that  Jfi  +  for  lies  between  -  Jn- 
and  +  Jff.  Thus,  if  6  lie  between  -  ir  and  +  x,  i  =  0,  and  we 
have  simply 

Bind- J8in2d  + JsinSd-.  .  .  =  \e  (i"). 

In  particular,  if  we  put  $  =  Jt,  we  get 

i^  =  l-J  +  i-i  +  i-,'i  +  ^V+-  •  •  (5), 

which  is  Gregory's  i^uadrature ;  see  §  41. 

Wliea  f=±(2p-l-l)T,  the  series  in  (3)  diverges  to  -«,  and  the  right- 
liuid  side  becomea  logO,  that  is  -  n ,  so  that  (3)  atUl  holdi  in  a  certain 

The  behaviour  of  the  aerieB  in  (4)  ivhen  0— ±(2p  +  l)ir  ia  verj  cuiioui. 
Lot  UB  take,  for  simplicity,  the  cue  8—  ±ir.  With  thia  value  ot  fl  we  have 
for  values  of  r  fta  near  unit;  as  we  please  tan-i{rsin0/(l  +  reos0))  =0. 
Hence,  by  Abel's  Theorem,  when  B—±r,  siafl-iain2fl+ ,  .  .=0,  as  ia 
otherwiae  sufficiently  obvious. 

On  the  other  band,  for  any  value  of  6  differing  from  ±t  by  however  little, 
we  have  L  t8n-'{7-Bin9/(l  +  rcoae)}  =19.    Hence,  again,  by  Abel's  Theorem, 

for  #=±r:^^,  where  ^  is  inGuitely  small,  we  have 

smtf-isin2tl  +  .  .  .=M''=fH- 
The  aeries  y  =  sinfl-isin  29  +  .  .  .is  therefore  discontinuous  in  the  neigh- 
bourhood of  9=  ±t;  for,  when  9=±»,y=0,and  when  9  differs  infinitalj 
little  from  ±r,  y  differs  infinitely  little  from  ±ir/2.  This  discontinuity  ia 
accompanied  by  the  phenomenon  of  infinitely  alow  convergence  in  the 
neighbourhood  of  r=l,  9=  ±ir ;  and  the  sudden  alteration  of  the  value  of 
the  anm  is  associated  with   the  fact  that  the  values  of  the  danble  liniita 
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L      L    tan-i{j-smey(l+rco8e)}  and   L      L  tan-'{r8me/(H-ri»se)} 

are  not  alike. 

When  e  lies  between  »  and  3»,  we  may  put  e=2r-i-S',  where  6'  lies  be- 
tween -  r  and  +r,  then,  for  snch  ralaes  of  S,  we  have 
lf  =  9iD*'-iMn2fl'  +  .  .  ., 
=!#',  aa  we  hare  already  shown, 

Hence,  however  small  ^  may  be,  we  have,  Tor  ff=»-  +  ^,  y=l^-i»'.  But, 
as  we  hare  just  seen,  for  0  =  r-  ^  we  have  y=  -i^-t-Jr.  Hence,  as  tf  Tariee 
from  x-^to  ■■  +  ^yTaries  abruptly  from  -J^  +  ir  to  i^-iv.  In  other 
wordd,  as  B  passes  through  the  Talue  *,  y  suffers  an  abrupt  deqreasa 
amountin);  to  r.* 

We  have  discnesed  this  case  so  full;  becauae  it  is  probably  the  first  in- 
atance  that  the  student  has  met  with  of  a  function  haviog  the  kind  of  dis- 
continuity figured  in  chap,  xt.,  Fig.  6.  It  ought  to  be  a  good  lesson 
regarding  the  necessity  for  care  in  handling  limiting  cases  in  the  theory  of 
infinite  series. 

g  41.]  Grtgory's  Series.  If  in  equation  (2)  of  last  par&graph 
we  put  6  =  \w,  we  deduce  the  expansion 

tan-ir  =  r-y  +  t»^~.  .  .  (6), 

where  tan~V  represents,  as  usual,  the  principal  value  of  the  in- 
veree  function,  and  -  l:J>rJ>l, 
In  particular,  if  r=  1,  we  have 

'r  =  4(I-i  +  i--.  .  .). 
The  series  (6),  which  is  famous  in  the  history  of  tbe  quadrature  of  the  circle, 
was  first  published  by  James  Gregory  in  1970  ;  and  independently,  a  few 
jears  later,  hy  Leibnitz.  About  the  Iwgincing  of  the  18th  century,  two 
English  calculators,  Abraham  Sharp  and  John  Machiu  (Professor  of  Astronomy 
at  Gresham  College),  used  ths  series  to  calculate  r  to  a  large  number  of  places. 
Sharp,nsing  the  formula!  iT  =  Un-il/V3  =  (l/V3){l-l/3-3  +  l/B.3'~.  .  .(. 
Boggested  by  Halley,  carried  the  calculation  to  71  places  ;  that  is,  about 
twice  as  far  as  Ludolph  van  Ceulen  had  gone.  Machin,  using  a  formula  of 
hiaown,  for  long  the  beat  that  was  known,  namely,  J»-=4tan -'1/6 -tan -'1/23B, 
went  to  100  places.  Euler,  apparently  unaware  of  what  the  English  calcu- 
lator had  done,  Dsad  the  far  less  effective  formula  i»-  =  tan-H  +  tan-'i. 
Gansa  ( Warke,  Bd.  iL,  p.  GOI)  found,  by  means  of  the  theory  of  nnrabers, 
two  rsnurkable  formulie  of  this  kind,  namely : — 

I«-=12  tan -'1/18  +  8  tan -»1/B7 -Stan -'1/239, 

=  12  tan -'1/38  +  20  tan -'1/67  +  7  tan-'l/289  +  24  ten -'1/268, 


w  draw  the  graph  of  the  function  y,  for  all  real 
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hj  tuttot  of  which  r  conld  be  calculated  (rith  great  njuditjr  sbotlld  ita  Tilna 
eTCT  be  Rqoired  beyond  the  707tli  place,  which  vas  reached  by  Mr.  Shanka 

inisrai* 

EXIKCIBM  XIX. 


<4.)  Z{2n-l}(2»-8)cOBii«/(i!  (5.)  £fdD)i«/(ii  +  2)itt 

(6.)  «— iiiiff-Je-'"ainlW  +  l<-'"MnW-.  .  .    . 

(8.)  ■inV-lBin'2e  +  iBm*3ff-.  .  .  ; 

result  i  log  sec  e. 
{».)  2coa2n*/n(u-l).  (10.)  2 ain Btf/()i" ~  1). 

(11.)  ism0giii«-inii2«Hn>04-)sin3«ain*«-.  .  .  . 
{12.}coe[a  +  «-cos(a  +  !W3!  +  «»(B  +  6|9}/5l-.  .  .  . 
(19.)  eotS-icoiSe  +  iBoaSS-.  .  .  ; 

resnlt  i  lDg(2  +  2coBe),  eicept  when  «=(2p+]>r. 
(14.)  co»e  +  iCM2S  +  ico»Se+.  .  .; 

result  -1  log(2-ZcM0),  except  when  tf=2fnr. 
(16.)  amtf-fiBiQS0-flEinSd  +  .  .  .  \ 

result  =0,  if  fl^O;   =i(ir-fl),  if  0<enr;  ic. 
(16.)  rinfl-iiiii3e  +  i«n6fl-.  .  .     . 
(17.)  !Bi»»e-ir'coa8fl  +  ^cofl5ff-.  .  .; 

result  i  tui  -'{ltcoosfl/(l  -a?}}. 
(18.)  c«iecM^-icos2tfcoa2*+iooB39ooB8*-.  .  .; 

re«ilti!og|4coai(e  +  #)coai(8-*)|. 
(le.)  zciM0co8^-)i^CDB30cosS#  +  ix'cae5ffcoaG^-.  .  .  ; 
rMa]tltan-'[4K(l-*")cos#c(M*/{(l  +  a:')'-*ie'(co.»S-cosV)}I- 


*  For  the  historr  of  this  mbject  *ee  Enty.  Brit.,  art  "Squaring  the 
Circle,"  by  Huir. 
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(21.)  Show  that,  nnder  Mrtua  nBtrictionB  upon  9, 

log  (1  +  2  ccw  S)  =  -  22  COB  Inr  CM  ««/» ; 
9=-Sco8l«»»mn*/n. 
(22.)  Show  that 

2V2  S    5    7    8^11     12    1!^'  ■  ■     ' 

(Newton,  Seaaid  Litier  to  Oldealmrg,  We.) 


EXBRCISES  XX. 
(I.)  Calculate  ir  to  10  places  bj  means  of  Machin's  formtlla. 
(2.)  Show  that,  if3!<l, 

(tMJ-'l)' 

=a:»-(l  +  l/S)z*/2+.  .  .  l-y-'{l  +  llS+ .  .  .  +  l/(2n-l)}iC»-/«  .  .  .  . 
Does  the  formula  hold  when  z=l  1 

(8.)  Expand  tan-'fE  +  coto)  in  powers  of  z. 

(4.)  Deduce  the  series  for  sin~^  from  Gregory's  series  by  means  of  the 
addition  theorem  fat  the  binomial  coefBcientt. 

(5.)  If  ie  lie  between  1/V2  and  1,  show  that 

tin-'x^w    yg-^)/]     11-^,1(1-^)'  \ 

sin    x-r         ^        {'     S    ;^    +6     xi        ■  ■  ■{• 

(fl.)  Show  that  §  38  (10)  la  merely  a  parUcular  case  of  (7). 
(7.)  Show  that 

(Pfaff.) 


l^_sinV     2«n*fl     2.4  8in«ff 


(StainviUe.) 


*     4.B...2»      an+l\^8"  '^(Bn-l)'/  ^    "        * 

(10.)  **  =  ««'*+§.  ?(l  +  i)  sin -S^... 

^5.7...(2rt-l)A'*2'*'  ■  ■^(n-lfj'^^^-  ■■     ■ 
(11.)  Deduce  from  §  88  (9)  and  (7)  an  eipresaion  for  S"/ain'W  in  powers 
fsinfl. 
(12.)  rr8infl=«sJn(fl  +  o),  show  that  0  +  nr  =  Sa-sinna/n. 
(13.)  Ife'  =  a<-2alcosC-<-i',  then 

logis=loga-(*/a)wisC-i(6/a)'cos2C-l(i/o)'cos3C-.  .  .    . 
(11.)  Show  that 
«-8.(«-4)(«-B)    («-B)[..-6)(n-7)  1 +  (-)-+' 2  cos  jnx. 

*"    2    *         2.8  2.3.4  -r.  ■  ."  ^ 

Doiizc^bv  Google 
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Show  that 

(IE.)-  S'  =  «n*e  +  2»dn'?  +  2'«n*J  +  2'im*|  +  .  .  , 

(la.)*  «»  =  Mnh»i(-2*«inh'^  -  2*siiih*^ -2*amh*^ 
(17.r|e=sme  +  3»in'^+3'an»^+..  .     . 
(18.)'  I  gin  ff  =  j-|;^rin  3-fl  +  2  ^  rin  'S^'fl. 
(le.)"  iCO* fl  =  m^ ooa'3-'A 


r  1m  Fonctiona  hj'perboltqiiw,"  M4m.  dt  Zn  5iK. 
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CHAPTER   XXX. 

General  Theorems  regarding  the  Expansion  of 
Functions  in  Infinite  Forms.  ' 

EXPANSION   IN    INFINITB   SERIES. 

§  1 .]  Caachi/i  Theorem  Tegardiiig  the  Ej/pansum-  of  a  Function  of 
a  FutKlion. 

If 

y-a.  +  2fl„7»  (1), 

the  seria  being  convergent  so  long  as  mod x<'R,  and  if 

z^b,^2b^  (2), 

IkU  series  being  cmvergent  so  long  as  nu>iy<S,  then  from  {1)  and  (2) 
we  can  derive  the  exparmon 

2  =  C,  +  2C„x", 
provided  x  he  such  that  mod  x  <  £,  and  also 

mod  Og  +  2  mod  a„  (mod  a;)"  <  S. 
This  theorem  follows  readily  from  chap,  xxvi,  g§  14  and  34. 
We  have  already  used  particular  caaeH  of  it  in  previous  chapters. 
§  2.]  Expansion  of  an  Lifinile  Produd  in  the  form  of  an  Infinite 
Series. 

If^Vn  he  an  absolviely  conveTgeiil  series,  and  „Zu,,  n^u,u„  .  .  ., 
„2u,w, . . .  M,,  .  .  .  denote  the  sums  of  the  products  of  its  first  n  terms 
taken  one,  two,  .   .  .,  r,  .  .  .,at  a  time,  then 
L  „2«,  =  T„     L  „2;m,m,  =  T.,    .  .  .,    L  ^u,u,...Ur  =  Tr,  .  .  . 

where  T„  T„  .  .  .,  T„  .  .  .  are  aUfvniU. 

Also  the  infinite  series  1  +  2T„  is  convergent ;  and  converges  to 
the  tame  limU  as  the  infinite  product  11(1  -i-u„). 
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After  what  has  been  laid  down  in  chap,  xxri.,  it  will 
obviously  be  Bufficient  if  we  prove  the  above  theorem  on  tLe 
assumptioR  that  all  the  eyinbola  u,,  u,,  -  .  .,  u^,  .  .  .  tepresent 
positive  quantities.  Id  the  more  general  case  where  these  are 
complex  numbers  the  moduli  alone  would  be  involved  in  the 
statements  of  inequality,  and  the  statements  of  equality  would 
be  true  as  under. 

Since  Ui,  itj,  .  .  .,«„,,,.  are  all  positive,  we  see,  by  the 
Multinomial  Theorem  (chap,  zxiii,  §  12),  tiiat 

0  <  n2tt|M,  ...Ur<{u,+U,  +  .    .   .  +  U^Y/t  I 

<(m,+w,  +  .  .  .+u„  +  .  .  .adoo Yfr ! 

-s-Zfi,  (1), 

where  S  is  the  finite  limit  of  the  convergent  series  ^u^ ;  and  the 
inequality  (1)  obviously  holds  for  all  values  of  r  up  to  r==«, 
however  great  n  may  be. 

Therefore  n^u,u, . . .  tv  has  always  a  Enite  limit,  Tr  say,  such 
that 

0>T,>S'/r!  (2). 

By  (2),  we  have 

0  <  1  +  T,  +  T,  + .  .  .  ad  «,  <  1  +  S/1 !  +  S72 1  + .  .  .  ad  =0 , 
that  is, 

0<I+2T„<e8  (3). 

Hence  1  +  2T„  Is  a  convergent  series,  whose  limit  cannot 
exceed  e^. 

Again,  since  L„^,u, . . .  m,  =  T,  when  n  =  oa ,  we  may  writ© 
„2k.m....«,  =  (1+,A„)T,  (4). 

where  LrAn  =  0  when  n  =  00 , 

Hence,  A„  being  a  mean  among  iA„,  ,A„,  .  .  .,  n^i  ^nd 
therefore  such  that  LA„  =  0  when  n  =  « ,  we  have 

n(l  +  M„)  =  1  +  „2M|  +  „^U,U,  +  .    .    .  +  „'2u,U,  .  ..Hn 

=  1  +  (1+A,^It,     (5). 
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If  ID  (5)  we  put  n  =  35 ,  we  get 

n(l+«„)-l+L{(l+A„)2T„}, 

=  1+2T„  (6), 

since  LA„  =  0,  and  2T„  is  fiuite. 

This  completes  the  proof  of  our  proposition. 

Cor.  1.  Ij  Su„  he  absolttldf/  convergent,  then,  T„  having  the  ahow 
meaning,  1  +  Sj^„  will  he  convergent  for  all  finite  mines  of  x;  nnd 
■ae  shail  have 

n(l+™„)=l+fi"T„  (7). 

This  follows  at  once  hy  the  above,  and  hy  chap,  xxri.,  §  37. 
Cor.  2.  Let 

«„  =  A  +  n''.a;  +  „py  +  .  .  .  (8), 

ichere  „v,,  „d,,  £c,  are  independent  of  x,  and  Ike  series  on  the  right 
of  (8)  mag  either  terminate  or  not;  and  let 

u„'  =  mod„P, +  modni'j(modz)  +  mod„r,(inod(j;)'+ .  ,  .   (9). 

Thea,  if  2m„'  he  convergent  for  all  values  of  x  sack  that  mod  x<p, 
it  follows  that  for  all  such  values  11(1  +  «„)  «  convergent,  and  can  be 
expanded  in  a  amvergeni  series  of  ascending  powers  of  x. 

For,  if  T„  have  the  meaning  above  assigned  to  it,  then  it  will 
obviously  be  possible  to  arrange  T„  as  an  ascending  series  of 
powers  of  x.  Moreover,  if  we  consider  the  double  series  that 
thus  arises  from  1  -i-IT„,  we  see  that  all  Cauchy's  conditions 
(see  chap,  xxvi.,  §  35)  for  the  absolute  convergeoce  of  this 
double  aeries  are  satisfied.  Hence  we  may  arrange  1  -<■  ZTn  as  a 
convergent  series  of  ascending  powers  of  x. 

Example  1.  To  expand  (1  +  x)(1  +  z')(1+x')(1+!e^  .  .  .  in  an  awvnding 
Beriea  of  powers  of  x.    (Euler,  Inlrod.  in  Anal.  Inf.,  g  32S). 

The   MiieB  Z(iniMlx)'    is  obviously  convergfnt   bo  long  as  modxd. 
Hence,  so  long  as  mod  z  <  1,  we  may  write 
(l+ic)(l+a!')(l+a:*)(l+3!»).  .  .  =  1+Ciz  +  C^  +  .  .  .+C,^  +  .  .  .  (10). 
To  determine  the  coefficienta  Ci,  Ct,  Cm,  we  observe  that,  if  we  mnlttply 
both  rides  of  (10)  by  1-3^  the  left-hand  side  becomes   L   (1- a*"},  that  is, 
1,  rincemodx<I.     Wo  must  therefore  have 

]/(l-i^)  =  l  +  CiiK  +  C^  +  .  .  .+CU"+.  .  ., 

Doiizc^bv  Google 


316  PEODDCTS  OF  EDLEE  AMD  CADCHY  chap. 

tb«t  ii, 

1+1+1?+.  .  .+ar+.  .  .=1+01^+0^+-  ■  .+Crfe"+.  .  ,, 
Oierefore  Ci=C=.  .  .=C,=  ,  .  .  =1, 

Another  way  is  to  put  a^  for  z  im  both  aidea  of  (10),  and  then  mnltiplj  by 
(l+z).     Wethoaget 

l  +  SCwr"  =  l+a!  +  Ci!t'  +  .  .  .  +  C»!*  +  C,j>t-'  +  .  .  .; 
whence  Cto=Ci,H.i  =  C.,     Ci  =  l, 

from  which  it  is  easy  to  prove  that  all  the  coefficjenta  are  unity. 
Example  2.  To  show  that 

(I +W)(1 +*•»)...  (I +1-!) 

^     g(i- «-)(!- z-:^)^(i-i^H)^^.^ 

(Csnchy,  CompUt  Bendua,  1810.) 

(l  +  »)(l  +  aft)...(I+z-i) 

=  l+AiJ  +  A,i'  +  .  .  .+A,^  +  .  .  .+A,t-    (3), 
where  Ai,  Aj,  .  .  .  are  fanctioiu  of  a:  which  have  to  be  determined. 

Pnt  »  in  place  of  i  on  both  aidei  of  (2),  then  multiply  on  both  ddei  by 
(1  +xx)l{\  +3f^H),  and  we  get 

(1+C!)(I+Z»«)...(1+I-J) 

=  {1+(I+Ai)xz  +  (A,  +  A2)j:V  +  ...  +  (A,_,  +  A.>cW  +  ...  +  Awk~«i-+'}. 
x{l-j~+-iz  +  ic»<-+V  +  .  .  .(-)-x-t"*')j-  +  .  .  .}  (3). 

Hence,  arranging  the  right-hand  aide  of  (S)  according  to  powers  of  z, 
repUcing  the  left-hand  aide  by  ita  equivalent  according  to  (S),  and  then 
equating  the  coefficienta  of  ^  on  the  two  aidea,  we  get 

A. = (A, + A,-,>«f  -  af^\An-y + A,-j)a!— 1 
+a!>l»+il(  A.-1  +  A„_,)z"-" 


whence 

^■^'^jA.=A„.,-A».,a!-  +  A,_,z^-.  .  .  (-)-V->H        (i). 

Patting n-1  in  place  of  nin  (4),  we  have 

.(-)-^ri-5-         (5). 

If  we   multiply  (6)  by  z"  and   add  (1),  we  derive,  after  an   obviont 
redaction, 

.{l-ic-)A,  =  (z"-z~^')A.-,,  (Bi). 

In  like  manner, 

{1  -  a!-')A,-i = (z--'  -  3*"")A.-,  (6,), 

(l-jf^»}A,_,=(z-->-arH-i)A— 1  («i). 

(l-z)A,=:z(z-z"+')  (6J. 
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HoItiplTisg  (61),  (61) (Sn]  together,  we  derive 

_(z-a-*fi}(jJ-a»fi).  .  .  (=--;?-«) 
■*■-         (l-a:)(l-^)777  (1  ->)  ^^  f^'' 

_(1  -  j?-)(l  -:^') ...  (1  -a"--+'}.,.^i^  ,„. 

vbich  establiilies  our  result 

If  modx<l,  the  product  (l+xi^l+A)  .  .  .  will  be  oonveTgent  when 
ceatiiiued  to  mfinity,  uid  trill,  bj  the  theoram  of  the  present  paragraph,  be 
eipoDiible  in  a  seriea  of  povera  of  2.  The  aeries  ia  i^neation  irill  be  obtiined 
hj  putting  m  =  'a  in  (1).     We  thna  get 

"^-'"^-''■'■■■■'■-"\!.(i-,)(iSr.c-^r  <"• 

an  important  theorem  of  Euler'e  {Tnlrod.  in  Aaat.  Inf.,  %  306). 
§  3.]  Expansion  of  Sechx  and  Seex. 
We  have,  by  the  definition  of  Exp  x, 

2/(Exp^  +  Exp-x)  =  l/(l^St*'/(2«)I)  (1). 

Hence,  if  y  =  23:«»/(2n)!  (2), 

2/(Expa!  +  Exp-a)=  1/(1  +y), 

=  l+2(_)»j"  (3). 

The  expansion  (3)  will  be  valid  provided  mod  ^  <  1 ;  and  the 
aeries  (2)  ia  absolutely  convergent  for  all  finite  values  of  x. 
Hence,  if  ^  =  mod:t^  it  follows  from  §  1  that  the  series  (3)  can 
bs  converted  into  a  aeries  of  ascending  powers  of  x  provided 

J^p'/{2n)!<I  (4). 

This  la«t  condition  involves  that 

that  is,  that  £<log(2  -t-  ^/3). 

This  condition  can  obviously  be  satislied ;  and  we  conclude 
that  2/(Exp  X  +  Exp  -  x)  can  be  expanded  in  a  series  of  ascending 
powers  of  X  provided  mod  x  do  not  exceed  a  certain  finite  limit 

Since  the  function  in  question  is  obviously  an  even  function 
of  X,  only  even  powers  of  x  wilt  occur  in  the  expansion.  We 
may  therefore  assume 

2/(Exp  a;  +  Exp-x)=l+2(-  )»E„x»'/(2n) !         (5). 
To   determine   E,,  E,,  .  .  .,  we   multiply  one  side  of   (5)  by 
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J(Ezp  z-<- Exp -j:),  and  the  other  bfit^^ui^cnt  1  +  Sz?»/(2n)r; 
we  thtu  have 

1  =  {1  +  2<  -  )-E.:t?-/(2«):}!l  ■l-2x*-/(2f.)!}  (6). 

El,   E,,  .  .  .  must    be   so   determined    that  (6)  becomes  m 
identity.     We  must  therefore  have 

I  E  E.  E, 

<2n)!0!     (2«-2)!2!     (2n-4)!4!     '"'^     '  0!(2n)!~ 


n=o  (7)> 


E«  =  „C.E„.,-„C,E„..  +  .  .  .  (-)-*„C„..E, +  (-!)"-'  (8). 
The  last  equation  enables  us  to  calculate  £,,  E,,  f^i  ■  ■  ■  Buccess- 
ively.     We  have,  in  fact, 

E,  =  l;     E,=  6E,-1;     E,=  15E,- 16E.  +  1  ; 
E.  =  28E,  -  70E,  +  28E.  -  1 ;     &c. 
whence 


E,=          1, 

1     E,=              2702765, 

E,=          6, 

i     E,=          199360981, 

E.=        61, 

E,=      19391512146, 

E..    1386, 

E,.  2404879675441, 

E.  =  50521, 

These  numbers  were  fiist  introduced  into  analysis  by  Euler ;  * 
and  the  above  table  contains  their  values  bo  far  as  he  calculated 
them. 

Since  the  constants  El,  E,,  .  .  .  are  determined  so  as  to  make 
{6)  an  identity,  (6),  and  therefore  also  (5),  will  be  valid  for  all 
values  of  x,  real  or  complex,  which  render  all  the  series  involved 
convergent.  Hence,  since  \+'23^/(2n)\  is  convergent  for  all 
values  of  x,  (5)  will  be  valid  for  all  values  of  x  which  render  the 
series  1 +2(-)"E„a;*'/(2n)!  convergent.  We  shall  determine 
the  radius  of  convergcDcy  of  this  Beries  presently.  Meantime 
we  observe  that  (6)  as  it  stands  may  be  written 

Sech  K  =  1  +  2(  -  )''E„2»'/(2«) !  (9) ; 

and,  if  we  put  ix  in  place  of  x,  it  gives 

Sec»=l+2E„3:»'/(2«)r  .   (10). 


*  Sea  /me.  Calc  Biff,,  §  221 :  the  last  Gvs  digit*  of  Ea  a 
in  by  Euler  u  61871. 


I  incorrectly 
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Cor.  Sech  ^  and  Sec  ^  can  each  bt  ex^mitd  in  a  series  of  even 
jKtoers  of  X. 

The  poaaibilitf  of  Buch  an  expansion  follows  at  once  from  the 
above.  The  coefficients  may  be  expressed  in  terms  of  Eider's 
numbers.  We  may  also  use  the  identity  1  =  (1  +  2A„z^/(2?i)!) 
cos  "a: ;  expand  cos  "x  first  as  a  series  of  cosines  of  multiples  of 
X ;  finally  in  powers  of  z  \  and  thus  obtain  a  recurrence  formula 
for  calculating  A,,  A,,  .  .  .  The  convergency  of  any  expansion 
thus  obtained  will  obviously  be  co-extensive  with  the  con- 
vergency of  (10). 

§  4.]  Ex^i^svm  of  Tanh  x,  x  Coth  z,  Coeech  x ;  Tan  x,  x  Got  x, 
Cosecai* 

We  have  already  shown,  in  chap,  xxviii.,  §  6,  for  real  values 
of  X,  that 

x/(l -.--)=  1  +  i^  +  2(  -  )»-iB„:^/{2«)!, 
the  expansion  being  valid  SO  long  as  the  series  on  the  right  is 
convergent.    In  exactly  the  same  way  we  can  show,  for  any 
value  of  X  real  or  complex,  that 

xj{\--Ex^-x)  =  l+\x  +  -2{-  )'-iB„a;«»/(2n)!       (1), 
vrhere  Exp-x  is  de&ied  aa  in  chap,  xxix.,  and  x  is  such  that 
modx  is  less  than  the  radius  of  convergency  of  the  series  in  (I). 
From  (1)  we  derive  the  following,  all  of  which  will  be  vahd  so 
long  aa  the  series  involved  are  convei^ent 
a<Exp  z  -  Exp  -  a:)/(Exp  x  +  Exp  -  x) 

=  ixl{l  -  Exp  -  ix)  -  23:/(l  -  Exp  -  2x)  -  x, 
=  2(  -  )''-i2^2»' -  l)B„a*'/{2«)!         <2) ; 
!E(Exp  z  +  Exp  -  a:)/(Exp  !e  -  Exp  -  z) 

=  2/(1  -  Exp  -  2x)  -  xjil  ~  Exp  2z), 
=  l  +  2(-)''->2*'B„2»'/(2n)!  (3); 

2a!/(Expa;-  Exp  -x)  =  2a:/(l  -  Exp  -  ar)  -  22/(1  -  Exp  -  2x), 

=  l  +  22(-)»(2^-i-l)B„a?"/(2n)!     (4). 
From  these  equations,  we  have  at  once 

Tanh  z  =  2(  -  )»-' 2^(2*'  -  l)B„a;*-7(2n) !     (5)  ; 
!KCotha;=  1  +  2(  -)"-»2»»B„a?«/(2w)!  (6)  ; 

z  Cosech a:  =  1  +  22(  -  )"(2*"->  -  l)B„i»'/(2n) !    (7). 
.    *.  Euler,  l.e. 
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If  in  (2),  (3),  and  (4)  we  replace  a:  by  w,  we  deduce 

Tana:  =  22«"(2i^-  1)B„!C^-V(2n)!  (8); 

a;  Cot  a;  =  1  -  ^2^B„x^/(2n) !  (9) ; 

a;Co8eca;=l  +  22{2»"-i- l)B„a*'/(2n)!  (10). 

Cor.  Each  of  the  fmdiom  {TaiAxf,  (zCothx)'*,  (xCosechxf, 
(Tan  x)",  (x  Col  a:)",  (x  Cosec «)"  can  be  ezpaiided  in  an  ascending 
series  of  powers  of  x. 

EXEECISSS  XX  I. 

(1.)  If  e=g(tu  (BM  chap,  ixii.,  %  SI),  show  tbu 
S=aia-aji^+o«u'-.  .  ., 
u=ai8  +  aBe»  +  a5e'+.  .  ,, 
where  (n»fi=E,/(2»i+ 1)1. 

(2.)  Find  expresuons  for  the  coefficients  in  the  expansions  of  Sin's  utd 
Cos-M:. 

(3.)  Find  recarrence-fonnule  for  calculating  the  coefficienta  in  the  eiqiui- 
etona  of  (as  cosec  k)"  and  (sec  a)". 
In  porticaiar,  show  that 

where  S,  denotes  the  sum  of  the  products  J- at  a  time  of  1',  8",  5' (2p-l)'- 

(II7,  AtBieTUan,  Jaw.  Matli.,  ISSZ.) 
(4.)  If  modai<l,  show  that 

(H-ii^(l  +  a:*)(l+a:')...iid«=l  +  2a!"'+-/{i-3J){i-2*).,.  (l-a*). 
(5.)  If  modx:>l,  and^bea  positive  iut^er,  show  that 

'\!.&-ii(gT':"i^-.i-''- 

(6.)  Show  that  the  Binomial  Theorem  for  positive  integral  exponents  is  a 
particalar  case  of  g  2,  Example  2. 
(7.)  Show  that 

_,  ,    ^a-a^)(l-i^-')...(l-a='-»>t«)^,^ 
"^„=i        {I-^)(l-»*)...(I-i».)         *■-• 
(Cauchy,  (%nip(e«  ii«7i(^u>,  ISM.) 
(8.)  Show  that 

I -llTT-^<^-=^Hl-^')...n-»^-'). 

(1  - zi)  (1  - x'l) . . .  (1  -z-i)       ^  (I  -a) (1  - ar"} .  .  .  (1  -*-) 

also  that,  if  modz-cl,  mad2x<I, 

l/(l-3s)(l-A)...ad»=l  +  £=-i-/(l-i()(l-i!*)...(l-ar). 

(Eoler,  Ini.  in  AnaL  Irtf.,  |  SIS.) 
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(B.)  Ifmb««poBitiveinleger(l-a-)(l-if-')...{l-*"-^')isfli»ctIy 
dirisibleby  (1 -i)(l -i"). . .  (l-i"). 

(GaiiBs,  Summalia  qvarumdam  teri^vm  Hnffuiarium, 
Wfrke,  Bd.  a,  p.  16.) 

xrs-l,  show  tlut 

A'h  m)-/[%  m-2X)  (I  -i?"-')(l  -I"-') . . .  (1  -3«-to+i) 


Hence  show  that,  if  mod  z  <  1 ,  then 

l+Sa-(w-iwi=*^Z^.il!^.  1^. . .  ad«. 

(Qaaas,  Ji.) 
(II.)  Show  thftt,  if  m  be  a  positive  integer, 

(12.)  Shotr  that 


- 1  +  !V«  ('  -"^^^  -jr^)...(l-:c»"^-') 
i  +  i^-r-  (i_^,(i_^)...(i_3^) 

Also  that,  if  inodz<I,  and  modsKl, 

I/(l-m)(l-J!^)...  ad  «>=1  +  Sj!-x-/(1-z*)(1^J!*)...(1 -!»■). 
(13.)  Show  that,  if  modx-c], 

1/(1 -KJd-i'Xl-a:')...  ad  ■o=(l+;e)  (I +2»)(1 +!■)...  adto. 

(Euler,  l,c.,  gS25.) 
(H.)  Ifmodi-:l, 

(l-3t)(l-i')(l -*")...  ad  »=  2{-)-aJ*.H«l'>. 

(Enler,  AW  C(«Bm,  Pe(.,  1760.) 
(16.)  IfmodjKl, 

log  !(1  -  >:)  (1  -  ^)  (1  -  if ) . .  .  ad  «  [  =  -  2/ln)z-/n, 

where  Jin)  denotes  the  nun  of  all  the  divisora  of  the  poaitive  integer  n ;  for 
example,  J{i)  =  l  +  2  +  i. 
Hence  show  that 

?l^  =  f^''>^- 

(EuW,  li.) 
(IS.)  If  (f(n)  denote  the  nnmber  of  the  different  diviaora  of  the  pomtiTe 
integer  n,  and  ]nodx<I,  show  that 

(Lambert,  Eaai  tfArchiicdimi^ue,  p.  507. ) 
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|«.)x..|^-(i±5). 

(CUnsen,  CrelU't  Jour.,  1827.) 


(17.)  UmodX'cl,  ebowthat 

J? ^.^t.    _  -     ^     I     '^     1     '^     I 

1-a;    l-z»*l-!e5    ■  '  --i  +  ia  +  i+jrf^] +^+'  ■  ■    ■ 

(18.)  ZE^+V(l-!i?'^)'=2nir"/(l-z*"). 

E(  -  1)— ■lU!"/{H- X-)  =  Z(  -  )-'3!«/(l  +  z»)». 

(19.)  Theium  oftbeprodactsratatimeofz.z' afia 

!t^H-l)fl(ic^l-l)(2^-l)..,(j--I)/(3,-l)(Kl-l),..(j--'-l), 

(20.)  If  SrlMtheBumoftheprodnctorataainoof  1,  z,  .  .  .,  z— ',  then 

(SI.)  Show  that,  if  x  lie  between  carUiu  limita,  and  ttibTootaof  ax'  +  lnx+e 
be  real,  tben  (py  +  5)/(aic'  +  to  +  c)  can  bo  elpandad  in  the  form  tio  + 
£(UnX"  +  iTii^e-") ;  and  that,  if  the  root*  be  imBginarj,  no  expansion  of  this 
kind  is  poasible  for  any  valDe  of  z. 


ON  THE  EXPRESSION   OP  CERTAIN  FUNCTIONS   IN  THE  FORM 
OF  FINITB  AND   INFINITE  PRODUCTS. 

§  5.]  The  foUowiDg  General  Theorem  covers  a  variety  of  cases 
ia  which  it  is  possible  to  exprese  a.  given  function  in  the  form  of 
aD  infinite  product ;  and  will  be  of  use  to  the  student  because  it 
accentuates  certain  points  in  this  delicate  operation  which  are 
often  left  obscure  if  not  misunderstood. 

Let  f(n,  p)  be  a  function  {with  real  or  imaginary  coe^icientf)  of 
the  integral  variables  n  and  p,  such  that  L  /(«,  p)  is  finite'  for  oil 

finite  values  of  n,  say  L  _fl[n,  p)  =f{n) ;  and  let  us  suppose  that  for 

all  valtics  of  n-  and  p  {n<p),  however  great,  which  exceed  a  certain 
finite  wji!«,  modf{n,  p)/tnodf{n)  is  not  infinite. 

"^        L^  n_|i+/(»,j,)).n{n-/(»))  (1), 

^jiiodf{n)  be  comeryent  {that  is,  provided  Tl[l  +/(«)}  he 
convergent). 

Let  us  denote  n  {1  +/{m,  p)}  by  Pp ;  L     n  (1  +/{n,  p))  by 

P;  mod/(»,^)  by/,{n,  j>)i  and  mod/(n.)  by/j(n.). 
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We  may  write 

=  P„Q„  say,       "  "  (2). 

Just  as  in  chap,  xxvl,  %  36,  we  have 

mod (Q„ -  l)>^iji  +/,(». ?))  -  1- 
Now,  by  one  of  our  conditiODs,  if  m,  and  therefore  p,  exceed 
a  certain  finite  value,  we  may  put/,(n,  p)l/,{n)  =  A„,  where  A„  is 
not  infinite.     If,  therefore,  A  be  an  upper  limit  to  A„,  and  there- 
fore finite  and  positive,  we  have/,(B,  i')^A/,{n),     Hence 

mod{Q„-l)>_n    {l+A/(w)}-l, 

>nii+A/,(»)}-i,  (3). 

•t+l 
Let  Ha   now  put  p=aa  in   (2).     Since   m   is   finite,   and 
L  /{n,  p)  =  /(n),  we  have 
"""  L  P„  =  n{l+/{n)}. 

Therefore  P  =  n{l +/(«)}Q„  (4), 

where  Qm  is  subject  to  the  restriction  (3), 

Let  us,  finally,  consider  the  effect  of  increasing  m. 

Since  n{l  +f,{n)]  is  absolutely  convergent,  n{l  +A/i{n)}  is 

absolutely  convergent     It  therefore  follows  that,  by  sufficiently 

increasing  m,  we  can  make  IT  (I  +  A/,(«)}  -  1,  and,  a  fariim, 

mod  (Qm  -  1)  as  small  as  we  please.  Hence,  by  taking  m  suffi- 
ciently great,  we  can  cause  Q„  to  approach  1  as  nearly  as  we 
please.     In  other  words,  it  follows  from  (4)  that 

p.  n(i +/(»))  (5). 

In  applying  this  theorem  it  is  necessary  lo  be  very  dtreful  to  Bee  that  both 
tbe  conditions  in  the  fint  part  of  the  etmneiation  regarding  the  valae  of 
fln,p)  are  wtiBEed.  Thns,  for  eiainple,  it  is  not  sufficient  that  L  J^n^p) 
have  a  finite  definite  value  /(n)  for  all  finite  Taluea  of  n,  and  that  Z/i(n)  be 


D,a,l,zc.bvG00gIe 


324  iNnsiTE  PROoncrs  for  snuEpu,  sikhu  chat. 

■bulutel}'  convergent  Thia  Beems  to  be  taken  Tor  granted  by  mui;  mathe- 
matical writera ;  but,  aa  will  be  Been  from  a  atriking  example  giren  below, 
■ucb  an  sasumption  may  eaail;  lead  to  rallactooa  remlte. 

§  6.]  Factorisation  of  sinhpu.  Hah  u,  sinp6,  and  sin  6* 
From  the  result  of  chap,  xii.,  §  20,  we  have,  p  being  any 
positive  integer, 

3?f-\={3?-\)Ii  (z^-Szcos— +  l)  (1). 

From  this  we  have 

V-r=n(^-2:EC0e-+l); 
a:^-!      „=i\  p        / 

whence,  putting  X  =  1,  and  remembering  that  L(i?P-l)/(a:'-l)  =p, 

we  have 

i>  =  2y-»''n(l-cos.M-/p)  (2); 

=  4''-i''n8in«.wjr/2;.  (3); 

1 
and,  since  sin.7r/2ji,  sin.2x/2;, .  .  .,  Bin.  (p-  l)ir/2j)  are  obviously 
all  pOBitive, 

^/p  =  2P-1  n  8in.tnr/2ji  (4). 

1 
If  we  divide  both  sides  of  (1)  by  x*",  we  deduce 

xP  -  z-v  =  {x  -  x-'^)n{x  +  X-'  -  2  C0S.?Mr/p)  (S))' 

where  for  brevity  we  omit  the  limits  for  the  product,  which  are 
as  before. 

If  in  (5)  we  put  x  = «",  we  get  at  once 

sinhj«t=  2''"'sinhwn(coBhtt-cos.JHr/p)  (6), 

=  iP-^sinh  wn(Bin'.nT/2ji  +  sinh'.t(/2)       (7). 
Using  (?^.  we  can  throw  (7)  into  the  following  form : — 

si  '.^=j»ainhMn{l +Binh.'u/2/8in.W/2/i}       (8). 
Finally,  Bince  (8)  holds  for  all  values  of  u,  we  may  replace  u 
by  ujp,  and  thus  derive 

•  The  rasii  !  in  S3  6-fl  were  al'  ^rvea  in  one  form  or  snother  by  Euler  iu 
hia  InlTodudv  in  Analysin  InfinUorvm.  His  demonstrations  of  tfae  fonda- 
mental  theoreua  ffors  not  satisfactory,  although  they  are  still  to  b«  found 
nntltered  in  r"ny  of  our  elementary  text-booka. 
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■  V  ■  i_w'U-'f,      Binh'-u/Sp)  ,„, 

Binh a=p aiDh  -  11  ■!  1  +   .-^ — '-,/- }  (9). 

i'B=il       am  .mrj2p}  ^  ' 

We  shall  next  apply  to  (9)  the  general  theorem  of  §  5. 
Before  doing  eo,  we  must,  however,  satisfy  ourselves  that  the 
requisite  conditions  are  fulfilled. 

In  the  first  place,  so  long  aa  n  ia  a  finite  integer,  we  have 

p=„sin  .)ix/2j)     nV  *     ' 

This  can  be  deduced  at  once,  for  complex  values  of  u,  from 

the  series  forsinh.u/2p  and  sin.nir/3p.     When  u  is  real  it  follows 

readily  from  chap,  xxv.,  §  22. 

The  product  11(1  +  u'/™'0  '^  obviously  absolutely  convergent. 

We  have,  therefore,  merely  to  show  that,  for  all  values  of  n 

and  f  exceeding  a  certain  finite  limit, 

mod 

where  A  is  a  finite  positive  constant.     That  is  to  say,  we  have 
to  show  that 


isitive  constant.     That  is 


.emains  finite. 
Now 

Since  the  series  within  the  bracket  is  absolutely  convei^ent, 
its  moduloB  can  be  made  as  small  aa  we  plef  by  taking  p 
sufficiently  great. 

Again  we  know,  from  chap,  xxix.,  §  14,  that,  if  8^  \/(6  x  7) 
>6-48,  and,  aforiwri,  if  (?>.23r,  then 

sinfl<t:e-K,  -1, 

that  is,  if  d  be  positive,  « 

sine/e^rl-Jfl*. 
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Now,  since  n'^p-  1,  iiir/2j):^J)r.     Therefore 

^S72^<'"H2?J 

<tl-^<t-6S  (13). 

From  (12)  and  (13)  it  is  abundajitly  evident  tliat  the  con- 
dition (11)  will  be  satisfied  if  only  j>  be  taken  large  enough;  and 
it  would  be  easy,  if  for  any  purpose  it  were  necessary,  to  assign 
a  numerical  estimate  for  A.  All  the  conditions  for  the  applicsr 
bility  of  the  General  Limit  Theorem  being  fulfilled,  we  may  make 
p  infinite  in  (9).     Bemembering  that  Lp  sinh.u/jp  =  u,  ive  thus  get 

sinh  M  =  «  n  (1  +  w'/nV)  (14). 

To  get  the  corresponding  formulie  for  sinpB  and  anO,  we 
hare  simply  to  put  in  (5)  x  =  exp  i6.  The  steps  of  the  reasonii^ 
are,  with  a  few  trifling  modifications,  the  same  as  before.  It  will 
therefore  he  sufficient  to  write  down  the  main  results  with  a 
corresponding  numbering  for  the  equations. 
p-i 
aapd  =  2»'-i  sin  e  n  (cos  fl  -  coa.nvjp)  (6') ; 

=  4P-isin  en{a'm'.nwl2p  -  sin'.  0/2)         (7'). 
8in^^  =  7Jsintfn(l  -sin'.fl/2/sin'.iur/2;i)  (8'). 

\p\ 


in 


p„.ll         Bin  .JHr/2yJ 
sin^=tf  II{1  -fl'/nV}  (14'). 

It  should  be  noticed  that,  inasmuch  as  (6),  (7),  (8),  (9),  and 
(14)  were  proved  for  all  values  of  u,  real  and  complex,  we  might 
have  derived  (6'),  (7'),  (8'),  (9'),  and  (14')  at  once,  by  putting 
«  =  tA 

Cor.  1.  The  follomng  ^finite  products  for  sxnpB  and  sinkpu 
should  bo  noticed : — 
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Bmp0=  2P-^sinflam(SH  wlp)ain{6+  2ir/p). . . 

am(6+p-\Trlp)     (15); 
Biahpu  =  {- 2t)r-^ sinhueinh (a ■¥ ijr/p)eiab{u  +  2inrjp). .. 

Binh(u+p^i)r/jp)     (16). 
The  first  of  these  may  b«  deduced  from  (6'),  as  follows  : — 
ain^^=  2P-^  sin  flII(co8  S  -  cos.nw/p), 

=  2i'-> sin  fln{2  sin (?wr/2;»  +  fl/2) sin  (n-rlSp  -  0/2)}, 
=  2»'-> Bin  en {2 sin (nwj2p  +  0/2) cos {p^v/2p  +  fl/2) |. 
Hence,  rearranging  the  factors,  we  get 

«mp$=2P-^  Bin  SII{2  sin {n,rj2p  +  5/2) coa ()M-/2p  +  fl/2)}, 
p-i 
=  2P-1  Bin  e  n  sin  (fl  +  nwjp). 

We  may  deduce  (16)  from  (15)  by  putting  &=  -iu. 

Cor.  2.   fFallU's  Theorem. 

If  in  (14*)  we  put  6  =  \v,  we  deduce 

1  =  ixn(l  -  l/2'«')  (17); 

whence      |  =  ^.i^.  .  .^__.||--^^.  .  .  ad=», 

_  2  2  4  4  2Tt        ^» 

~T'3'3'5'  ■   '2n-l'2«+r 

This  formula  was  given  by  Wallis  in  bia  Arilhmelka  InfinUorum, 
1 656.  It  is  remarkable  as  the  earliest  expresaiou  of  x  by  means 
of  an  infinite  series  of  rational  operations.  Its  publication  prob- 
ably led  to  the  inveetigations  of  Brouncker,  Newton,  Gregory, 
and  others,  od  the  same  subject 

§  7.]  Factomaiwn  of  cospd,  cos 6,  coshpu,  coshu.  Following 
the  method  of  chap,  xii.,  §  20,  and  using  the  roote  of  - 1,  wo 
can  readily  establish  the  following  identity ; — 

2:2''  + 1=  n('af-2a:cos^^"~^^''  +  l)  (1). 

Putting  herein  x  =  1,  we  get 

2  =  2Pn(l-coB.(2»-l)7r/2p)  (2); 

=  4»'nain*.(2n-l)»-/4;j  (3). 


(18). 
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Hence,  since  all  the  sines  are  positive, 

V2  -  2Pn  8in.{2w  -  l>r/4p  (4). 

From  <1), 

a;!"  +  a;-''  =  n{x  +  a:"'  -  2  cob.  (2n  -  l)jr/%)  (6)  ; 

whence,  putting  x  =  Exp  tS,  we  deduce 

empe  =  J.2Pn(cos  $  -  cos.(2n  -  l>r/2;))  (6) ; 

=  i.4i'II(8in'.(2n-l)7r/4p-8in'.^/2)  (7). 
From  (7X  ty-  means  of  (3),  we  derive 

cosjjfl  =  n(l  -  Bin '.  fl/2/sin  '.(2n  -  l>r/4j>)  (8). 

From  (8),  putting  6jp  in  place  of  $,  we  get 
P   f,  8in',ff/2B       1 

''°"' •.?.{' "'i' ■■(2'- iW  '* 

For  an;  finite  value  of  n  we  have 

sin'.g/2p        _        i0> 
pt^'^.{2n-l)^/ip     (2ft- 1)V  ^^"'• 

Also   the  product  11(1  +  4^/(2n- 1)V')  ib   absolutely  con- 
vergent. 

Moreover, 

„.C^^)=„4-i(i)v..} 


So  that  mod  (sin.  tf/2j(/e/2;»)  can  be  brought  aa  near  to  1  as  we 
please  by  sufBciently  increasing  p. 

Also,  since  <2ft- l)x/4j):^Jff,  we  have,  exactly  as  in   last 
paragraph, 

sin.(2^-l>r/4p^.„ 
(2«-lV/4j.    ^  ^^  <^^>- 

We  may,  therefore,  put  ^  =  oo  in  (9) ;  and  we  thus  get 

COB  9=  n  {1  -  4tf'/(2n  -  1}V'}  (14). 
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la  like  manner,  putting  x  =  «"  in  (5),  we  get 

coshjw  =  J. SP  n  (coaha -- co8.(2» -  \y[2p)  (6') ; 

=  i.4Pn(Bin*.{2Ti-l)ff/4p  +  ainh*.«/2)     (7'). 
coshpu^  n(l  +  ainh'.M/2/8in.{2B-l)7r/4p)  (8')- 

„.i[       8in'.{2»-l)7r/4;.f 
cosh«=  n  {1  +  4«V(2n-  1)V'}  (14"). 

We  might,  of  course,  derive  the  hyperbolic  from  the  circular 
formule  by  putting  8  =  iu. 

It  is  also  important  to  observe  that  we  might  deduce  (14) 
from  the  corresponding  result  of  last  paragraph,  as  follows: — 
From  (14')  and  (17)  of  last  paragraph,  we  have 


"T    \(2n^l>-'  (2nT"l)n- 
Hence,  putting  ^ir-6  in  place  of  0,  we  deduce 
-  l):r  +  26 


-nV- 


71+1)^-2$] 

(27.■^l);r     /' 


(2«-  IK 

=  (1  -  2%)n{(l  +  26/{2n -  l)ir) (1  -  29/(2n  +  l>r)}, 
=  (1  -  2fl/7r)  (1  +  2fl/x)  (1  -  2tf/3ff)  (1  +  2ej3w)  ...  . 
Written  in  this  last  form  the  infinite  product  is  only  semi- 
convei^nt,  and  the  order  of  its  terms  may  not  be  altered 
without  risk  of  changing  its  value ;  we  may,  however,  associate 
them  as  they  stand  in  groups  of  any  finite  number.  Taking 
them  in  pairs,  we  have 

cos  ^  =  (1  -  i^l^r')  (1  -  49'/3V)  . .  ., 

=  il{l-49'/(2n-l)V}. 

%  8.]  From  the  above  results  we  can  deduce  several  others 
which  will  be  useful  presently. 
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We  have,  since  all  the  products  involved  are  absolutely 
convergent, 

sin  (ff  +  4.)     6  +  ^  n{l  -(tf  +  ^)7nV} 
einfl      '^     e         n{l-6i*/nV}     ' 
provided  fl  +  nx. 

Hence,  provided  6  +  mr, 

c<,.*  +  .m*cot«.(l  +  *)n|l-^i|'|      (1). 
In  like  manner,  starting  with  cos  {6  +  <ft)/coa  6,  we  deduce 

provided  B4=\(2n-\y. 
Also,  from  the  identity 

sin  <^  +  sin  fl  _  sin  \{^  +  ff)  cos  ^(^  -  8) 
am6  sin ^^ cos  \$         ' 

we  derive 
1  +  cosec  0  sin  if> 

V       »/    L         {1  -  »"/teV}{l  -  »"/(2»  -  1  jV)         J 

provided  0  +  Jiir. 

A  great  variety  of  other  results  of  a  similar  character  could 
be  deduced  ;  but  these  will  suffice  for  our  purpose. 

§  9.]  Before  leaving  the  present  subject,  it  will  be  instructive 
to  discuss  an  example  which  brings  into  prominence  the  neces- 
sity for  one  of  the  least  obvious  of  the  conditions  for  the  applica- 
bility of  the  General  Theorem  of  §  5. 

We  have,  0  being  neither  0  nor  a  multiple  of  w, 
g^-2xPcoB0+l  =  {xP-  (cos  $  + 1  ain  6)}  {xp  -  (cob  ff  - 1  sin  8)]. 

The  pth  roots  of  cos  fl  + 1  sin  fl  are  given  by 
cos.(2n)r4.ff)/p  +  iBin.(2«7r  +  e)/p,     n^O,l,  .  .  .,  p^l     (1). 
The  ^th   roota  of  cos  tf  - 1  sin  fl,  that  is,  of   cos  ( -  ff)  + 1 

Bin (-e),  by  

cos.(2»7r-^/p  +  isin.(2JHr-ff)/p,     n  =  0,  1,  ...,;>- 1     (2). 
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Since  co8.(2n5r  -  6)jp  =  cob.  {2(p  -  n)v  +  &}jp, 

ain.(2nir-^//>=  -8in.{20-n>-  +  ^}/^, 
(2)  may  be  replaced  by 

coB.(2mr  +  fl)/jp-iBm.(2nx  +  fl)/p,     n  =  0,  1,  .  .  .,  p^\    (2'). 
We  have,  therefore, 

=  (/-^z COS. 6/y  +  1) n  {3? - 21  co8.(2iijr  +  B)!p  +  1}     (3). 

Since  cob.  {2JMr  +  9)jp  =  cob.  { 2(/t  -  n)n-  -  fl j/p,  we  may,  if ;  be 
odd,  arrange  all  the  factoni  of  tbe  product  on  the  right  of  (3) 
in  pairs.     Thus,  if  ji  =  25+1,  we  have 
3*q+t  _  2aa«+I  COB  tf  +  1  = 

(*)■ 
If  we  now  pat  x=  1,  we  get 

4  sin*r  =  4*9+'  am*r n  -1  sin^  ^r— ii"  sinl .       „  !■ 

2  45  +  2„„i  |_  42  +  2  4}  +  2  J 

If  we  divide  both  sides  of  (4)  by  i^+',  and  put  x  =  Exp  i<^ 

we  deduce 

2(coa  (2f  +  1)<^  -  cos  $) 

=  2^+Mco9  ^  -  COB .  el{2q+  l)}n{coe  ^  -  coa .  (2»nr  ±  $)l(2q  +  1)} 

(6), 

where  the  double  sign  indicates  that  there  are  two  factors  to  be 

taken. 

Transforming  (6),  and  using  (5),  &c.,  just  as  in  the  previous 

paragraphs,  we  get,  finally, 

COS  if>  —  COB  6 

-2sin'i  Jl  -"'"^'-^^^^^^'l  nil-      /i"'-^/(^g+g)       ] 

(7). 
Since  n^q,  (27w  ±  6)/(4g  +  2)X2jir  ±  S)/{42  +  2) ;    and  the 
limit  of  this  last  when  q=  cc  ia  ^ir.     Hence,  by  taking  q  large 
enough  we  can  secure  that  (2n7r  ±  &)j{iq  ■*■  2)  shall  have  for  its 
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upper  limit  a  quantity  which  differs  from  Jir  by  as  little  as 
we  please  ;  and  therefore  (see  |  6)  that  siii.(2nir  ±  B)j{iq  +  2)/ 
(2mr  ±  fl)/(4?  +  2)  shall  have  for  its  lower  limit  a  quantity  not 
les8  than  -58. 

We  may,  therefore,  put  3=00,  &c.,  in  (7).     We  then  get 

cos^-co8^=2  8in  'Jff{l  -  ^'/^  n  {1  -  ^V{2«x-  ±  ff)'}    (8), 
that  is, 
cos  ^  -  cos  ^ 

--■4H-^'}{-(.-^,-.}{'-(-T».-}-- 
Putting  i^  =  I'u  in  (8),  we  deduce 

coBhw-cos«=2sin'i^l+«7^  n{l  ■i-v'l{2Tm±d)'}   (9). 

The  formula  (S)  might  have  been  readily  derived  from  those 
of  previous  paragraphs  by  using  the  identity  cos  ^  -  cos  ^ 
=  2  sin  ^{6  +  >fi)  sin  ^(6  -  4>)  Euid  proceeding  as  in  the  latter  part 

of  §7. 

Remark. — At  first  s^ht,  it  seems  as  if  we  might  have  di^ 
pensed  with  the  transformation  (4)  and  reasoned  directly  from 
(3),  thus — 

From  (3)  we  deduce 

p-i 

2(cosjJ^  -  COB  fl)  =  2P(cos  ^  -  COS.  dip)  U  {cos  <^  -  cos.  (2nir  +  d)lp}. 

Hence 
COS  ^  -  cos  fl 

Put  now  p=  <x> ,  &C.,  and  we  get 
cos  ^  -  COB  fl  =  2  sin  '^6(1  -  •f>'/^n  [  1  -  ^7(2nr  +  0)'). 

This  result  is  manifeetly  in  contradiction  with  (8),  although 
the  reasoning  by  which  it  is  established  is  the  same  as  that  often 
considered  sufficient  in  such  cases. 
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In  point  of  fact,  bowever,  the  condition  of  g  3,  that 
M  =  /|(m,  p)lfi{n)  must  remain  finite  when  n  and  p  exceed  certain 
limits,  is  not  satisfied. 

In  the  present  case  the  upper  limit  of  (2nir  +  ffif^p,  namely, 
{2{p  -  1)t  +  &]l2p,  can  be  made  to  approach  as  near  to  «■  as  we 
please.  Hence  in  this  case  M  may  become  Infinite.  We  have, 
in  fact, 


M  =  modJ 


,}■ 


i.(2n«-  +  e)l2pj(27t7r  +  B)j2p  ) 

hence,  if  we  give  n  its  extreme  value  ^  -  1,  and  put  p=  k  ,  H 
becomes  infinite.  'So  finite  upper  limit  to  the  modulus  M  can 
therefore  be  assigned  ;  and  the  G-eneral  Theorem  of  §  5  cannot  be 
applied. 

This  ie  an  instructive  example  of  the  danger  of  reasoning 
rashly  coDceming  the  limits  of  infinite  products. 

EzzBcisGs  XX I L 

(1.)  ir(l  +  w:/a)(l  +  w/6)(l  +  M!/B}...=A  +  iB,tlieii 
2tan-i{z/o)  =  t«n-'(B/A). 

Hence  Hhov  that  ltaD-i(2/n')  =  3T/*. 

(GUiaher,  Quart.  Jour.  MaUi.,  1878.) 
(2.)  Find  the  n  roots  of 

(     ).T»(n-r-l)(n-r-2)...(«-2r  +  l)^_„^^  _  ^^_ 
(3.)  Ifnbean  odd  integer,  llnd  then  roots  of  tbe  equation 

.t?y»--.-"'-'';f-'-iVH-"'-''"-'-,''"--'''jt. .  .=0. 

(1.)  Solve  completely 

ar  +  »Cjcoaai^'  +  «C5COs2oa!*-'+.  .  .+coHn«  =  0. 

(Math.  Trip.,  1882.) 
(5.)  The  roots  of 

*>ainn*-,Ciii!^"giii(nff  +  *)  +  „CiK"-'flin(nfl  +  2^)-.  .  .  =  0 
are  given  by  a=ain(tf  +  0-iT/7i)co8eo{tf-jfer/»),  where  t  =  0,  1,  .  .  .,  or 
(n-1). 

If  a=r/2p,  prove  the  following  reUtions : — 

(6.)j,  =  2'-'Bin2oBin4a.,.ain(2p-2)»; 

I  =  2^' Bin  a  Bin  3a . . .  ain  (2;>  -  l)a. 
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(7.)  Vp=2'^'co».ooa2«...cofl(p-1)». 
{8.)  l  =  2F-'sm.«/2  8m.3«/2...Mn.(2p-I)»/2; 
=  2i^'coB.o/2coB.3a/2.  ..  cm,  (2p- l)o/2. 
(9.)  Binjitf=2»^'  sin  9  an  (2a  +  fl)  sin  (in  +  fl). .  .Bin{2p-2«  +  *) ; 

coa;rf=2»^'Biii(o  +  fl)Bin(SB  +  9)Bin(5ii  +  0)...8ili(^-la  +  ff). 
<10.)  t»np#  =  taiietaa{fl  +  2a)...tan(e  +  (2p-a)a),  where ji ia odd. 
(11.)  tan#toii(e+2o)...tan(fl+(2p-2)B)=(-l)»",  wharejiiseTen. 

(12.)  Show  that  the  modulua  of 

COB  (#  +  i*)  COB  (9  +  i#  +  t/p)  . .  .  cos  (#  + i^  +  (p  -  l)r/p) 
u    {M>Bhi>*-cos(p*  +  2p«)}/2P'*. 
(13.)  If  n  bs  even,  BhoiT  that 


=  (_)-n2-S( 


«  +  4t  fl4.(2n-2) 


(14.)  Showthst        n(l  +  seo2''fl)=tan2^/Un9; 
andBTaluato  n/l  +  8«e(tf/2")l  . 


(IG.)  Show  that 


v(- 


nd  write  down  the  correBpoading  rormolie  for  the  hjperbolic  functioDS. 
(Laisant.} 

Prove  the  following  results  (Euler,  Int.  in  Anal.  Inf.,  cbap.  ir.)  : — 

(16)^'.+-^=  nil  +   _l(*-^)=+*<   I. 

.  .     eoBby  +  coahi;         f  ^gty  +  y*     ). 

'  ''^       1  +  coBhe     ""1    +(2n-l)V  +  Hr 

co*y-cosb«_/      i^\      f        ±2«y+j("  l 
l-eo^"c     -y      c/^t'     (2«)'r'  +  ^/: 

sinhy  +  flinhe _(,.v\^i,A-  )"J^S+±  \  , 


)"{-'-53^}- 


Write  down  tlie  correaponding  formnls  for  the  circular  functions,  and  deduce 
them  by  tranafarmation  from  %  9. 
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(19.)  »>«.+i™ i»"««=n{ (i+ |ii^'',*^T-,)(' -pilffrr.) }■ 

^=i^'=('-fH(-.-=^.)(-^)}- 

(21.)  Show  that 

eoBh2i.-cosgu=2(u'+ii')n|-^— ^j^^j—  |; 
„       ^„  f  ((2ii-11t±2u)'  +  4ij'i 

cosii2i'+c<»2u=2n|^i — (atriji;" }i 


ciw1i2u--co8  2i*=<u'n-l  1  + 


C(Mh2u  +  coa2M=2nJ 


2*K* 


(Schlomilch,  ifani.  (f.  Alg.  Anal.,  cbap.  xL) 
(22.)  Evaluate  D^g^Q. 
(23.)  Ife=Iog(l  +  v'2).  ahowthiit 

v>=(i+<ii)(.+4,:i)...^-. 

EXPANSION  OF  THE  CIRCULAR  AND  HYPERBOLIC  FUNCTIONS 
IN  AN  INFINITK  SERIES  OF  PARTUL  FRACTIONS. 

g  10.]  By  §  8  we  have,  provided  fl+ j(2w~l))r, 

"■■»-"°»'"^-"{'-V-'$v'^'«y}   <"■ 

Now,  refeniDg  to  §  2,  Cor.  2,  we  have  here 

8g'  4 

^inod{{2n-l)V-4ff'^r  ■^mod{(2»j-l)V-4e"}*' 
where  0"  =  mod  6,  ^  =  mod  ^     It  follows,  therefore,  that  the 
product  in  (1)  may  be  expanded  as  an  ascending  series  of  powers 
of  <^ 
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Expandiiig  also  on  the  left  of  (1),  we  have 
-i+...-lai.«(+-*j  +  ...) 


(2o-l)V-4? 

"'°"^^**')'"K2„-l)V-4»-V-l)V-4y) 

(2>- 

Since  the  two  Beries  in  (2)  must  be  identical,  we  have,  by 
comparing  the  coefficients  of  ^ 

This  series,  which  ia  analogoue  to  the  expansion  of  a  rational 
function  in  partial  fractions  obtained  in  chap,  viii.,  ia  abeolntely 
convei^nt  for  all  values  of  8  except  yir,  fx,  ^ir, ...  It  should 
be  observed,  however,  that  when  6  lies  between  ^(2n  -  1)b-  and 
^(2n  +  l)ir,  tiie  moat  important  tenns  of  the  series  are  those  ia 
the  neighbourhood  of  the  nth  tenn,  so  that  the  rate  of  converg- 
ence diminishes  as  6  increases. 

We  may,  if  we  please,  decompose  8^/{(2n  -  1)V'  -  iff]  into 
2/{{2»  -  l)jr  -  26}  -  2/{(2n  ~1)k  +  2fij,  and  write  the  series  <3) 
in  the  semi-convergent  form 

2  2  2  2 

tanfl-— _-2^    ,  +  2e'^3«--2e     3n-+2fl 

In  exactly  the  same  way,  we  deduce  from  (1)  and  (3)  rf  §8 
the  following  : — 

flcot^=  1-2^-5-5— 5  (4), 


(n 
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provided  ^4=)r,  2ir,  Sir,  .  . 
and 


ecOBece=l+2^^^,-}^-^ 


provided  6=t=jr,  27r,  3w, 


2w-e     2jr  +  i» 


We  might  derive  (4)  from  (3)  by  writing  (ix  -  9)  for  &  on 
both  sides,  moldplying  by  B,  decomposing  into  a  semi-convergent 
form  like  (Z'),  and  then  reasaociatiug  the  terms  in  pairs ;  also 
(5)  might  be  deduced  from  (3)  and  (4)  by  using  the  identity 
2  cosec.^  =  taD  ^1?  +  cot  ^0. 

Wben  wa  attempt  to  get  a  corresponding  result  for  sec  0, 
the  method  employed  above  ceases  to  work  bo  oasUy ;  and  the 
result  obtained  is  essentially  different.  We  can  reach  it  most 
readily  by  transformation  from  (5').  If  we  put  (5')  into  the  form 
1  .     1  1_         1  1 


cosec  9  = 


3jr  -  fl      Sir  +  fl 
wMcb  we  may  do,  provided  0^0,  and  then  put  \v  -0ia  place 
of  6,  we  get 


+     .--     +     -"- .  .     (6'); 

57r-2e     6ir  +  2fl  ^    ' 

or,  if  we  combine  the  terms  in  pairs, 

where  fl*iir,  fir,  Jjt,  .  .  .     . 

The  aeries  (6),  unlike  its  congeners  (3),  (4),  and  {5),  is  mlt/ 
VOL.  n  Z 
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semi<mvergent ;  for,  when  n  is  very  Urge,  its  nth  term  ia  com- 
parable with  the  nth  tena  of  the  seriea  21/(2n  -  1). 

We  might,  hy  pairing  the  terms  differently,  obtain  an  abso- 
lutely convergent  aeries  for  sec  $,  namely, 

bat  this  is  essentially  different  in  form  from  (3),  (4),  and  (5). 

Cor.  1,  The  sum  of  (Ul  the  products  two  and  tvx)  of  the  terms  of  the 
seriw  21/((2n  -  l)V-4^,  is  (tanO- e)ll2B6^ ;  and  the  like  sum 
fm-  the  aeries  21/(nV'  -  ^  U  (S- ^  -  SOeot  B)j&ef. 

This  may  be  readily  established  by  comparing  the  coefficients 
of  <^  in  (2)  above,  and  in  the  corresponding  formula  derived 
from  §  8  (1> 

Cor.  2.  The  series  21/{(2»  -  1)V'  -  4^'  converges  to  the  valve 
($ian'0-tane  +  6)lue^;  and  I,lj{n\'  -  ^'  to  the  value  (^  cosec*0 
+  0cot0-2)H0: 

Since  the  above  series  have  been  established  for  all  values  of 
&,  real  and  imaginary,  subject  merely  to  the  restriction  that  0 
shall  not  have  a  value  which  makes  the  function  to  be  expanded 
infinite,  we  may,  if  we  choose,  put  $  =  id.    We  thus  get,  tnter  alia, 
tanh  u  =  8tt21/{(2fi  -  1)V'  +  4w'}  (8)  ; 

Mcoth«=  1  +  2ii'2:i/{nV'-n*^  (9); 

Mcosech«=l  -2u'2(-  l)"-'/{»V'  +  «'}  (10); 

sech  «  =  42(  -  )"-H2n  -  1  >ff/{{2n  -  1  )V'  +  4u'}        (1 1). 


EXPRESSIONS  FOR  THE  NUMBERS  OF  BERNOCUJ  AND  BUL£R. 
RADIUS  OF  CONVEROENCY  FOR  THE  EXPANSIONS  OF  TAN  0, 
COTff,   COSEC^,  AND   SBC  ft 

§  11.]  If  mod0<x,  then  every  term  of  the  infinite  seriee 
2fl'/(nV'  -  ^)  can  be  expanded  in  an  absolutely  convergent  senes 
of  ascending  powers  of  0.  Also,  when  all  the  powers  of  d  are 
replaced  by  their  moduli,  the  series  arising  from  l/(nV*-^ 
will  simply  become  l/(nV  -  (mod  ff)'},  which  is  positive,  since 
mod  6<r.     The  double  series 
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i{ 


therefore   eatisfiea    Cauchy's   criterion,   and   may  be   arranged 
According  to  powers  of  0,     Hence,  if 

''m=l/l*"+l/2*"+l/3*"  +  .   .   .  (1), 

we  have,  by  §  10  (4), 

=  1  -  2Sj-™^7r*"  (2). 

Since  <T»n(<<''i)  is  certainly  finite,*  the  series  (2)  will  be  con- 
vergent so  long  as,  and  no  longer  than,  6<ir. 
Now,  by  §  4  (9),  we  have 

«  cot  ^  =  1  -  X2»"B„^/(2m)!  (3), 

provided  0  be  small  enough. 

The  two  seriee  (2)  and  (3)  must  be  identical.      Hence  we 
hare 

2(2m)!.r^_2(2^)!l-    1  1  1_  1 

""        (2ff)!^         (2^)*"  (  i^™     2^     3*""        ■  ■  j     ^  '■ 
§  12.]  If,  instead  of  using  the  ezpanaion  for  6  cot  0,  we  bad 
used  in  a  similar  way  the  expansion  for  tan  6,  we  should  have 
arrived  at  the  formula 

ro)!  fill 


(5). 


This  last  result  may  be  deduced  very  readily  from  (4);  it  is, 
indeed,  merely  the  first  step  in  a  remarkable  transformation  of 
the  formula  (4),  which  depends  on  a  transformation  of  the  series 
<r„  due  to  Euler.t  "We  observe  that  the  result  of  multiplying 
the  convergent  series  a-tn  by  1  -  1/2*"  is  to  deprive  the  Sjeries  of 
all  terms  whose  denominators  are  multiples  of  3.  Thus 
{l-l/2*")a-„=  1  +  1/3*"+ 1/5*"  +  .  .  .     . 

*  It  roftj,  in  fact,  be  eoailj  Bhown  tbat  Lai^^l  when  m  =  ai  ;  for,  by 
chap.  "V.,  g  25,  we  have  the  ineqiuUty  l/(2m-l)*l/2^  +  I/3*-  +  l/4*" 
+  ,   .  .>l/{2m-])B**-',whicliBhoWBth»tL(l/2'"  +  l/3*»+l/4'~  +  .   .  .1  =  0, 

t  See  Inlrod.  m  Ami.  Inf.,  g  288. 
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If  we  take  the  next  prime,  namely  3,  and  multiply 
(1  -  l/2*")(r^  by  1  - 1/3*",  we  shall  deprive  the  series  of  all 
terms  involving  multiples  of  3  ;  and  80  on.  Thus  we  shall  at 
last  arrive  at  the  equation 

(1  -  i/2»)(i  -  i/3»")(i  -  i/s"")  ■ .  ■  (1  -  i/y'-V™ 

.1+1/S>-  +  .  ..  (6), 
where  2,  3,  5,  .  .  ., ;  are  the  succession  of  natural  primes  up  to 
p,  and  q  is  the  next  prime  to  p.  We  may,  of  course,  make  q  as 
large  as  we  please,  and  therefore  1/^+.  .  .  (which  is  leas 
than  the  residue  after  the  q~  1th  term  of  the  convergent  series 
<r,„J  as  small  as  we  please.     Hence 

<'-.  =  l/C  -  1/2~)(1  -  1/3"")(1  -  1/5*")  ■  ■  ■        (!■)■ 
where  the  succession  of  primes  continues  to  infinity.     Hence 

B„=  2(2m)!/<2T)*"(l  -  1/2«"}(1  -  1/3*~)(1  -  l/5»") . . .     (8). 

§  13,]  Berwndli's  Numben  are  all  positive;  tftey  increase  after 
B, ;  and  have  oo  for  an  wpper  limii. 

That  the  numbers  are  all  positive  is  at  once  apparent  from . 
§  11  (i).  The  latter  part  of  the  corollary  may  also  be  deduced 
from  (4)  by  means  of  the  inequality  of  chup.  xxv.,  §  25.  For 
we  have 

l/(2m-l)>l/2*"+l/3«"+l/4*»  +  ..  .>l/(2m-l)2«"-i   (9). 
Hence 

B„+,  _  (2m  +  2)(2m-flK«+. 
"B,„  {27r)V„ 

{2m  +  2)(2m+  1){1  +  l/(2m  +  1)2*"+^}  . 

(2x)'{l  +  l/(27«-l)} 
(2m)' -1 
4x'      ■ 
Hence    B„+,/B„>  1,   provided   m  >  v'(t*  +  J),   that    i^   if 
m>316.     Now  B,>B„  hence  B,<B.<B,<.  .  .     . 

Again,  it  follows  from  (9)  that  Lcr^  =  1  when  m  =  ao ,  and 
L(2m)!/{2)r)*"  is  obviously  infinite ;  hence  LB„  is  infinite. 

Cor.  B,n/(2m)!  idtimalelt/  deereuses  in  a  geometticdl  proportion 
having  for  its  amanon  ratio  Ijiw*.     From  which  U  foUotcs  that  Ihx 
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teriea  for  tan$,  $cot0,  and  OcosecO,  ffiven  in  §  i,  have  fur  Qmr 
radii  of  conveTgaice  0  =  ^w,  ir  and  w  resptctivdy. 

%  14.]  Turning  now  to  the  secant  series,  we  observe  that 
42<-)"-i(2n-l)B-/j(2w-l)V-4^}  does  not,  if  treated  in  the 
above  way  as  it  stands,  give  a  double  series  satisfying  Cauchy'e 
criterion,  for,  although  when  mod  9  <  Jir  the  horizontal  series  are 
absolutely  convergent  after  we  replace  6  by  mod  $,  yet  the  sum 
of  the  sums  of  the  horizontal  series,  namely,  4^  -  )"~^(2n  -  l)n-/ 
{(2n  -  Vfir*  -  4(mod  6)'),  is  only  semi-convergent.  We  can,  how- 
ever, pair  the  positive  and  negative  terms  tc^ether,  and  deal 
with  the  series  iu  the  form 

.L  .  ■  B^  (4n-3)(47i-iy  +  4fl' 

Since  (11)  remains  convei^nt  when  for  $  we  substitute 
mod  6,  it  is  clear  that  we  may  expand  each  term  of  (10)  in 
ascending  powers  of  6,  and  rearrange  the  resulting  double  series 
according  to  powers  of  $.     In  this  way  we  get 

"  r~  <B    (  1  1  )  ^iS^^d^ 

sec  6  -  ^J^\_^_^  \  (J^^g-psm  -  (4„_i)^i  ;  J:^+T. 

=    I  2»»+»T„+,fl«'»/jr*»+l  (12), 

where         r™+,  =  l/l'^+i- 1/3*"+^  + 1/5*"+'- .  .  .      (13). 
Comparing  (12)  with  the  series 

sec^=l+2E„e«"/(2m)!, 
obtained  in  g  3,  we  see  that 
2^+'(2m)!T^.H. 

^te+l^        1  _1__  1        _ 

(  12Bi+i "  3S0H-I  ■*■  5SM1+1 
which  may  be  transformed  into 

in  the  same  way  as  before.  (15)-* 

*  See  again  Euler,  Inlrod.  in  Anal.  Inf.,  %  28i. 


.2(2„)!(?)- 


(14), 
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Cor.  1.  Euler^snuTtAers  are  (Ul positive;  they  amtitaiallyijuTease 
in  magnitudt,  and  have  infimty  for  thdr  upper  limit. 
For  we  have 

1>t™+,>1-1/3*™+^  (16). 

Hence 

E„.  ir'r™+,  '     ' 

(2m+  2)(2m  +  1)4(1  -  1/3'"+') 

But  this  last  constantly  increases  with  m,  and  is  alreadj 
greater  than  1,  when  m=  1.  Hence  E,<E,<E,<  .  .  .  Also, 
from  (16),  we  see  that  LTm+,  =  1  when  m=oo,  and 
L(2m)!(2/3r)«"+>  -  ■»  ,  hence  LE„=  «.. 

Cor.  2.  ^j{2m)l  vltimaiely  decreases  in  a  geometrical  progres- 
sion whose  common  ratio  is  4/ir'.  Hence  the  radius  of  convergence  of 
the  secant  series  is  ^  =  Jir. 

§  15.]  We  have,  by  §  11  (4), 

_2*-^^ 


and  hence 


(i)i* 


V      2~;    (2>«)! 


— — ^-^*". 


2(2m)l 

(2); 

I      I 

1 

2  s2»'->B 
•      [^     i")    (2™)l 
(2'— -1)B. 
(2«)! 

■f~, 

(3). 

Again,  from 

(H)otla«t 

pmagiapli 

1 

'"+i-i«r+i- 

1            1 

+t     ■  •  ■       2'~+*(2m) 

„2n+l 

(*)■ 

*  TIiB  remarkable  BummatiDna  involved  in  the  formnle  (1),  (2),  (3)  wen 
diacoverEd  inilepciidently  by  John  Bernoulli  (mo  Op.,  t.  iv.,  p.  10),  snd  by 
Knler  [Comin.  Ac.  Petrop.,  17*0). 
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InaBtuuch  as  vo  h&ve  independent  means  of  calcukting  the 
Dumbers  B^  and  £„,  the  above  formulfe  enable  us  to  sum  the 
TariouB  series  involved.  It  does  not  appear  that  the  series  cr,„+, 
can  be  expressed  by  means  of  B„  or  E„ ;  but  Euler  has  cal- 
culated (to  16  decimal  places)  the  numerical  values  of  a-tm+i  i^  ^ 
Dumber  of  cases,  by  means  of  Maclaurin's  formula  for  approzi- 
mate  summation.*  As  the  values  of  cr„  are  often  useful  for 
purposes  of  verification,  we  give  here  a  few  of  Euler's  results. 
It  must  not  be  foi^otten  that  l^e  formulee  involving  n-  for  (r„ 
are  accurate  when  m  is  even;  but  only  approximations  when 
m  is  odd. 


1-6449340668  . 

1-2020569031  . 

10823232337  . 

10369277551  . 
a-0173430620  . 

10083492774  . 
:  1-0040773562  . 

1-0020083928  . 


r725-79436  . 


jr7296-1215  . 
:r7945. 


^79450. 
1729749-35  . 


EXPANSIONS  OP  THE  LOGARITHMS  OF  THE  CIRCULAH  FUNOnONS. 

§  16.]  From  the  formulae  of  gg  6  and  7,  we  get,  by  taking 
logarithms, 

\ogslne  =  log9+%  log (1  - ^/wV*), 


gff-  2<r^0^lm^ 


(1). 


since   the  double   series  arising   from  the  expansions  of  the 
logarithms  is  obviously  convergent,  provided  mod^-^T. 

If  we  express  (r,^  by  means  of  Bernoulli's  nnmbers,  (1)  may 
be  written 

logBinil  =  !ogfl-  I  2»»-»B„e*"/m{2m)!  (!')■ 

•  in*.  Chle.  Diff.,  chap,  vi. 
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The  corresponding  fonnuln  for  cos  0  are 

lc^coBtf=  -S(2»"-l)o-™ff^/m:r*"  (2); 

=  -22*»-i(2»»-l)B„fl*»/m(2m)!       (2'). 

The  like  fonnnlfe  for  log  tan  6,  log  cot  0,  log  sinh  u,  log  cosh  u, 
&Ct  can  be  derived  at  once  from  the  above. 

If  a  table  of  the  values  of  vm  or  of  B„  be  not  at  hand,  the 
first  few  may  be  obtained  by  expanding  log  (sin  d/^  that  is, 
log(l  -  fl'/3!  +  ^/5!  -  .  .  .),  and  comparing  with  the  aeries 
-  2(r,m^*"/m3r^".      For   example,  we   thus  find   at  once  that 

STIRLING'S  THEOREftL 

§  17.]  Before  leaving  this  part  of  the  subject,  we  shall  give 
an  elementary  proof  of  a  theorem  of  great  practical  importance 
which  was  originally  given  by  Stirling  in  his  Methodus  Dxfferea- 
tiaiis  (1730). 

Wlien  n  is  very  great,  n\  approaches  equaiily  with  v'(2jnr)(n/e)",- 
or,  more  acaiTatdy,  when  n  ia  a  large  imwbfr,  vre  Have 

)il=  ^/(2Tn)<w/e)''exp{l/12n  +  tf}  (1), 

where  -  l/24jt' <$<  l/24n(« -  1). 

Since  log  {n/(n  -  1)}  =  -  log  (1  -  l/n),  we  have 

n        1     J_     J_     X  J_ 

''^  n  -  1  "  n  "^  2n'  "^  3re'  "^  4»*  "^ '  '  '  "^  mn"  +  ■  ■  ■    ■ 
We  can  deprive  this  expansion  of  its  second  tenn  by  multi- 
plying by  n  -  J.     We  thus  get 

,,,,«.        I  1  m-1 

(»-i)log— i  =  l  +  l-2-.+  12;j  +  -..  +  35j^-i^+...    . 

Hence,  taking  the  exponential  of  both  sides,  and  writing  suc- 
cessively T^  n- 1,  n-2,  .  .  .,  2  in  the  resulting  equation,  we 
deduce 

'-*       __.  A      _1_     J_ 

*"l2n''^12n''^'  "  ■ 


m-1 

^  2jfl<m  +  l)n" 
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/n-2\"-'-'  f,  1  1 


2m(» 

t 

2.3'"^  12. 3' "^ 


m-1  N 

,+i)(»-2r*-  ■  ■> 


r'=-(-r'  ■ ' 


2m(m+  1)3"     ■  ■  7 
/2V*  /,  1  1 

m-  1  \ 

■^2m(m+l)2"'^'  '  7" 
By  multiplying  all  theee  together,  we  get 


^diif'*-  ■  -h- 


where  S'„  =  1/2"  +  l/S'"  +  1/4™  + .  .  .  +  l/n". 
Now 

S'„  =  S„-l/<7i+l)'"-l/{n  +  2)™-.  .  .  (3), 

where  S„=  1/2"  + 1/3"+.  .  .  +  I/it"  +  .  .  .  adoo. 

By  the  inequality  (6)  of  chap,  xxv.,  §  25,  we  have 
l/(m  -  !)«»->  >  !/(«  +  ir  +  l/(„  +  2)"  +  .  .   . 

>l/(m-l)(n+l)"-i. 
Hence 

S„-  l/{m-l)(n+  l)"-i>S',„>S„-  I/(m-  l)n"-». 
Therefore 

g(».-l)S„       - 1 


"-1)8,     ig  1 

m{m+V)      *s  m(m+l}(»+l)"'- 


«i!'S^^-i!s<™TTTtT».-.  » 
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Since  Sm<l/(ni-l),  the  series  2(m- l)S„/m(m+ 1)  con- 
vergea  to  a  finite  limit  which  is  independent  both  of  m  and  of  n. 


2.37i'*'3.4b''*'4.5»' 


(6); 

1      _Lf,     1  +  i  ) 

5«'*'l2n'\    *«     «•■*■■  ■  7' 


6»     12»(«-1) 
Also,  by  (6), 

I > 

,  ».(m +!)(»+ 1)— 

.Ifi '     'I         '  , 

3  W    m+  l/{»+  1}™-' 


<'). 


1__L    '  _      -1  +  1-  '  + 

*"  2     3n  "*"  4?     ■  '  ■  2n     3n' 


"2.3n     3.4tf     4.5n' 


6h     12n' 
Combining  (2),  (4),  (5),  (7),  and  (8),  we  have 


.f(5_-l)^  1              1         ] 

''',  ..(m+1)  12«     24«(n-l)r 

.g(m-l)S„  1,11 

',  m(m+l)  12n*24?; 


(«)■ 

(9)i 
(10). 
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Hence,  putting 

C.„p|l-j|<?-^'l|j'|  (II), 

80  that  C  is  a  finite  numerical  constant,  we  have 

„.>Ce-.».«,xp(jJ^-^i.)  (12). 

or,  since  the  exponential  function  is  continuous, 

».  =  C-.»»«e.p(^H-»)  (U), 

where  -  l/24n'  <  i?  <  l/24n(7i  -  1). 

Hence,  putting  n  =  »  on  both  sides  of  (1  i),  we  have 

Ln!  =  CLe-"n''+»  (15). 

The  constant  C  may  be  calculated  numerically  by  means  of 
the  equation  (11).     Its  value  is,  in  fact,  V(2x),  as  may  be  easily 

shown  by  using  Wallis's  Theorem,  §  6  (18). 
Thus  we  have,  when  n  =  ao , 

Z  =  l    2'"("l)'(2»-^l)_,2'"<>H)*(^«+l) 
2         l-3"...(2n+l)'  {(2n +!)!}■     " 

Hence,  using  (15),  we  get 

ff_^    2<"e-*«B*"+'(2n+  1) 
2"  e-*"-*(2n +!)•"+*  ' 

4'^{(l  +  l/2«)*'r{l  +  l/2nr' 
_CV 

Therefore,  since  C  is  obviously  positive, 

C=   v/(27r)  (16). 

Using  this  value  of  C  in  (14),  we  get  finally 

nU  ^/(2)rti)(n/e)"e3[p{l/12n+«}*  (17), 

where  -  l/24n'<fl<  l/24n(re- 1). 

*  An  elemcDtsry  proof  thst  L)i!  =  L\/(S*n)(ii/e)'  Wfts  givea  b;  GUisher 
IQuart,  Jour.  lUtUh.,  ]B78).  In  an  addition  bj  Cayley  a  demonatration  of 
the  approximation  (17)  ia  alao  givan ;  but  inasmacli  as  it  asaumes  that  serial 
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Ckir.  By  amhininff  (11)  and  (16),  we  deduce  that 

where  S„=  1/2™ +1/3" +1/4"  +  .  .  .  adoo. 

EiEBCissa  XXIII. 
(1.)  Shov  that,  when  inodz>T,  xcotz  can  he  expanded  in  the  form 
A«  +  £(B.z~'  +  C.z")  1  and  determine  the  coefficients  in  the  particular  case 
where  r-sx-sir. 

(2.)  Show  that  the  aQin  of  the  prodncta  r  at  a  time  of  the  aquares  of  the 
reciprocda of  all  the  integral  nambers  is  r*7(2r  +  l)I;  and  find  the  like  iom 
when  the  odd  integen  alone  are  conaidered. 
(3.)  Snm  ton  t«nna 

tanS  +  t*n  (e  +  r/n)  +  t»n  (fl  +  2»-/it)  +  .  .  .; 
tftn'fl  +  tan'(e  +  »/n)  +  Un»(S  +  2T/n)  +  .  .  .     . 
Sum  the  following : — 
(A.)  l/(l>  +  ^)  +  l/(2»+;^)  +  ]/(3'  +  »«)  .... 
(6.)  l/^-lAa^-r-j  +  lAi^-EM)-.  .  .     . 
(8.)  l/z  +  l/(i-l)  +  l/(x+l)  +  l/(«-2)  +  l/(j;  +  2)  +  .  .  .     . 
(7.)  l/(l-*}  +  l/(*-*)  +  l/(9-e)  +  .  .  .  +  !/(«»-<)  +  .  .  .     . 
(8.)  l/1.3  +  l/2.<  +  l/a.8  +  l/*.8  +  .  .  ,     . 

Show  that 
(9.)  («^-e)/e  =  l/l>.2  +  l/2'.3  +  l/8".*  +  .  .  .     . 

(10.)  ■■/8-l/3  =  l/l-3-E-l/3.6.7  +  l/6.7.9-.  .  .     . 

(II.)  If /,{n)  be  an  integral  fdnction  of  n  whose  degree  is  r,  show  that 
£/r(n)/(2n  - 1)^  can  be  eipreued  in  terms  of  Bernoulli'*  numbers,  praiided 
rt-2ni-2;  and  2( -)"-"/^n)/(2n -!)**+■  in  terms  of  Eater's  numbers,  pro- 
Tided  r>  2m- 1. 

In  particular,  show  that 

i+L+i+l+2+3^      =^('i-^V 

(12.)  Show  that 

El/(iiir  +  ()'  =  coBec'S; 

2  l/(«r  +  fl)<=co8ec*9-i  ooBeo'9, 

n=0  being  inclnded  among  the  values  to  be  girea  to  n.     (Woletenholine.) 

of  the  form  of  1/2" +  1/3*'+.  .  .  can  be  expanded  in  powers  of  l/ra,  it  cannot 
be  said  to  be  elementary.  The  proofs  usually  given  b;  means  of  the  Uaa- 
lanriD-sam-fonnnla  are  unsatisfactory,  for  thej  depend  on  the  nse  of  ■  series 
which  does  not  in  general  comerge  when  continued  to  infini^,  and  which  can 
only  be  osed  in  conjunction  with  its  reaidna.     See  Saabe,  OrtUe't  Jour.,  ziv. 
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_»V2  iinb.Ti^+Bm.rrVi      1 

(Math.  Trip.,  1888.} 


,=.l)(2u>'-(2nt-l)>!'    18(2nt-I)"    2(2m-l)*' 

a  1  _  w^ 

Also  that  the  turn  of  the  reciprocali  of  ths  squarea  of  all  poaaible  difler- 
tncea  betwiwD  tha  aquare  of  an;  even  and  the  aqoara  of  any  odd  number  is 

(15.)  ir^<n,  show  that 


s==.=  t-l'" 


D.{2r  +  1)wl2n.CM.P{2r  +  l)ir!2» 
coafl-coB.(2r  +  I)i/2» 
(16.)  Show  that 
tan-'--   2  I  tan-"— ^ t«n -'— ^   |  =  tan -Vl»nh  o  cot «) ; 

.!,{•"  ''n^^vrr.-  '•''  -',2. -T^TT-si  }  -1"  -'(""i  •  •"  »)• 

(Scblbmilch,  Satidb.  d.  Alg.  Anal,  cap.  xj.) 
(17.)  If   X(a)aicri|l-(^/n'»)'},    Mi')3n{l- (to/2S^.a)'t,    eipreas 
X(z  +  a/2)iii  termaofM':)'  and  also  ii(x  +  a/2)  in  terms  of  X(i);). 
Hence  evaluate  L  1.3. 6  .  .  .  (2m-l)V(2''i-H}/2~m  !. 

"""  (Math.  Trip.,  1882.) 

(IS.)  Showthat,  if  r  be  a  positive  integer, 

.iu(-r(-T-(-^')""='-> 

(IB.)  Show  that 

■,      (      X  X  X  \      ■* 


REVERSION    OP  SERIES — EXPANSION   OP  AN   ALGEBRAIC 
FUNCTION. 

§  18.]  The  subject  vhich  we  propose  to  discuss  in  this  and 

the  following  paragraphs  originated,  like  bo  many  other  branches 
of  modem  anaJyais,  in  the  works  of  Newton,  more  especially  in  his 
tract  De  Arudysiper  j^cpiaiimes  Nwmero  lerminoram  Infinilaa. 
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Let  tiB  consider  the  function 
2(m,tt)i"'y-  =  {I,0)z  +  {0,l)y  +  (2,OK+(l,l)ay+<0,2)y'+.... 
where  the  indices  m  and  n  are  positive  integers,  and  we  use  the 
symbol  (m,  n)  to  denote  the  coefficient  of  k"j",  so  that  (m,  n)  is 
a  constant  We  suppose  the  absolute  term  (0,  0)  to  be  zero ; 
but  the  coefficients  (1,  0)  (0,  1)  are  to  be  different  from  zero. 
The  rest  of  the  coefficients  may  or  may  not  be  zero ;  but,  if  the 
number  of  terms  be  infinite,  we  suppose  the  double  aeries  to  be 
absolutely  convergent  when  modx  =  mody=  1.*  From  this  it 
follows  that  the  coefficient  (m,  n)  must  become  infinitely  small 
when  m  and  ft  become  infinitely  great ;  so  that  a  positive  quantity 
X  can  in  all  cases  be  assigned  such  that  mod(m,  n):}>X  whatever 
values  we  assign  to  m  and  n.  It  also  follows  (see  chap,  xxvi., 
§  37)  that  1(m,  n)s"y"  is  absolutely  convergent  for  all  values  of 
z  and  y  such  that  modx;^!  mody>l. 

We  propose  to  show  tkat  one  value,  and  only  one  value,  of  y  as 
a  function  of  x  can  be  found  which  has  the  foUowitig  properties  : — 

V.  y  ia  BxjMJisible  in  a  amvergent  series  of  integral  pouiers  of  x 
for  all  values  of  z  lying  within  limits  which  are  not  infinitely  narrow. 

2".  y  has  the  initial  value  0  when  z=0. 

3°.  y  TnaJces  the  equati^m 

2(»»,  nyy  =  0  (1) 

an  intelliphU  idetUiltf. 

Let  us  assume  for  a  moment  that  a  convergent  series  for  y 
of  the  kind  demanded  can  be  found.     Ita  absolute  term  must 
vanish  by  condition  2°.     Hence  the  series  will  be  of  the  form 
y  =  b,x  +  b,3?  +  b^^  +  .  .  .  (2). 

In  order  that  this  value  of  y  may  make  (1)  an  intelligible 
identity,  it  must  be  possible  to  find  a  value  of  x  <  1  such  that 
(2)  gives  a  value  of  y<l.  The  aeries  (1),  when  transformed  by 
means  of  (2),  will  then  satisfy  Cauchy's  criterion,  and  may  be 
arranged  according  to  powers  of  x.    All  that  is  further  necessary 

*  The  more  general  case,  when  tlie  aenea  U  convergent  «o  loug  aa  mod  z  >  a 
and  modyl>^,  can  easily  be  brought  under  the  above  by  a  aunple  traoirorm' 
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to  satisfy  condition  3°  is  simply  that  the  coefficiente  of  all  the 
powers  of  X  shall  vanish. 

It  will  be  convenient   for  what    follows    to    assume   that 
(0,   1)=  -1   (which   we  may   obviously   do   without    loss   of 

generality),  and  then  put  (1)  into  the  form — 

y={(l,0):E  +  (2,0)x'  +  {3,0)/+.  .  .  ( 

+  {(0,2)+    {l,2)x+{2,2)3f  +  {3,2)}^+.  .  .  }/ 


M(0.«)+    (l,n):«  +  {2,«K  +  {3,7.K+-  ■  •  }y" 


(3). 


Using  (2),  we  get 

b,x+       iiZ*  +      b,^  +  ... 
-{(1,0>>  +  (2,0)/  +  (3,OK  +  -.-} 
+  {(l,I>i  +  {3,  l)ii"  + {3,  IK +  ...){},  t  »,!  +  ».«■ +  --.!i 
+  ((0,2)+   (l,2)«  +  (2,  2)1?  + (3,2>ii' +  ...}{*, +  4,1  + J,i"  +  ...)V 

+  i(0,n)+   (l,n>  +  (2,ii><'  +  (3,n)/  +  ...){4, +4,1  + *,>!■  +  ... )»i» 

W- 

Hence,  equating  coefficients,  we  have 

S.  =  (1,0), 

J,  =  (2,0)  + (1,1)4,     +  (0,2)4,", 

4,  =  (3,0) +  (1,1)4,     +(2,1)4.     +(l,2)4,'  +  2(0,2)4,4,  +  (0,3)4.', 

4,.(»,0)  +  (l,l)4,.,  +  (2,l)i„_,+  .  .  .  +(0,»)»." 

(S). 

Here  it  is  important  to  notice  that  each  equation  assigns  one 
of  the  coefficients  as  an  integral  function  of  all  the  preceding 
coefficients.  Hence,  since  the  first  equation  gives  one  and  only 
one  value  for  t,,  all  the  coefficients  are  uniquely  determined. 
There  is  therefore  only  one  value  of  y,  if  any. 

In  order  to  show  that  (5)  really  affords  a  solution,  we  have  to 
show  that  for  a  value  of  z  whose  modulus  is  email  enough,  but 
not  infinitely  small,  the  conditions  for  the  absolute  convergency 
of  (2)  and  (4)  are  satisfied  when  b,,  b„  .  .  .  have  the  values 
assigned  by  (5). 
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This,  following  a  method  invented  by  C&uchy,  we  may  stow 
by  considering  a  particular  case.     The  moduli  of  the  coefficients 
of  the  series  (3)  have,  as  we  have  seen,  a  finite  upper  limit  A. 
Suppose  that  in  (3)  all  the  coefficients  are  replaced  by  A,  and 
that  X  has  a  positive  real  value  <  1.     Then  we  have 
y  =  A{a;  +  «'  +  a^+  .  .  .  } 
+  X{x  +  3f  +  a?+  .  .  .  }y 
+  A{l+x  +  3^  +  *^+  -  ■  ■  ly" 

(6). 

This  series  is  convergent  so  long  as  x  <  1  and  mod  y  <  1 .  It 
can,  in  fact,  be  summed ;  for,  adding  A  +  Ay  to  both  sides,  we  get 

(l  +  A)y+X  =  A/{l-x)(l-y), 
that  is,  (1  +  A))/"  -  y  +  Ax/(1  -x)  =  0. 

Hence,  remembering  that  the  value  of  y  with  which  we  are 
concerned  vanishes  when  x  =  0,  we  have 

y  =  [1  -  s/i  1  -  4A(1  +  A>r/(1  -  x)f]/2{A  +  1)  (7). 
Now,  provided  4A{1  +  A>i/(1  -x)<\,  that  is,  a: <  1/(2A  +  1)', 
the  right-hand  side  of  (7)  can  be  expanded  in  an  absolutely  con- 
vergent series  of  integral  powers  of  x,  the  absolute  term  in  which 
vanishes.  Also,  when  x<l/(2A-i- 1)*,  the  value  of  y  given  by 
(7)  is  positive  and  <  1,  therefore  the  absolute  convergency  of  (6) 
is  assured. 

It  follows  that  the  problem  we  are  considering  can  be  solved 
in  the  present  particular  case.  If  we  denote  the  series  for  y  in 
this  case  by 

y^C.i-t-C.o'-i-C.z'-h  .  .  .  (8), 

then  the  equations  for  determining  C,,  C,,  C„  .  .  .  will  be 
found  by  putting  (1,  0)  =  {2,  0)  =  (1, 1)  =  .  .  .  =  A  in  (5),  namely, 
C,  =  A; 

C,  =  A(l  -h  C,  -t-  C), 
C,  =  A(l  -H  C,  +  C,  -^  C  +  2C,C,  -f  C,*), 

C„  =  A(l+C„-.-i-C„-,+  .  .  .  -t-C,"), 

(9); 
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from  which  it  is  seen  that  C„  C,,  C„  .  .  .  are  all  real  and 
poeitiTO. 

Betuming  now  to  the  system  (5),  and  denoting  moduli  by 
attaching  dashes,  we  have,  since  (I,  0)',  (2,  0)',  &c^  are  all  less 
than  A, 

b'  =(1,0)'<A,<C., 

6.>(2,  0)'  +  (1, 1)'V  +  (0,  2)'V'<A{1  +  C,  +  C.*)<C„ 
V>(3,0)'  +  (1,  l)'i,'  +  (2,l)'i,'  +  (1, 2)'6,''  +  2(0,2)'6;ft,'  +  (0,  Z)%", 

<  x(i  +  c, + c,  +  c;  +  2c,c,  +  c,^  <  c„ 

(10)- 

Hence  the  moduli  of  the  coefficients  in  (2)  are  less  than  the 
moduli  in  the  series  (8),  which  is  known  to  be  absolutely  con- 
vergent. It  therefore  follows  that  the  series  (2)  will  certainly  be 
absolutely  convergent,  provided  modz<l/(2A-)- 1)'. 

It  only  remains  to  show  that  x  may  be  80  chosen  {and  yet 
not  Infinitely  small)  that  y  as  given  by  (2)  shall  be  such  that 
y'<l.     We  have 

y'<5,V  +  6.V'  +  6.V+  .... 
<C,i'  +  C,a:^  +  C,z*+  .  .  ., 
<[1  -  ^{1  -  4M1  +  AK/(1  -aO}]/2(A+  1)     (11). 
Now  the  right-hand  side  of  (11)  is  less  than  1,  provided 
x'<l/(2\+ 1)".     If,  therefore,  mod3;<l/(2A+ 1)',  the  absolute 
convergency  of  the  doable  series  (3)  or  (4)  will  be  assured; 
and  (2)  will  convert  (1)  into  an  intel%ible  identity. 

We  have  thus  completely  established  that  one  and  only  one 
value  of  y  expansible  within  certain  limits  as  a  convergent  series 
of  integral  powers  of  x  can  be  fonnd  to  satisfy  the  equation  (1) ; 
and  the  like  follows  for  z  as  regards  y.  The  functions  of  x  and  y 
tluu  determined,  being  represmtable  by  power-series,  are  of  course  con- 
timums.  The  limits  assigned  in  the  course  of  the  demonstration 
for  the  admissibility  of  the  solution  are  merely  lower  limits ;  &Dd 
it  is  easy  to  see  that  the  solution  is  valid  bo  long  as  (2)  itself 
and  the  double  series  into  which  it  converts  the  left-hand  aide  of 
(1)  remain  absolutely  convergent. 

VOL,  n  2  a. 
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It  should  be  remarked  that  we  have  not  shown  that  no  other 
power-series  whom  ahsolvie  term  does  not  ixmish  con  be  found  to 
satisfy  (1) ;  nor  have  we  shown  that  no  other  function  having 
zero  initial  value,  but  not  ei^nsibU  in  integnU  powers  of  x,  can 
be  found  to  satisfy  (1).  We  shall  settle  these  questions  presently 
in  the  case  where  the  series  Z(m,  n)x?^  terminates. 

§  19.]  The  problem  of  the  lieversion  of  Series  properly  so 
called  is  as  follows : — 

Given  the  equation 

a;  =  a,  +  0^  +  a„+dr«+' + .  .  .  (1), 

where  Om+O,  but  a^  may  or  may  not  he  zero,  and  the  series 
a^"^  +  a„+,y™'*'^  +  .  .  .  is  absolutely  convergeni  so  long  as 
mod  y^a  Jiaed  posUive  quanlUy  p,  to  find  a  convergent  expaa^on  or 
convergent  eayarwttwis  for  y  in  ascending  powers  ofx-a^ 

Let  f  denote  [(x  —  a^/a,„y™,  that  ie,  the  principal  value  of 
the  With  root  of  (x-a^jomt  and  lOm  a  primitive  mth  root  of 
unity,  then  (1)  is  equivalent  to  m  equations  of  which  the 
following  is  a  type  : — 

Kow,  the  series  inside  the  bracket  in  (3)  being  absolutely 
convergent  for  all  values  of  y  such  that  mody:^f>,  it  foUows 
from  the  binomial  theorem  combined  with  §  1  that  we  can,  by 
taking  y  within  certain  limits,  expand  the  right-hand  aide  of  (2) 
in  an  ascending  series  of  powers  of  y.    We  thus  get,  say, 

-<-™^£  +  y  +  cy  +  cy+.  .  .=0  (3). 

It  follows,  therefore,  from  the  general  theorem  of  last  para- 
graph that  we  have,  provided  mod  f  does  not  exceed  a  certain 
limit, 

y  =  6i-^'l+i.^»*^l*  +  6.'»m"^f*+.  .  .  (4). 

fFe  have,  of  course,  m  such  results,  in  which  the  coeffieienls 
b,,  b„  6.,  .  .  .  will  be  the  same,  but  r  teUl  have  the  different  values 
0,1,2,,  .  .,  (m-1). 

Each  of  these  solutions  is,  by  chap,  xxvi,  §  19,  a  continuous 
function  of  z. 
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Cor.  In  Ike partiadar  case  where  a,  =  0,m  =  I,  Ke  get  the  single 
tolviion 

y  =  b,x  +  b^'  +  b^+.  .  .  (5). 

Example.  To  rererae  the  aeries 

i  =  l+V/l!  +  l/'/2!  +  !/'/3!+.   ■  .  («). 

Let  s=  1  +3!,  then  we  havs 

Hence,  provided  mod  x  lie  within  a  certain  limit,  we  mnst  have  by  the 
general  theoreiD 

y=Sijr+i»K'  +  V''+.  .  ,  (8). 

Knowing  the  existence  of  the  convergent  expansion  (8),  we  may  determine 
the  coeScieute  u  follows. 

Give  y  a  small  increment  k,  and  let  the  corresponding  increment  of  x  be  A ; 
then,  from  (7),  we  have 

^-{y  +  &)-yAy+lc)'-y>{y  +  kf~y' 

II  2!  3!  ■  ■  ■     ■ 

Hence,  since  L|(y  +  t)"-y"i/it=nj"-'  when  k=0,  and  since,  owing  to 
the  continuity  of  the  seiies  as  a  function  of  y,  A^O  when  i  — 0,  we  have 

^1!     21      '  ■  ■' 


i..=i+f.+ 


Again,  from  [8),  we  have,  in  like  manner, 

L|=^6i  +  2itf:  +  3Jsic'+.  .  . 
Combining  (9)  and  (10),  we  have 

6,  +  2i»<j+86»<i'+  ■  ■  ■  =1/(1+*), 

=  l-a!+!C>- 

We  moat  therefore  have 

Ji  =  l,     i,=  -l/2,     i,=l/3,  .  .  . 
Therefore 

''    1     2      3 
_.-!      (»-l)V(^^l)' 


(11). 


It  must  be  remembered  that  (11)  ^vesonly  that  branch  of  the  function  y 
which  is  expansible  in  powers ot  i-1  and  which  vanishes  wheni=l.  We 
have,  in  fact,  merely  given  another  investigation  of  the  expansion  of  the 
principal  value  of  logx. 

g  20.]  Expansiona  of  the  varums  brandies  of  an  Algdyrak 
FnruMon. 
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The  equation 

2(m,n)z"y"+(0,  0)-0  (1), 

where  the  series  on  the  left  terminaies,  gives  for  any  assigned  value 
of  X  a  finite  number  of  values  of  y.  If  the  highest  power  of  y 
involved  be  the  nth,  we  might,  in  fact,  write  the  equation  in  the 
form 

A^  +  A^.y-U.  .  .+A.y  +  A,  =  0  (2), 

where  A,,  A,,  .  .  .,  A„  are  all  integral  functions  of  x.  If,  then, 
we  give  to  x  any  particular  valoe,  a,  real  or  complex,  it  follows 
from  chap,  xii.,  §  23,  that  we  get  from  (2)  n  corresponding  values 
of  y,  say  b,,  b„  .  .  .,  b„.  If  we  change  x  into  a  value  a  +  h 
difi'ering  slightly  from  a,  then  b„  b,,  .  .  .,  b„  will  change  into 
b,-i-ki,b,  +  kt,.  .  .,  ^n  +  ^i  that  is  to  say,  we  shall  get  n  values 
of  y  which  will  in  general  be  different  from  the  former  set.  We 
may  therefore  say  that  (2)  defines  y  as  an  n-valued  function  of 
z  -y  and  we  call  y  when  so  determined  an  algArak  Jtmdum  of  x. 

Since  every  equation  of  the  form  y  =  F(x),  where  F(x)  is  an 
ordinary  irrational  algebraic  function  (as  defined  in  chap,  zir., 
g  1),  can  be  rationalised,  it  follows  that  every  ordinary  irrational 
algebraic  function  is  a  branch  of  an  algebraic  function  as  now 
defined.  Since,  however,  integral  equations  whose  degree  is 
above  the  4th  caiuiot  in  general  be  formally  solved  by  means 
of  radicals,  it  does  not  fellow,  conversely,  that  every  a^ebraic 
function  is  expressible  as  an  ordinary  irrational  algebraic  function. 

In  what  follows  we  assume  that  the  equation  (2)  contains  (so 
long  as  X  and  y  are  not  specialised)  no  factor  involving  x  alone 
or  y  alone.  We  also  suppose  that,  so  long  as  3:  is  not  assigned, 
the  equation  is  Jrredvable,  that  is  to  say,  that  it  has  not  a 
root  in  common  with  an  integral  equation  of  lower  degree  in  y 
whose  coefficients  are  integral  functions  of  x.  If  this  were  so,  a 
factor  could  (by  the  process  for  obtaining  the  G.C.M.  of  two 
integral  functions)  be  found  having  for  its  coefficients  integral 
functions  of  x,  and  the  roote  of  the  equation  formed  by  equating 
this  factor  to  0  would  be  the  common  root  or  roots  in  question. 
Therefore  the  equation  (2)  could  be  broken  up  into  two  int^rat 
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equations  in  y  whose  coefficients  would  be  integral  functions  of  x ; 
and  each  of  these  woald  define  a  separate  algebraic  iiinction  of  x. 
The  condition  of  irreducibility  involves  that  (2)  cannot  have 
two  or  more  of  its  roots  equal  for  all  values  of  x.  For,  if  (2) 
had,  say,  r  equal  roots,  then,  denoting  all  the  roots  by 
y,,  y,,  .  .  .,  yni  t>be  equation 

%-y.)(y-y.)---(y-y.-)(y-y.+.)---(y-yn)  =  o  (3) 

would  have  r  - 1  roots  in  common  with  (2),  for  r  - 1  equal 
factors  would  occur  in  each  of  the  terms  comprehended  by  "Z. 
Now  the  coefficients  of  (3)  are  symmetric  functions  of  the  roots 
of  (2) ;  therefore  (3)  could  be  exhibited  as  an  equation  whose 
coefficients  are  integral  functions  of  Ag,  A,, .  .  .,  A«,  and  there- 
fore integral  functions  of  x.'  Hence  (2)  would  be  reducible, 
which  is  supposed  not  to  be  the  case. 

It  must,  however,  be  carefully  noticed  that  irreducibility  in 
general  (that  is,  so  long  as  x  is  not  speciaiiaed)  does  not  exclude 
reducibllity  or  multiplicity  of  roots  for  particular  values  of  x.  In 
fact,  we  can  in  general  determine  a  number  of  particular  values 
of  z  for  which  (2)  and  (3)  may  have  a  root  in  common.  In  other 
words,  it  may  happen  that  the  n  brariches  of  y  have  points  in  common  ; 
but  it  cannot  happen  that  any  tvxi  of  the  n  branches  wholly  coincide. 

When,  for  x  =  a,  the  n  values  b„  b,, ,  .  .,b„  are  all  different, 
a  (or  its  representative  point  in  an  Argand-diagram)  is  called  an 

ordinary  point  oi  the  function  y,  and  £,,  b, b„  single  values. 

li  b,  =  b,=  .  .  ■  =br,  each  =  b,  say,  then  a  is  called  an  r-ple  point 
of  the  function,  and  b  an  r-ple  value. 

For  every  value  of  x  (zero  point)  which  makes  A„  -  0,  one 
branch  of  y  has  a  zero  value ;  for  every  value  of  x  (double  zero 
point)  which  makes  Ao  =  0  and  A,  =  0,  two  branches  have  a  zero 
value;  and  so  on.  These  are  called  single,  double,  .  .  .,  zero 
values. 

For  every  value  of  x  (pole)  wliich  makes  A„  =  0,  one  bianch 
of  y  has  an  infinite  value ;  for  every  value  of  x  (double  pole) 
which  makes  A„  =  0  and  A„.,  =  0,  two  branches  have  an  infinite 

*  Sec  chsp.  iTiiL,  j  4. 
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value ;   and  so  on.     These  may  be  called   single,  dmMf,  .... 
infiniiies  of  the,  /undion. 

The  main  object  of  what  follows  is  to  show  that  eveiy  brancit 
of  an  algebraic  function  is  {witbin  certain  limiti),  in  tlie  neiglibourkood 
of  every  point,  expansihh  in  an  ascending  or  descending  power  series 
of  a  particular  kind  ;  and  thus  to  skoie  that  evert/  branch  is,  except  at 
a  pole,  continuous  for  all  ^nite  valties  of  x. 

§  31.]  If,  at  the  point  x-a,  the  algebraic  function  g  has  a  single 
value  y  =  b,  then  y-h  is,  within  certain  limits,  scpandble  in  an 
ahaelvleiy  convergent  series  of  the  form 

f-S  =  C,(>;-«)  +  C.(i-o)'  +  C.(i-.)'+  .  .  .       (t). 
■   Let  x  =  a  +  ^,  y  =  b  +  i],  then  the  equation  (1)  becomes,  after 
rearrangement, 

(0,  0)  +  (1,  0)g  +  (0,  1>7  +  (2,  0)f  +  &c  =  0  (6). 

Since  y  =  b  is  a  single  root  of  (1)  corresponding  to  x  =  a,  it 
follows  that  when  ^  =  0  (6)  must  give  one  and  only  one  zero 
value  for  t/.     Therefore  we  must  have  {0,  0)  =  0  and  (0,  1)  +  0. 

It  follows,  from  the  general  theorem  of  §.  18,  that  witbin 
certain  limits  the  following  convergent  expansion, 

,.C,£  +  C.{'  +  C^  +  .  .  ., 
and  no  other  of  the  kind  will  satisfy  the  equation  (5) ;  that  is, 
y  =  b+C,{x'a)  +  C,{x  -  a)'  +  C,{x  -a}'+  .  .  .        (6) 
will  satisfy  (1). 

The  function  y  determined  by  (6)  is  continuous  so  long  as 
mod  {x  -  a)  is  less  than  the  radius  of  convergency  of  the  series 
involved ;  and  it  has  the  value  y  =  b  when  x  =  a. 

If  we  suppose  all  the  values  of  y,  say  b„  i„  .  .  .,  h„,  corre- 
sponding to  X  =  a  to  be  single,  then  we  shall  get  in  this  way  for 
each  one  of  them  a  value  of  the  function  y  of  the  form  (6). 
HeQce  we  infer  that 

Cor.  So  long  as  no  two  of  the  branches  of  an  aigebraic  function 
have  a  point  in  common,  each  broTich  is  a  coTitinuous  function  of  x  ; 
and  the  increment  of  y  at  any  pmni  of  a  particular  branch  it  etpan- 
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sible  in  an  ascending  series  of  powers  of  the  increment  of  x  so  long  03 
the  modxdvs  of  the  increment  of  x  does  not  exceed  a  certain  finite 
value. 

§  22.]  We  proceed  to  diacugs  the  modification  to  which  the 
conclusions  of  last  paragraph  are  subject  when  x  =  a  is  a  multiple 
point  of  the  function  y. 

W«  shall  prove  that  for  every  multiple  point  of  the  qtk  order,  to 
which  corresponds  a  q-ple  value  y  —  h,we  can  find  q  differeid  convo'ffent 
expan^ffna  Jar  y  of  the  form  y  ~h  +  2Cr{a:  -a,)',  where  the  eiponentsr 
form  a  scriw  of  ijiereoBiTig  positive  fraeliorud  numbers. 

It  will  probably  help  the  reader  to  keep  the  thread  of  the 
somewhat  delicate  analysis  that  follows  if  we  premise  the  follow- 
ing remarks  regarding  expansibility  in  ascending  power-series 
in  general  r — 

If  I)  be  expansible  in  an  absolutely  convergent  ascending 
series  of  positive  powers  of  {,  of  the  fonn 

, .  c,r + c.c*" + a"*"*- + . . .     (A), 

where  a,,  n,,  ...  are  all  positive,  then  we  can  establish  a  series 
of  transformations  of  the  following  kind  : — 

i=r(c,+„),  „.r(c,+,,),  ,.=r(c.+,.),  ..., 
%-,-r(c»+,.)  (B), 

where  ij,,  ij„  .  .  ■,  in  ^H  vanish  when  |  =  0 ;  C,,  C„  .  .  .,  Cb 
are  all  independent  of  ^,  and  all  different  from  zero;  and 
C,  =  L7/r.  C,  =  Lv,/^,  .  .  .,  C„  =  L7„.,/S*' when^^O. 

Conversely,  if  we  can  establish  a  series  of  transformations  of 
the  form  (B),  and  if  we  can  show  that  );„  is  expansible  in  a  series 
of  ascending  positive  powers  of  f,  it  will  obviously  follow  that  ij 
is  expansible  in  the  form  (A). 

Let  now  y  =  6  be  a  j-ple  value  of  y  corresponding  to  3;  =  a, 
and  put  as  before  x-a  +  ^,  y^b  +  ij,  then   the  equation  (I) 

20n,»)f«<  =  0  (7).        • 
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Since  q  values  of  y  become  b  when  x  =  a,  g  values  of  ij  must 
become  0  when  ^  =  0.  Hence  the  lowest  power  of  ij  in  (7) 
which  ia  not  multiplied  by  a  power  of  $  must  be  tf.  There 
must  also  be  a  power  of  ^  which  is  not  multiplied  by  a  power  of 
ij,  otherwise  (7)  would  be  divisible  in  general  by  some  power  of 
1),  which  is  imposaible  since  (1)  is  irreducible.  Let  the  lowest 
such  power  of  ^  be  ^y. 
Put  now 

1-f'(C, +  ,,).{'.  (8), 

and  let  us  seek  to  determine  a  positive  value  of  A.  such  that 
Ci  =  Lp  =  Lij/i  ia  finite  both  ways  •  when  $  =  0. 
The  equation  (7)  gives 

2(m,  n)f»+»'V  =  0  (9). 

Now  (9)  will  f  amisli  values  of  v  which  are  finite  both  ways  when 
^  =  0,  provided  we  can  bo  determine  A  that  at  least  two  terms  of 
(9)  are  of  the  same  positive  degree  in  f,  and  lower  in  degree 
than  all  the  other  terms. 

Assume  for  the  present  that  we  can  find  a  value  of  A.  for 
which  a  group  of  r  terms  has  the  character  in  question,  so  that 
8  =  mi  +  Aji|=m,  +  Xn,=  .  .  .  =mr  +  An,  (10), 

where  «]>■«.>■  -  .  .   :!l>n,; 

and  X  =  (m,-nv)/(«r-«.)  (H). 

8  =  {m,ji,  -  m^)l{nr  ~  n,). 
Then,  putting  f.  =  g^^'"'""'',t  so  that  ^.=0  when  f=0,  and 
dividing. out  ^^'"^'"^i^  ^g  deduce  an  equation  of  the  form 
^f.  I'lfi  +  K.  ^y'  +  {mr-,,  nr->"^'+  .  .  .  +(m„  n,)p"'  =  0 

(12), 
where  <^f,,  o)  is  an  integral  function  of  ^  and  c. 

For  our  present  purpose  we  are  concerned  only  with  those 

*  That  is,  noither  zero  nor  infinite— s  usefOl  phrase  of  De  Morgan's. 

+  II  is  anffioient  for  our  purpose  to  take  the  principal  value  tnerelj  of  the 
(Ar  -  n])th  root  of  f.  It  must  be  observed  that  in  these  operatiooa  no  factor 
ia  to  be  divided  oat  of  %-»]',  see  Example  1. 
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roots  of  (12)  whose  initi&l  values  are  finite  both  ways.  There  are 
evidently  n,  -  *>i  Buch  roots,  and  their  initial  values  are  given  by 

K, «,)."'— +  K.„ »,.,).»-'-"'  +  .  .  .  +  K,»,).o 

(13). 
If  the  roots  of  (13)  are  all  different,  then  we  get  tif-n,  trans- 
formations of  the  form  (8) ;  and  the  corresponding  values  of  v, 
that  is,  of  C, +  1J,,  are  given  by  the  algebraical  equation  (12). 
Moreover,  since  all  the  valuee  of  v  are  single,  we  shall  get  for 
each  value  of  tj,  an  expansion  of  the  fonn 
r,,  =  d,^,  +  d^,'+.  .  ., 

and  each  of  these  will  give  for  rj  a  corresponding  expansion  of 

the  form 

+  ^M"ii-'nr  +  2)/C«r-ni)^  _   .   .      (U'). 

If  a  group  of  the  roots  of  (13)  be  equal,  then  we  must  pro- 
ceed by  means  of  a  second  transformation, 

1,-f,'(C,  +  „)  (16), 

to  separate  those  roots  of  (1 2)  which  have  equal  values.  If  the 
next  step  Bucceeds  in  finally  separating  all  the  initial  values,  then 
we  have  for  each  of  the  group  of  equal  roots  of  (13)  two  trans- 
formations (8)  and  (15),  and  finally  an  expansion  like  (14'),  the 
result  being  the  final  separation  of  all  the  n,~ni  roots  of  (12), 
with  convei^ent  expansions  for  each  of  them. 

Moreover,  we  must  in  every  case  be  able,  by  means  of  a 
finite  number  of  transformations  like  (8)  and  (15),  to  separate 
the  initial  values,  otherwise  we  should  have  two  branches  of  y 
coincident  up  to  any  order  of  approximation,  which  is  impossible, 
since  (1)  is  irreducible. 

All  that  now  remains  is  to  show  that  we  can  in  all  cases 
select  a  number  of  groups  of  terms  satisfying  the  conditions  (10) 
sufficient  to  give  us  q  expansions  corresponding  to  the  q  branches 
which  meet  at  the  ^ple  point  x  =  a. 
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The  best  vray,  both  in  theory  and  in  practice,  of  settling  this 
point  is  to  UBe  Kewlon's  Paralldogram,  which  is  constructed  as 
follows ; — Let  OX  and  OY  (Fig.  1)  be  a  pair  of  rectangular  axes, 
the  first  quadrant  of  which  is  ruled  into  squares  (or  rectangles) 
for  convenience  in  plotting  points  whose  co-ordinates  are  positive 
integers.     For  each  term  (m,  n)f"ij"  in  equation  (7)  we  plot  a 


point  K  (de-ffree-jmnt)  whose  co-ordinates  are  OM  =  m,  MK  -  n. 
We  observe  that,  if  KP  be  drawn  so  that  cotKPO  =  A,  then 
OP  =  OM  +  MP  =  m  +  nA.  Hence  OP  is  the  degree  in  £  of  the 
term  in  (9)  which  corresponds  to  (m,  n)^);".  If,  therefore,  we 
select  any  group  of  terms  whose  degree-polnte  lie  on  a  straight 
line  A,  these  will  all  have  the  same  degree  in  f,  namely,  the 
intercept  of  A  on  OX. 

The  necessary  and  sufficient  conditions,   therefore,  that  a 
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group  of  two  or  more  tenne  furnish  the  initial  values  of  a  group 
of  expaneiona,  let  us  say  he  an  effective  group,  are : — 

1°.  That  the  hne  A  containing  the  degree-points  shall  cut 
OX  to  the  right  of  0,  and  OY  above  0.  This  eecurea  that  X  be 
positive. 

2".  That  all  the  other  degree-points  shall  lie  on  the  opposite 
side  of  A  to  the  origin.  This  secures  that  all  the  other  terms  in 
(9)  be  of  higher  degree  in  f  than  those  of  the  selected  group. 

We  have  thus  the  following  rule  for  selecting  the  effective 
groups : — 

Let  A  and  E  be  the  degree-points  of  the  terms  that  contain 
{  and  ij  alone,  eo  that  OA  =p,  0£  =  q.  Let  a  radius  vector, 
coinciding  originally  with  AX„  turn  clock-wise  about  A  as 
centre  until  it  passes  through  another  of  the  degree-points  B. 
If  it  passes  through  others  at  the  same  time  as  B,  let  the  last  of 
them  taken  in  order  from  A  be  C.  Next,  Jet  the  radius  turn 
about  C  as  centre  in  the  same  direction  as  before,  until  it  passes 
through  another  point  or  points,  and  let  the  last  of  this  group 
taken  in  order  from  C  be  D.  Then  let  the  radius  turn  about 
D ;  and  so  on,  until  at  last  it  passes  through  E,  or  through  a 
group  of  which  E  is  the  last. 

We  thus  form  a  broken  line  convex  towards  0,  beginning  at 
A  and  ending  at  £,  every  part  of  which  contains  a  group  of 
degree-points  the  terms  corresponding  to  which  satisfy  the  con- 
ditions (10). 

Now  the  degree  of  the  equation  (13)  corresponding  to  any 
group  CD  is  the  difference  between  the  degrees  of  i}  in  the  first 
and  last  terms  G  and  D ;  bat  this  difference  is  the  projection  of 
CD  on  OY.  The  sum  of  all  the  projections  of  AC.  CD,  &c.,  on 
OY  is  OE,  that  is  to  say,  q.  Hence  we  shall  get,  by  taking  all 
the  groups  AC,  CD,  &c,  q  different  expansions  for  y  correspond- 
ing to  the  q  different  branches  that  meet  at  the  multiple  point 
x  =  a.  Each  one  of  these  has  the  same  initial  value  b,  and  each 
is  represented  by  a  separate  expansion  in  positive  ascending 
fractional  powers  of  :e  -  a. 
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Elxample.  To  separata  the  branchos  of  the  flinctioD  ig  at  the  point  f =0, 
1]  being  det^nnined  bj 

DJV  +  Cf'.,"  +  EV  +  Bfi'Sj  +  Af "  +  Li«^ 
+  JfV'  +  FfV'  +  ^eV  +  GfV'  +  H'W 
+  HJ"V'-0.  (18). 

TheloiresttemiinvalanBisii"',  BO  ttiat{  =  OiB  a  multiple  point  of  the  lOth 
order.  Hotting  the  degr«e9  of  the  terms  in  Nevton'a  diagram,  and  naming 
the  points  by  affixing  the  coeSciente,  wa  find  (see  Fig.  1)  that  the  efiectiTe 
gronpa  are  ABC,  CD,  DE.     Taking,  for  omplicit;  of  iUnatniiion, 

A=+2,     B=-3,     C=+l,     D=-l,     E=+l, 
ire  get  from  the  group  ABC 

X  =  a/a,  Bndii'-3i!  +  2=0, 
that  is,  11=1,  or  2,  the  corresponding  eipanriose  being 
1  =  P(l  +  '^.£'^  +  rfit*'+.  ■  .), 

From  the  gronp  CD,  we  get 

\-ilS,  ^-1^(3, 
that  ia,  ii  =  I,  w,  w',  where  u  is  a  primitire  imaginarj  cube  root  of  1,  the  cor- 
responding expansiona  being 

^  =  J«(l+rf,f'«  +  d,tW>  +  .  .  .), 

.,  =  J*V'  +  'ii°£"'+rfi'f**+.  .  ■). 
In  like  manner,  DE  gives  fire  elpanaions  of  the  type 
7,  =  f"(a  +  i,f"'  +  <i,f*»+.  .  .), 
where  o  is  any  one  of  the  five  Bth  roots  of  1. 
All  the  ten  branches  are  t^ns  accounted  for. 

It  should  be  observed  that,  if  we  form  an  integral  equation 
by  selecting  from  any  given  one  a  series  of  terms  which  form  an 
effective  group,  the  new  equation  gives  an  algebraic  function. 
Those  branches  of  this  function  that  have  zero  initial  values 
coincide  to  a  first  approximation  (that  is,  sb  far  as  the  first  term 
of  the  expansion)  with  certain  of  the  branches  of  the  algebraic 
function  determined  by  the  original  equation  which  have  initial 
zero  values.  Thus,  reverting  to  the  example  just  discussed, 
from  the  group  ABC  we  have 

AS"  +  E|"i,  +  CfV  =  0- 

This  gives,  when  we  drop  out  the  irrelevant  factor  ^, 
C^'  +  B^ij  +  Af  =  0, 
which  breaks  up  into  two  equations, 
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and  thus  determines  two  functions,  each  of  which  has  a  branch 
coincident  to  a  jirtt  approximatUm  with  a  branch  of  rj  (as  detet^ 
mined  by  (16))  which  has  zero  initial  value. 

In  like  manner,  DE  gives  C^  +  Dtj'  =  0 ;  and  DE  gives 
Df*  +  E,'  -  0. 

We  thus  get  a  number  of  binomial  equations,  each  of  which 
gives  an  approximation  for  a  group  of  branches  of  the  function 
5j  determined  by  (16).  We  shall  return  to  this  view  of  the 
matter  in  §  24. 

§  23.]  Before  leaving  the  general  theory  just  establiahed,  we 
ought  to  point  out  that  Nev>ton's  Paralldogram  maUa  us  to 
obtain,  at  every  point  {singular  or  non-sinffidar),  convergent  expansions 
/or  every  branch  of  an  algebraic  function  in  ascending  or  descending 
power-series,  as  the  case  may  be. 

To  establish  this  completely,  we  have  merely  to  consider  the 
remaining  cases  where  x  or  ^  or  both  become  infinite. 

Ist.  Let  us  suppose  that  the  value  of  the  function  y  tends 
towards  a  finite  limit  b  when  x  tenda  towards  so .  Then,  if  we 
put  rj  =  y-b,  x  =  ^,  we  shall  get  an  equation  of  the  form 

2(m,7i)?".,"  =  0  (17), 

which  gives  i;  =  0  when  ^  =  co  . 

Xet  us  suppose  that  Fig.  1,  as  originally  constructed,  is  the 
Newton-diagram  for  (17),  and  let  ^  be  the  highest  power  of  f 
that  occurs  in  (17)  so  that  00,  =  i.  Now  in  (17)  put  f  =l/f, 
and  multiply  the  equation  by  f  * ;  we  then  get  the  equation 

2(7«,«)ft-'»,''=0  (18), 

which  is  obviously  equivalent  to  (17). 

But  the  Newton-diagram  for  (18)  is  obviously  still  Pig.  1, 
provided  O.X.  and  0,Y,  be  taken,  instead  of  OX  and  OY,  as 
the  positive  part^  of  the  axes. 

Hence,  if  wo  make  a  boundary  convex  towards  0,  in  the 
same  way  as  we  did  for  0,  we  shall  obtain  a  series  of  branches 
of  If  all  of  which  are  expansible  in  ascending  powers  of  ^,  that 
is,  in  descending  powers  of  ^,  and  all  of  which  give  i;  =  0  when 
{  =  oo .     For  each  such  branch  we  have 
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{ff-J)/  =  c  +  rf/x'  +  e/3^+.  .  .  (19), 

where  X,  a,  ji, .  .  .  are  all  positive,  and  c  is  finite  both  ways. 

3nd.  Suppose  that  x  =  a  is  a  pole  of  y,  bo  that  y  =  %  when 
x  =  a;  and  put  i]  =  y,  f  =  x-a,  bo  that  we  derive  an  equation 
2(m,  n)?-,"  =  0  (20), 

for  which  Fig.  1  is  the  Newton-diagiam  with'  OX  and  OY  as 
ftjceB.     Then,  putting  j]  -  1/ij',  we  get  an  equation  of  the  form 
J(m, «){-,•'-.  0  (21), 

I  being  the  highest  expooent  of  Tf  in  (20). 

The  Newton-diagram  for  (21)  is  then  Fig.  1  with  0,X, 
and  0,Yi  as  axes ;  and  we  conBtruct,  as  before,  a  boundary, 
EFG  say,  convex  towards  0,,  every  part  of  which  gives  a  senea 
of  branches  of  if,  that  is,  of  1/ij,  expansible  in  ascending  powers 
of  {.     For  every  such  branch  we  eball  have 

,{-■ -!/(»  + if +  «f+-  •  ■), 
where  X,  a,  p,  .  .  .  are  all  positive,  and  c  is  finite  both  ways. 
Hence  also,  by  the  binomial  theorem  combined  with  §  1, 

that  is, 

yix  -  af  =  1/c  +  d^ix  -  a)-  +  e-(x-af^.  .  .      (22^ 
where  X,  a,  ^, .  .  .  are  all  positive,  and  e  Is  finite  both  ways. 

3rd.  Suppose  that  y  has  an  infinite  value  corresponding  to 
x  =  •£>  (pole  at  infinity).  Then,  if  we  put  z  =  |  =  1/f, 
y  =  t)=  Ijt}',  we  shall  get,  by  exactly  the  same  kind  of  reasoning 
as  before,  a  boundary  GHI  convex  to  0„  each  part  of  which  will 
give  a  group  of  expansions  of  the  fonn 

■\Vhence,  as  before,  for  every  Buch  branch 

y/i*=:l/(c  +  d/i"  +  e/j^  +  .    .  .). 

^llc  +  d'lz'  +  e'l/  +.  .  .  (23), 

where  X,  a,  ^,  .  .  .  are  all  positive,  and  c  is  finite  both  ways. 
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If  ve  combine  the  results  of  the  present  with  those  of  the 
foregoing  paragraphs,  we  arrive  at  the  following  important 
general  theorem  regarding  any  algebraic  function  y:  — 

Ifi/  =  Otchaix  =  a{a*<X)),lhen  L  y/(a!-(i)*  xajiniit  both  ways. 

Ify  =  0  vAen  x=ca,  then  L  y/a:  *  »  fin^e  botk  ways. 

I/f/=  tai^imx-a(a4=  •n),lhen  L  yKx-ay^isfinite  both  Kays. 

If  y=ia  when  a;  =  co  ,  then  L  y/a^  is  _finiie  both  ways. 

X.  is  in  all  eases  a  finite  positive  comTnensurahle  number  which  may 
be  called  the  order  of  the  pariicalar  zero  or  infinite  value  of  y. 

This  theorem  leads  tu  naturally  to  apeak  of  algebraical  aro-  or  itijimljf- 
valtiei  of  fiuctioDa  in  general,  meaning  such  as  have  the  property  just  stated. 
Thus  sinz^O  when  iK^O;  but  Lsin^/i^l  when  1=0  ;  therefore  we  say  that 
sinxhaaan  algebraic  zen>  of  the  Snt  order  when  x  — 0.  Again,  tana;— « 
whenz  =  i»-;  but  LtanK/(K- li-)-^  ia  finite  whan  i^iw  ;  the  infinity  of  tan  « 
ia  tharefore  algebraical  of  the  first  order.  On  the  other  hand,  «■=«  when 
x=  (D  J  bat  this  is  not  an  algebraical  infinity,  since  no  Jinite  valne  of  X  can  be 
found  aach  that  Le'/i*'  is  finite  when  a^co.     (See  chap,  kit.,  g  16.) 

§  24.]  Application  of  the  melhod  of  successive  apprommaiwn  to 
the  expansion  of  functions.  This  method,  when  applied  in  con- 
junction  with  Newton's  diagram,  greatly  increases  the  practical 
usefulness  of  the  general  theorems  which  have  just  been  estab- 
lished. The  method  is,  moreover,  of  great  historical  interest^ 
because  it  appears  from  the  scanty  records  left  to  us  that  it  was 
in  this  form  that  the  general  theorems  which  we  have  been  dis- 
cussing originated  in  the  mind  of  Newton. 

Let  us  suppose  that  the  terms  of  an  equation  (which  may  be 
an  infinite  series)  have  been  plotted  in  Newton's  diagram,  and 
that  an  effective  group  of  terms  baa  been  found  lying  on  a  line 
A ;  and  let  ij"  -  f  (the  coefficients  are  taken  to  be  unity  for 
simplicity  of  illustration)  be  a  factor  in  the  group  thus 
selected,  repeated,  say,  a  times,  so  that  the  whole  group  is 
*i{f.  *?)('?'" -?")"■  Let  A  be  moved  parallel  to  itself,  until  it 
meeta  a  term  or  group  of  terms  i^|,  -rj) ;  then  again  until  it 
meets  a  group  i^(£,  ij) ;  and  so  on. 
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The  complete  equation  may  now  be  arranged  thus — 

or  thus — 

say,  (>?"  -  f )"  +  T.  +  '.  +  ■  ■  ■  =  0- 

Now,  by  the  properties  of  the  diagram,  when  t/  =  f^, 
4^SiV)>  ^£t^)i  ...  are  in  ascending  or  descending  order  as 
regards  degree  in  ^,  and  the  same  is  true  of  r„  r,,  .  .  .  Let 
us  suppose  that  ^  and  ij  are  small,  so  that  r„  t„  ...  are  in 
ascending  order. 

Ab  we  have  seen,  rj"  =  f ,  that  is,  ?;  =  ^'",  gives  a  first 
approximation.  To  obtain  a  second,  we  may  neglect  t^,  t,,  . .  ., 
and  substitute  in  r,  the  value  of  i;  as  determined  by  the  first 
approximation.  To  get  a  third  approximation,  neglect  r„  .  .  ., 
substitute  in  t,  the  value  of  i;  as  given  by  the  second  approxima- 
tion, and  in  r,  the  value  of  i)  as  ^ven  by  the  first  approxima- 
tion. 

We  may  proceed  thus  by  successive  steps  to  any  degree  of 
approximation ;  the  only  points  to  be  attended  to  are  never  to 
neglect  any  terms  of  higher  degree  than  the  highest  retained, 
and  not  to  waste  labour  in  calculating  at  any  stage  the  co- 
efficients of  terms  of  higher  degree  than  those  already  neglected. 

Example  1.  Taking  the  aqnation  (16),  to  find  a  third  approziination  to 
one  of  the  braocheB  of  the  group  CD. 

Next  in  onler  to  C  and  D  s  parallel  to  CD  meets  aacceBsiTelj  B  and  A. 
Hence,  patting,  for  auoplicitj,  D— +1,  C=B  =  A=-1,  the  eqoatioa  (13) 
may  be  written 

£^'(i'-£')-{"f-P+.  ■  -=0. 
Whence  i?"  -  f*  -  f/i  -  f 'V  +  -  ■  •  =  0  (25). 

The  first  approximation  is  ii=^ ;  hence,  neglecting  ^"jrf  in  (25),  we  get 
for  the  ucond 

f'-e*-i'/f«=o. 

Whence  .j=f*>(l+t")"=f^l  +  i{«')  (26). 

IF  we  nse  this  second  approximation  in  ph,  and  the  first  approximation 
in  ^"JT^  now  to  be  retained,  (2£)  gives  for  the  third  approiimatioD 
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Whence,  if  ill  terms  higher  than  the  lost  retained,  be  neglected, 

which  gives  , 

=f*'(l+it"+«"^)  (27), 

which  IB  the  required  third  approiimRtion. 

This  might  of  conrse  be  obtained  by  auccessire  applications  of  the  method 
of  trnnadirmation  employed  in  the  demonBtration  of  %  22,  or  b;  the  method 
of  indeterminate  coeScienta,  but  the  calculations  nould  be  laborious.  It 
will  be  observed  on  comparing  (27)  vith  the  theoretical  result  in  S  22  that 
di  =  dt=df=d4=d^  =  (ii  =  dt  =  d^  =  0 ;  a  fact  which,  in  itself,  shows  the  advan- 
tages of  the  present  method. 

Example  2.  To  find  a  second  approximation  for  the  hrenchea  corresponding 
to  ABC  iD  equation  (IS),  in  the  special  case  where  A.=  +l,  B=-2,  C=+l, 
D=-l. 

in  this  approximation  are  (ABC)  and  (D).    We 

or  ('j-f')'-i'/f'=0- 

The  first  approximation  is  tt=i* ;  hence  the  second  is  given  hj 
(l-i*)'-£''/J'=0. 
thatii,  (l-i')'-i"  =  0. 

Whence  i,-f'±i"^=0, 

which  gives  the  two  second  approximations  corresponding  to  the  group. 
These  are  two,  because  to  a  first  approximation  the  branches  are  coincident. 
Thin,  therefore,  is  a  case  where  a  second  approximation  is  necessary  to  dia- 
tingnish  the  branches. 

Example  3.  To  find  a  second  approximation,  for  large  valnee  both  of 
{  and  If,  to  the  bruach  corresponding  to  HI  in  equation  (IS). 

Referring  to  Fig.  1,  we  see  that,  if  HI  move  parallel  to  itself  towards  0, 
the  next  point  which  it  will  meet  U  G.  Hence,  so  for  as  the  approximation 
in  question  is  concerned,  we  may  replace  (16)  by 

(Hf».j"  +  Ii»5')  +  Gf".,»=0. 

For  simplicity,  let  us  put  U  =  I,  I=G=  -1,  and  write  the  above  equation 
in  the  form 

Confining  ourselves  to  ons  of  tiie  five  first  approximations,  say  ir=f'i  we 
get  for  the  second  approximation 

which  glv«s  ^=f"(l+if-'*»). 

Example  4.  Given 

to  find  y  to  a  fourth  approximation.     We  have 

V=x-y'l2i-v'IV.-u'lit-  .  ■  .     . 
VOL.  II  2  B 
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Hence  1st  approz.  y=K. 

2nd     „       l/=^-l^- 

Srd      „      ,=.-J(i-l^)'-lj«, 

4th     „      ».i-i<«-4rf  +  lrf)'-K»-i.?)'-A«', 

Hittancai  NoU. — Ab  bu  aJreftdy  been  temarked,  the  fondsmentttl  ide«  of  the 
reversicm  of  seriaa,  and  of  the  eiponsioD  of  the  roots  of  Blj^braical  or  otbei  equa- 
tions in  power-seriea,  originated  with  Xewton.  Hia  famone  "  Parallelograin  "  ia 
first  mentioned  [n  the  aeeond  letter  to  Oldenbntg ;  but  ia  more  fully  explained 
in  the  QarmelTia  AruUyliai  (see  HoTsley's  edition  of  Newton'a  Works,  t.  i,  p. 
398).  The  method  was  well  miderstood  b;  Newton's  followers,  Stirling  and 
Taylor  ;  but  seenu  to  have  been  lost  sight  of  in  England  after  their  time.  It  was 
much  used  (in  a  modified  form  of  Do  Gna'a)  by  Cramer  in  hia  well-known  AntUfe 
det  lAgim  CouTiei  Algibriqva  (1760),  Xagrange  gave  a  complete  analytical  form 
to  Newton's  method  in  hia  "  Mfmoire  sur  I'Usage  dea  {factions  Continnes,"  Nmn. 
Mim.  d.  I'Ac  my.  d.  Sciences  d.  Berlin  (1776).      (Sea  <Ev,vrei  de  La^rangt,  t  iT.) 

Notwithslandiiigits  great  utility,  the  method  waa  everywhere  all  but  forgotten 
in  the  early  part  of  this  century,  as  has  been  painted  out  by  De  Morgan  in  aa 
interesting  account  of  it  giyen  In  the  Cianbridgg  Ph^oiqphiatl  Trantattiont,  ToL 
it  (1855). 

The  idea  of  demonstrating,  a  priori,  the  possibility  of  eipanuoni  such  as  the 
reTeraian-farmnlEe  of  S  18  originated  with  Caachy  ;  and  to  him,  In  effect,  aie  due 
the  methods  employed  in  gj  IS  and  19,  3ae  hia  memolra  on  the  Integration  of 
Partial  Differential  Equations,  on  the  Calculus  of  Umits,  and  on  the  Nature  and 
Properties  of  the  Hoota  of  an  Equation  whieh  contains  a  Variable  Parameter, 
Bxereica  d'Analyu  et  de  Phynque  MaHUmatiqst,  i.  i.  (1840),  p.  327  i  L  ii. 
(1841),  pp.  41,  109.  The  form  of  the  demonstrations  given  in  §3  18,  19  has 
been  borrowed  partly  from  Thomae,  EL  Theorie  der  Aiudyl^iAxn  Funelioitm 
eintr  Complexen  Vemrtderiichm  (Halle,  1880),  p.  107  ;  partly  tt^m  StoU,  AUgt- 
meint  ArUhnietik,  L  Th.  (Leipzig,  1886),  p.  296. 

The  ParallelogrBm  of  Newton  was  need  for  the  tbEoretical  purpose  of  establish- 
ing the  expansibility  of  the  branches  of  an  algebraic  function  by  PiiiKani  in 
hia  Classical  Usmoir  on  the  Algebraic  Functions  (Ziouo.  Math.  Jour.,  1S50), 
PuUeaniandBriotand  "Oo^c^aet  {Th4arie  du  Fonstumt  EUipUqua  {1^15), -g.  19) 
use  Cauchy'a  Theorem  regarding  the  number  of  the  roots  of  an  algebraic  equation 
in  a  given  contour  ;  and  thua  infer  the  continuity  of  the  roota.  The  demonstra- 
tion given  in  §  21  depends  upon  the  proof,  a  pricri,  of  the  possibility  of  an 
expansion  in  a  power-series ;  and  in  this  respect  follows  the  original  idea  of 

The  resder  who  desires  to  pursue  the  subject  further  may  oonsult  Durtge, 
Elemtnle  der  Theorie  der  FunctioTitn,  einer  Compltxeyt  VtriTiderlichat  OrStae,  for 
a  good  introduction  to  this  great  branch  of  modern  fanctioD-lheory. 

The  spplications  are  very  numerous,  for  example,  to  the  finding  of  cnrratnres 
and  curves  of  closeBt  contact,  and  to  curve-trauing  generally.  A  number  of 
beautiful  examples  will  be  found  m  that  mnch-to-be-reoommended  text-book. 
Frost's  Oant  Tracing. 

fiSBBOlSBS   XXIV. 
Kevert  the  following  series  and  find,  so  tar  aa  you  can,  exprosdons  far  ths 
coeffident  of  the  general  term  in  the  Reverse  Series : — 
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(2.)  y= 

(8-)  V  = 


(4.)  y  =  x+!i?l^-t-ir'IZ^  +  x'li*+  .  . 
(5.)  Ify-Bina;/Bin(3:  +  o),  eipamij: 


1  powers  of  y. 


1  iind  y  being  determined  aa  fnnctionB  of  each  other  by  the  following 
equations,  find  first  and  second  approxituations  to  those  biMichea,  real  or 
imaginaiy,  for  which  mod  z  or  mod  y,  or  both,  become  either  iufinitelj  small 
or  infinitely  great  :— 

(8.)  s»-2y=a!*-!B*. 

(7.)  aKv  +  i')-iahiv  +  x)  +  i!^  =  0,       (F.  99*). 

(8.)  ix-yr-[x-y)^-^-iy*=f),  {!.  m 


(n.)2(y-j:)'-a'=o, 

(la.)  a^-^Vy  +  a*x-lf-0. 

(IS.)  y[y-=if(y+^)=9<=^. 

(H.)  {x(y-x)-d']V=<^'. 

{16.)  i»i'-aV  +  oV-'«y*=0. 

(16.)  a(i"+j(»)-o'3!>j(+aV  =  | 

(17.)  ajV  +  'uV+fceV- 


(F.  86). 
(F.  116). 
{F.  121). 
(F.  181). 
(F.  140). 
(F.  143). 
(F.  148). 
dj^—0,  where  a,  b, 
(F.  155). 


(18.)  If  e.  be  any  constant  whatcTcr  when  n.  ia  a  prime  number,  »Dd 
such  that  «,—«,«,;,.  . .  when  n  is  composite  and  has  for  its  prime  factors 
p,  q,r,  .  ,  .,  then  show  that 

Ifa,  ^c,  .  .  .  be  a  giTeusnceessioii  of  primes  finite  or  infinite  in  nnmber, 
»  any  integer  of  the  form  a'b^e'' . . .,  I  any  integer  of  the  forms  a,  ab, 
abc,  .  .  .  (where  none  of  the  prime  factors  are  powers),  and  if 

F(=:)  =  2e,^i'), 
then  ^z)  =  2(-)-<,F(j:'), 

where  u  is  the  number  of  factors  in  t. 

(This  remarkable  theorem  was  given  by  Mbbius,  CrtlU'i  Jour,,  ii.  p.  lOG. 
For  an  elegant  proof  and  many  intereating  consequences,  see  an  article  by 
J.  W.  L.  Qlaiaher,  Phil.  Mag.,  ser.  6,  xviii.,  p.  618  (1S84).) 

*  F.  66  means  that  a  discosuon  of  the  real  branchsa  of  this  function,  with 
the  corresponding  graph,  will  be  found  in  Frost's  Ourvt  Tratmg,  i  69. 


D,a,l,zc.bvG00gIe 


CHAPTER   XXXI. 

Summation  and  Transformation  of  Series 
in  a«neral. 

THE   METHOD   OF   FIMITB   DIFFERENCES. 

§  1.]  We  have  already  touched  in  various  connections  upon 
the  sununation  of  series.  We  propose  in  the  present  chapter  to 
bring  together  a  few  general  propositions  of  an  elementary 
character  which  will  still  further  help  to  guide  the  student  in 
this  somewhat  intricate  branch  of  algebra. 

It  will  he  convenient,  although  for  our  immediate  purposes  it 
is  not  absolutely  necessary,  to  introduce  a  few  of  the  element&ry 
conceptions  of  the  Calculus  of  Finite  Differences.  We  shail  thus 
g^n  clearness  and  conciseness  without  any  sacrifice  of  simplicity  ; 
and  the  student  will  have  the  additional  advantage  of  an  intro- 
duction to  such  works  as  Boole's  Finite  Diffa-etuxs,  where  he  must 
look  for  any  further  information  that  he  may  require  regarding 
the  present  subject. 

Let,  as  heretofore,  «„  be  the  nth  term  of  any  series ;  in  other 
words,  let  v„  be  any  one-valued  function  of  the  intend  variable 

»;  Wn-ii  «B-i «i  tte  same  functions  of  »-  1,  n-  2, .  .  .,  1 

respectively. 

Farther,  let .  Au„,  ^Un-n     •  •  -i         Aui 

denote  «„+,-!*„,     u„-«„-„     .  .  .,     «,-«,; 

also  i(i«n),       i(ii«n-.),      .    ■    ..       ii(A«.), 

which  we  may  write,  for  shortness, 
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DIFFERENCE  NOTATION 


aV.  a'«„_,,    .  .  ..  in,, 

denote 

A«„+,-A«„,     Aw„-A«„.„     .  .   .,     Am, -Am,; 
and  BO  OD.     Thus  we  have  the  successive  series, 


«1. 
All,, 

A»„ 

■A..,     . 

.,      All,,     .  .  . 

A'li,, 

AV, 

A\,     . 

.,     A-«.,     .  . 

A'«,, 

A-ii., 

A-.., 

-,     AX,     .  .  . 

where  each  term  in  any  series  is  obtained  by  subtracting  the  one 
immediately  above  it  from  the  one  immediately  above  and  to  the 
right  of  it 

The  series  (2),  (3),  (4),  ...  are  spoken  of  as  the  series  of 
1st,  2nd,  3rd,  .  .  .  differences  corresponding  to  the  primary 
series  (1). 


Example  1.  If  Uk= 


1.  ^ 


.  B,  Ifl, 


I  all  equal,  and  tlia  third  and 


I,  6,  7,    ! 
2,  2,  2,    : 

0,  0.  0,    I 
where,  oe  it  happens,  the  eecond  di&erencee  ai 
all  higher  diSereucea  all  Tamsh. 

Cor.  If  we  take  for  the  primary  series 

A''m,,       A''u„       A'u,,       ,    ,    .,       A'ttnj    ■    ■    ■. 

then  the  series  of  1st,  2nd,  3rd,  .  .  .  differences  will  be 

A'+iu,,     A'+Im,,     A'+Im,,  .  .  .,     A'+ii(„,  .  .  . 

A'+hi„    A'+»«„     A'+hi„  .  .  .,     A'+'un,  .  .  . 

A'+^tt,,     A'+^w,,     A'+X,  ■  ■  -,     A'+'mh,  .  ■  ■ 


In  other  words,  we  have,  in  general,  A'A'm„  =  A'+'m,.  This  is 
sometimes  expressed  by  saying  that  the  difference  operator  A 
obeys  the  associative  law  for  multiplication. 

Although  we  shall  only  use  it  for  stating  formuUe  in  concise 
and  easily-remembered  forms,  we  may  also  introduce  at  this 
stage  the  operator  E,  which  has  for  its  office  to  increase  by  unity 
the  variable  in  any  function  to  which  it  is  prefixed.     Thus 
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E^»)  =  ^n  +  1) ;     Eu„  =  Un+, ;     Ew,  -  u, ; 
and  80  on. 

In  accordance  with  this  definition  we  have  E{Eu„),  which  we 
contract  into  f?UH,  =  Eu„+,  =  Un4., ;  and,  in  general,  £'^  =  »„^.b«- 
We  have  also,  aa  with  A,  £'E'u„  =  £'+*»„,  for  each  of  these  is 
obviously  equal  to  u„^r+i- 

Example  2.  E'«'=(n+r)'. 

Ezampls  8.  The  nttli  different  of  an  integral  function  of  »  oC  the  rth 
degree  ie  an  integral  ftmction  of  the  (7--n>)th  degree  ifm-cr,  a  conatant  if 
r=m.Mroirin>r. 

Let 

""  A^u)=fltn  +  l)'+ft(n  +  ir-'  +  <n+l)'-*+.  .   . 

-on''-         bn'~'-  cn'~'+ .  .  ., 

lay,  where  fv_i(n)  la  an  integral  function  of  »  of  the  (r  -  IXh  degree.  Then, 
in  like  manner,  we  have  d0r-i(<>)  =  ^r-i(n).  But  A^](tt)^A'^rn;  hence 
iV.<n)  =  ^^«).  Similarly,  A'«/n)  =  *^n);  and,  in  general,  A-^«) 
—f,  „("),  We  see  also  that  ^'^,{11)  will  lednce  to  a  constant,  namely,  rl  a; 
and  that  all  differences  whoae  order  exceeds  r  will  be  zero. 

The  product  of  a  aeries  of  factors  in  arithmetical  progression,  such  is 
a{a  +  b)..  .  (a+(m-l)i),playBaconaiderablepartinthemnimationof8eri(a. 
Such  a  product  wai  called  by  Kramp  a  Faculty,  and  he  introduced  for  it  the 
notation  a*" '  ^,  calling  a  the  base,  m  the  exponent,  and  b  the  difference  of  the 
faculty.  This  natation  we  shall  occasionally  nse  in  the  slightly  modified 
form  al"!^,  which  is  clearer,  especially  when  the  exponent  is  componnd. 

a(a  +  i)...(a  +  (m-l)6)  =  i-^o/6)Wi  +  l)-.- Wi  +  m-1), 
any  faculty  can  always  be  reduced  to  another  whose  difference  is  onity,  that 
is,  to  another  o(  the  form  cl"!',  which,  omitting  the  I,  we  may  write  el"l. 
In  thia  notation  the  ordinary  factorial  ml  would  be  written  l'"!. 

The  reader  should  carefully  verify  and  note  the  fallowing  properties  of 
the  differeucea  of  Faculties  and  Factorials.     In  all,  cases  A  operates  as  usual 
with  respect  to  Jt, 
Example  4. 

d(n+iB)l"'l»=mi{a+i(n+l)}l"->l''. 
Example  S. 

ASl/(»+J»)l-l*i  =  -mi/(«+&")l"+^'*. 
Example  6. 
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Exunple  7. 

AHiii(a+jS»)=+2Binl/Jcos(a  +  i|8  +  ^). 

§2.]  Fwuiamenlal  Theorems.  The  following  pair  of  theorems* 
form  the  foundation  of  the  methods  of  difTerencea,  both  direct  and 
inverse : — 

L   A"U»  =  Un+m-mC.tt„+„..  +  „C,«,.+„_,  +  .   .   .  +  (  -  )'X,. 

H-  «»+»  =  "m  +  nC,  Am™  +  nC,A'um  +  .  .  .  +  A-a^. 

To  prove  I.  we  observe  that 
Aw„  =  w„+,-   w„; 

A'«n  =  Mn+i-    Mn+i 

-  Mt.+i  +  «»> 
=  Wn+i-2u„+i  +  «n; 

hence 

A'Un  =  "»+.- 2%+,  +    «„+i 

-  W„+,+    2W;,+  ,    -«„, 


and  so  on. 

Here  the  numerical  values  of  the  coefficiente  are  obviously 
being  formed  according  to  the  addition  rule  for  the  binomial 
coefficients  (see  chap,  iv.,  §  11);  and  the  signs  obviously  alter- 
nate.    Hence  the  first  theorem  follows  at  once. 

To  prove  II.  we  observe  that  we  have,  by  the  definition  of 
Aum,  Um-<-i  =  t^  +  Au„.  Hence,  since  the  difference  of  a  sum  of 
functions  is  obviously  the  earn  of  their  differences,  we  have,  in 
like  manner,  «,»+,  =  «„+, +  Aii„+,  =  M„,  +  A«™  +  A(M„,  +  AK„)  = 
«„  +  A«,„  +  Au„,  +  A'u„.      We  therefore  have  in  succession 

*  The  second  of  these  wu  given  by  Neirton,  Prineipia,  lib.  iii.,  lemma  t, 
(1887) ;  and  is  sometimes  spoken  of  sa  Newton'a  Interpolation  Fonniila.  See 
bis  tract,  MeOuidui  DifftraUialii  (1711) ;  a1«o  Denoivre,  MisctllatitaAjialyiica, 
p.  1(2  (1780),  and  Stirling,  Xdhadia  DiferatUalu,  be,  p.  97  (1T30). 


j,=,i,z..tvGoogIf 
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+    dn„+    d'w„, 

M„  +  2ili„  +     i'K„  ; 
Mm+.  =  1*m  +  2AM™  +     A*tt„ 

+    A«m  +  2^'m„  +  i^'u^ 
M„  +  3  Aii„  +  3A'u„  +  i'«™ ; 
and  so  on. 

The  second  theorem  is  therefore  established  by  exactly  the 
same  reasoning  as  the  first,  the  only  difference  being  that  the 
signs  of  the  coefficients  are  now^  all  positive. 

If  we  use  the  symbol  E,  and  separate  the  symbols  of  oper- 
ation from  the  subjects  on  which  they  operate,  the  above  theorems 
may  be  written  in  the  following  eaaily-remembered  symbolical 
forms : — 

A'%,  =  (E-1)'"«„     (I.);  w„+,  =  (l+i)»«„     <II-) 

§  3.]  The  following  theorem  enables  us  to  reduce  the  sum- 
mation of  any  series  to  an  inverse  problem  in  the  calculus  of 
finite  differences. 

Ifvnhe  ang  funclum  of  n  such  thai  Av„  =  u„,  then 

J^tt„  =  r„+,-t>.  (I). 

This  is  at  once  obvious,  if  we  add  the  equations 


U,  =  Ar,  =  p,+,  -  V,. 
The  difficulty  of  the  Bummation  of  any  aeries  thus  consists 
entirely  in  finding  a  solution  (any  solution  will  do)  of  the  finite 
difference  equation  A«„  =  v„,  or  v„+,  -Vn  =  Un-  This  solution  can 
be  effected  in  finite  terms  in  only  a  limited  number  of  cases, 
some  of  the  more  important  of  which  are  exemplified  below. 

On  the  other  hand,  the  above  theorem  enables  us  to  con- 
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Btmct  an  infinite  number  of  finitely  Hummable  aeries.  All  we 
have  to  do  is  to  take  any  function  of  n  whatever  and  find  its 
first  difference ;  then  this  first  difference  is  the  nth  term  of  & 
summable  seties.  It  was  in  this  way  that  many  of  the  ordinary 
Bummable  series  were  first  obtained  by  Leibnitz,  James  and  John 
Bernoulli,  Demoivre,  and  others. 

Ewinplel.  2|(i  +  jii|(<x  +  {ii  +  l)*}...  {o  +  (n  +  m-l)6!. 
Using  Ertmp's  notation,  we  have  here  to  solve  the  eqaatiou 

in^slrn-ni}!"!*  (2). 

Now  wo  easily  find,  by  direct  verifleation,  or  by  pntUng  m  + 1  for  Bi  aod 
n  - 1  for  n  in  g  1,  Example  4,  tlmt 

i[{«  +  (n-l)i!l"+H''/(m  +  l)il={o  +  n5ll'»l». 
Hence   r,=  {a  +  (n-l)6}l"+'l*/(in  +  l)i  is  a  yalno   of  v„   such  aa  wa 
reqaire. 
Therefore 

ffenee  the  mU-hnmira  rule 

S{<»+ni}{a  +  (n  +  l)i;  .  .  .  {a  +  [»+ni-lli| 

=  C+  {o  +  ni|  [o  +  (n  +  l)i}  .  .  .  {o  +  (n  +  m-l)H{o  +  {n  +  m)6t/(m-H)ft 

where  C  u  ind^iendeTit  of  n,  and  may  be/oimd  in  praetite  by  making  Ou  two 
tide*  1^  (A)  Offrte/oraparliadarvaltieofn. 

Example  2.  To  snm  any  eeriea  whose  nth  tann  is  an  integral  function  of 
«,  say/Hn). 

By  the  method  of  chap,  v.,  g  22  (2nd  od.),  we  can  express  /(n)  in 
thoformo  +  6»  +  en(n  +  l)  +  rfM{m  +  lXn  +  2)+ .  .  .     Hence 

!Efl«)=C  +  on  +  iM"  +  l)  +  M™  +  l)('»+2}  +  i'(n(n  +  l)(n  +  2)(n  +  3)+.  .  . 

[5), 
where  the  constant  C  can  be  determined  by  giving  n  any  particnlar  value 
in  (6). 

Examples.  Sl/(a+fra}l"l*. 

Proceeding  exactly  as  in  Example  1,  and  using  g  1,  Example  G,  we  deduce 
j  1  _l/;>t  +  Ml  — ^l^-l/("  +  i<n  +  l)}l  — 'I'         ,„. 

Hbocg  a  rule  for  this  clase  of  series  like  that  given  in  Example  1. 
Example  4.  To  snm  the  series  SflnVlo  +  frnjI^I^/fa)  being  an  integral 
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Deoompoieytn)i  ^iu  SiMnple  2,  into 

Then  we  have  to  evalatte 

oSl/{a+tii}i"IH^n/{o+t(n  +  l)}l"-ll''+.  .  .  (8), 

which  con  at  once  be  done  by  the  rule  of  Example  3.  * 
Example  5. 

This  can  be  dedaeed  at  once  from  1 1,  Example  6,  bjr  writing a  +  fr  fori 
»nd  n -  3  forn. 

Example  6.  To  sum  the  series  whose  terms  are  the  Figurate  Ifumbar*  of 
the  mth  rank. 

The  ligurate  numbera  of  the  ]Bt,  2nd,  3rd,  .  .  .  ranhs  are  the  numbers 
ill  the  lat,  Snd,  3rd,  .  .  .  vertical  colomns  of  the  table  (II.)  in  chap.  It., 
S  25.  Hence  the  (n4-1)tb  ligurate  nnmber  of  the  mth  rank  is  vf~-iC.^i 
=:„.(n-iCi<=nt(m  +  l).  ..  (m  +  n-l)/n!.     Hence  we  have  to  sum  the  series 

m[m-H)...(m+n-]) 


l+S 

Now  if  in  (9),  Example  C,  wepata=m,  b=l,  «= 
gml"!     (m+l)l"l     m  +  1 

m(m  +  l)  w(bh-1)...(to  +  h-1) 

1.2      ■^-  ■  ■  +  1.2. ..« 

^(m  +  lKm+2)^. . 
1.2., 


(10); 


that  is  to  aaj,  the  sum  of  the  first  nfi^rai*  numbers  qf&e  tiOh  rank  it  the  nA 
figaraU  numier  of  the  (m  +  l)(ft  rant. 

This  theorem  ia,  however,  merely  the  property  of  the  fonction  .JI.,  which 
we  have  already  established  in  chap,  xxiii.,  g  10,  Cor.  4.  The  preeent 
demonstration  of  (10]  is  of  course  not  restricted  to  the  case  where  m  is  a 
positive  integer. 

Many  other  well-known  results  are  included  in  the  formula  of  Example  G, 
some  of  which  will  be  found  among  the  exercises  below. 

*  The  methods  of  Examples  I  to  4  are  all  to  be  fonod  in  Stirling's  Uttluidiu 
DifferaUv^U.  He  applies  them  in  a  veiy  remarkable  way  to  the  approxi- 
mate evaluation  of  series  which  cannot  be  summed.  (Sea  Eiercisee 
XXVIl.,  17.) 
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Siample  7.  To  sum  the  aeriea 

a,  =  co8a  +  coa(»+p)+.  .  . +«»(a ■)-(«- l)ffl  ; 

T.  =  Bma  +  ain(a-f^)-l-  .  .  .  +aiii(a-i-(n-I)p). 
From  g  I,  Example?,  we  hm^  tMa<,a  +  fin,)  =  &  {aih(a-^+^)l2iaaip}. 

S,=  (»in{a-  i^+^«}-gm  (a-  lj9)}/2  sin  i^, 
Siuilarly, 

§  4.]  Expression,  for  the  sum  of  n  terms  of  a  series  in  terms  of  the 
first  term  and  its  suuemvt  differences. 

Let  the  seriea  be  u,  +  u,  +  .  .  .  +  % ;  and  let  us  add  to  the 
beginning  an  arbitrary  term  u.     Then  if  we  form  the  quantities 
S,  =  u„     S,  =  M,  +  «i,     S,  =  li,  +  a,  +  w„ 
■  ■  ■,     S„  =  «,  +  «,+«,+  .  .  .  +u«,  .  .  ., 
we  have 

AS„  =  a„+„     a'S„  =  A«„+„     .  .  .,     a"'S„  =  A'"-%„+„  .... 
Hence,  putting  n  =  0, 

as,  =  tt„    a%  =  A«„    .  .  .,    a"'S,  =  a'»-%„  .  .  .  (1). 

Now,  by  Newton's  formula  (§  2,  II.), 

S„  =  S,  +  „C,aS.  +  nC.A'S,  +  .  .  .  +  A-S.  <2). 

If,  therefore,  we  replace  S,,  AS,,  A'So,  ...  by  their  values 
according  to  (I),  we  have 

2«„  =  K.  +  „C,M,  +  „C,Au,  +  „C,A'«,+  .  .  .  +A''-'«,     (3); 

0 

or,  if  we  subtract  u,  from  both  sides, 

2w„  =  „C,m,  +  „C,A«,  +  „C.A'm,+  .  .  .  +A''-»M,     (4).* 

The  formula  (4)  is  simply  an  algebraical  identity  which  may 
be  employed  to  transform  any  series  whatsoeTer ;  for  example, 
in  the  case  of  the  geometric  series  ^)x"  it  gives 

*  This  formula,  wbicli,  as  Demoivr«  (MUcell.  Aii.,  p.  153)  pointed  out,  u 
an  immediate  conBequenee  of  Nevtoo's  rale,  seems  to  have  been  flrst  explicitl; 
stated  by  Montmort,  Joam.  d.  Savant  (1711].  It  was  probalilj  independently 
found  byJameiBenionlli,  for  it  is  given  in  tlie  .><r«  Cintjutani'f,  p.  OS  (171S). 
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mohtmort's  theorem 


n(n 


3! 


which  can  be  easily  verified  independently  by  transforming  the 
rightrhand  eide.  The  tranBformation  (4)  will,  however,  lead  to 
the  sum  of  the  Beries,  in  the  proper  sense  of  the  word  mm,  only 
when  the  mth  differences  of  the  terms  become  zero,  m  being  a 
finite  integer.  The  eum  of  the  series  will  in  that  case  be  given 
by  (4)  as  an  intend  function  of  n  of  the  mth  degree.  Since  the 
nth  term  of  the  series  is  the  first  difference  of  its  finite  simi,  we 
see  conversely  that  any  series  whose  sum  to  n  terms  is  an 
integral  function  of  n  of  the  mth  degree  must  have  for  its  nth 
term  an  integral  function  of  b  of  the  m  -  1th  degree.  We  have 
thus  reproduced  from  a  more  general  point  of  view  the  results  of 
chap.  XI.,  §  10. 

Example.  Sum  the  seriea 

2ln+l)(»+a)(fi+S). 

If  ne  tabulate  the  first  few  terma  and  the  ancceaiive  difference!,  we  get 


w. 

24," 

60, 

120, 

A»H 

36, 

60, 

80, 

A'«- 

24, 

80, 

38, 

A*». 

6, 

6, 

A*». 

0. 

Hence,  by  (*), 

2(n  +  l)(a  +  2)(n  +  3) 

n(n. 


n(n-l)(n-2)  n(n- 1)  («-2) (»-3) 


=  i(»*+H)»'  +  35«'  +  607i). 
§  B.]  Moninwrt's  Theorem  regarding  the  iummoMon  of  ^u^tf. 
An  elegant  formula  for  the  transformation  of    the  power- 
series  ^u,^"  may  be  obtained  as  follows.      Let  us  in  the  first 

place  consider  S  =  'Zu^x'^,  which  we  suppose  to  be  convergent  when 

mod  X  <  1 ;  and  let  us  further  suppose  that  mod  x  <  mod  (1  —  ;r}. 
Puta:  =  y/(I  +y);  so  that 
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mody/(l  +y)  =iiiod«<l, 

mod  y  =  mod  xj{l  -  a-)  <  1. 


(1  +  y)-"  ^  1  -  „C,y  +  „+,C,y'  -  „+,C,/  +  ■ 


S  =  2M„p"/{l+y)", 

=«■!'-  wy  +    w y  -    wy  + '  ^y  - 

■1-  «y  -  ,c,My + ,c,«y  -  .c,«y  + 

+    tty  -  fi,u^'  +  tC,u^  - 

+    uj/'  -  .Cjuy  + 

+      u^- 

Thie  double  Eeries  evidently  eatiafies  Cauchy's  criterion,  for 
both  mod  y  <  1  and  mod  y/(l  +  y)  <  I.  Hence  we  may  rearrange 
it  according  to  powers  of  y.  If  we  bear  in  mind  §  2, 1.,  we  find 
at  once 

S  =  H,y  +  iwy  +  i'ay  +  d'uy  +  4'«iy*  + .  .  .     . 
Hence,  replacing  y  hy  its  value,  namely,  x/(l  -  x),  we  get 


2u„a"  = 


(I)-* 


(l-x)'     (l-o;)-' 

When  the  differences  of  a  finite  order  m  vanish,  Montmort's 
formula  gives  a  closed  expression  for  the  sum  to  infinity  ;  and, 
if  the  differences  diminish  rapidly,  it  gives  in  certain  cases  a 
convenient  formula  for  numerical  approximation. 

Cor.  1 .   IFe  have  for  the  finite  mm 

+  (a\-^A'«,+,)^-1^3+--  ■     (2)- 

For,  if  we  start  with  the  series  k„+,ie"+'  +  w„+,x"''"*+  .  .  .,  and 
proceed  as  before,  we  get 

From  (1)  and  (3)  we  get  (2)  at  once  by  subtraction. 

•  First  given  by  Montmort.  Plnl  Tram.  R.S.L.  (1717).  Damoivro  g»v« 
in  his  aUceUanea  &  demmutratioD  tit;  macli  like  tlie  above. 
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Tte  formula  (2)  will  furnish  a  sum  io  the  proper  senae  only 
when  the  differences  vanish  after  a  certain  order.  The  eumma- 
tion  of  the  integro- geometric  aeries,  already  discussed  in  chap. 
XX.,  §§13  and  14,  may  be  effected  in  this  way.  It  should  be 
observed  that,  inasmuch  a^  (2)  is  an  algebraic  identity  between 
a  finite  number  of  terms,  its  truth  does  not  depend  on  the  con- 
vergency  of  SMn^",  although  that  supposition  was  made  in  the 
above  demonstration. 

Cor.  2.  If  it„  be  a  Teat  positive  qtumHty  mhich  amsianHy 
dimmaheg  as  b  inertasts,  and  if  1>„  =  0,  tte» 

«,-!*,  +  «,-.  .  .  =2«.-2''i'*'  +  2*^''*'""  "  ■     ^*^"* 

This  is  merely  a  particular  case  of  (1) ;  for,  if  in  (1)  we  put 

-  a;  for  3^  we  get 

i{  -  )"«^  =  2(  -  )''A'- V.  r,-^)"  (5). 

1  I  \l  +  z/ 

Since  the  differences  must  ultimately  remain  finite,  the  right- 
hand  Elide  of  (5)  will  be  convergent  when  x=\.  Also,  by  Abel's 
Theorem  (chap,  xxvi.,  §  20),  since  ^  -  )"«„  is  convergent^  tlie 

limit  of  the  left-hand  side  of  (5)  when  x  =  1  is  !S(  -  )"»„.     Hence 

I 
the  theorem  follows. 

The  transformation  in  formula  (4)  in  general  increases  tlie 
convergency  of  the  series,  and  it  may  of  course,  in  particular 
cases,  lead  to  a  finite  expression  for  the  sum. 

Cor.  3.   We  gel,  hy  svitraction,  th€  follotoing  formula  : — 

M,  -  W,  +  .  .  .  (  -  )"-*«„  =       '- 


J  («,-(-)".„+,) -j,(i«, - 

(-)"i».+.> 

4.(4V-(-)-AV+,)-- 

■     (6). 

in  which  the  restrictions  on  u„  will  be  unnecessary  if  the  right- 
hand  side  be  a  closed  expression,  which  it  will  be  if  the  differences 
of  «„  vanish  after  a  certain  order, 

'  Euler,  Inst.  Dig.  Oak.,  Part  II.,  cap.  L  (1787). 
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Example  1,  We  have  (Gregory's  Series) 

f-.-M^!*...  (7). 

If  we  ipply  (4),  wc  have  t(.  =  l/(2n-l).     Henoe 

A'«»=(-)'2.*...2r/(2n-l)(S«  +  l)(2n+8)...(2«  +  2r-l); 
4'-ui  =  (-)'2.4...2r/1.3.6...(2»-  +  l), 
=  (-)'2'.1.2...r/1.3.B...(2r  +  ]). 

Therefore  r^+S+O+fcel^^- "  "  '  W" 

Example  2.  To  stun  the  aeries 

S,  =  l«-2'  +  3'-  .  .  .  (-)"-'»'. 
Since  Au^i  =  2u  +  3,     du,  =  3, 

i»u^,  =  2,  d>u,  =  2, 

we  have,  by  (8), 

S,=l{l-(-)^'•+l)',}-l{3-(-}-(2«  +  3)}+l{^-{-)■2!, 

=(-r'H«+i). 

ExEBCis£s  XXV. 
(1.)  Sam  to  n  terme  the  seriee  whose  nth  tenu  is  the  nth  r-gonal 

nnmber.* 

Sam  the  following  eeriee  to  «  terme,  and,  where  possible,  also  to 
inftoity  :— 

(2,)  2n(a  +  2)(»  +  4).  (3,}  Zl/(n'-l). 

(4.)  1/3.8  +  1/8.18  +  1/13.18+ .  .  .     . 

(6.)  1/1.3.6  +  1/3. 5. 7  +  1/E. 7.9+.  .  .     . 

(6.}  1/1.2.3.4  +  1/Z.3.4.6  +  1/3.4.5.6+.  .  .     . 

(7.)  S(an  +  ft)/n(n  +  l)(n  +  2). 

(8.)  l/l-S. 6  +  2/3.6.7  +  3/5,7.9+.  .  .     . 

(B.)  1/1.2.4  +  1/2.8.6  +  1/8.4.6+.  .  .  . 
(10,)  1/1.3.7  +  1/8, B.B  +  1/B.7.11  +  .  .  .  . 
(11.)  2(n+l)'/B(n+2). 

(12.)  4/1.3.6.7  +  9/2.4.6.8  +  16/8.5.7.8+ .  .  .     . 
-     (18.)  IseonS»ec(i.  +  l)S.  (14.)  2 tan (e/2-)/2". 

(]6.)Zt«n-'{(««-»  +  l)»-V(l+»(''-l)»'"-')l- 
(18.)  Slan-"{2/n.'}. 

(17.)n»I  +  (B.  +  l)r/11  +  (m  +  2)!/2l+.  .  .     . 
(18.)  11/m1+2l/(m  +  l)l  +  81/(m  +  2)!+.  .  .     . 

*  The  81UD8  to  n  tenns  of  arithmetical  progresaione  whose  first  terms  are 
all  unity,  and  whose  common  diSerences  are  0,  1,  2,  .  .  .,(r-l),.  .  .  respect- 

iTely,  an  called  the  nth  polygonal  aatnheie  of  the  1st,  Sod,  3rd rth,  — 

order.    The  numbers  of  Uie  first,  second,  third,  fourth,  .  .  .  orders  are  spoken 
of  aa  linear,  triangular,  sqaare,  pentagonal,  .  .  .  numbers. 
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(I9.)l--C,+..C-.  .  .(-)',C,. 

(20.)  Shon  that  tbe  figurate  nnmbers  of  a  given  nuk  con  be  Bummed  by 
the  famrnU  of  §  3,  Example  I. 

'"■'  '  V^i»(a  +  l)Vm+i)(«+2)+'  ■  ■    ■ 
,,j  ,  ^.■H)...(.4.rl^,^.-H)...(.t,.Hl 

c  cic  +  1) 

(28.)  5 + af''  +  ^) 

(21.)  J(«  +  «)l"-'l/(c+n)l-l. 

(25.)      '■'      I      '■'■'      I      ■■'■'■'      I 

^      '  1.2.3.*     1.2.3.4.6     1.2.3.4.6.6  " 

(26  1  <'<-'-)(H-2f),(H-r)(H-2r)(H.3r) 

'     ■'      1.2.3.4.G  1.2.3.4.6.6         "^  .  .  .     . 

(!7.)?m-^«(m-l)  +  jJj«C»-l)(— 2)-.  .  .     . 

(23.)  Show  that 

V  2'2  "■("'*"2^"Tl/2'2  ■  '■\"~2.J"'"2l/2'2  '  "(""V 

(GluBher.) 

(29.)  Show  that 
l  +  2(l-o)  +  8(l-a}{l-2a)  +  .  .  . +n(l -a)(l-2«) ,  . .  (1  -  (n-l)*) 

=  <t-"{l-(l-o)(l-2a)...(l-«a)}. 

(2-l)(x-2)...(^-«)l       a  +  iy 
(31.)  Ifa  +  i  +  2=e  +  d,  then 

(a  +  I)l"'(i4-l)'-'    (a  +  I)"-"(ft  +  l)'-'ll 


"a'"'ft''  ai  r  (g  +  I)'"'(i4- 

,ol"lrfl"'~(o+l)(6  +  l}-ail  el"'rfl"' 

(82.) 


■'■(r-1) 


(p-J  +  l)-(p  +  ''-l)     (p-!+l)(p-9  +  2).(p  +  r-l)(p  +  r-2) 

(^tJucoltoROf  7iin^  Egnni,  voL  zli.,  p.  98.) 
(33.)  TninBroTin  the  equation 

log2=l-4  +  J-i+.  .  . 
by  S  6,  Cot.  S. 

(34.)  Shoff,  by  means  of  9  2,  I.,  that,  if  m  be  a  positire  integer,  then 

a  a(a-l)  «(<.^l)(a-2) 

-  't'^-^6(A-l)    -  *"ft(*-I)"(''-2) 
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RECURRINO  SERIES. 

g  6,}  We  have  already  seen  tfaal  any  proper  rational  fraction 
such  aa{a  +  bz  +  (^/(l  +px  +  52"  +  )/)*  can  always  be  expanded 
in  an  ascending  eeriee  of  powers  of  x.  In  fact,  if  mod  x  be  leas 
than  the  modulus  of  that  root  at  nf-^-q^  +px  +  1  =  0  which  haa 
the  least  modulus,  we  have  (see  chap,  xxvii.,  g§  6  and  7) 

We  propose  now  to  study  for  a  little  the  properties  of  the 
series  (1), 

If    we    multiply    both    sides    of    the    equation    (1)    by 
1  4-^  +  53^  +  n?,  we  have 
a  +  bx  +  c3*={l  +  pz  +  qi^  ■¥  n^{ut  +  UiX  +  u,3?  + . . .  +«„a^  +  . . . ) 

(2). 
Hence,  equating  coefficients  of  powers  of  a,  we  must  have 

«.  =  «  (3.); 

Ui+pua  =  b  (3,); 

u,  +  pu,  +  qut  =  e  (3,); 

u,-i- ptt,  +  gtti  +  TVo  =  0  (3,); 


Mn  +i«'«-i  + 1%-.  + '%.-.  =  0  (3„+,). 


Any  power-series  which  has  the  property  indicated  by  the 
equation  (3„+,)  is  called  a  Becwring  Pi»eer-Series;f  and  the  equation 
(3„^,)  is  spoken  of  as  its  Scale  of  Rdaiion,  of,  briefly,  its  Scait. 
The  quantities  p,  q,  r,  which  are  independent  of  r^  may  be 
called  the  Constanis  of  the  Scale.  According  as  the  scale  has 
1,  2,  3,  .  .  .,  r,  .  .  .  constants,  the  recurring  seues  is  said  to 
be  of  the  lat,  2nd,  3rd,  .  .  .,  rth,  .  .  .  orda-.  When  x=  1,  bo 
that  we  have  simply  the  series  Mo +  «,  +  «,+  .  .  .  +«„+  .  .  ., 
with  a  relation  such  as  (3„+i)  connecting  its  terms,  we  speak  of 

*  For  aimplicitj,  we  con&co  our  expoBition  to  the  case  where  the  de- 
nomiimtor  is  0!  the  3rd  degree  ;  but  all  our  statements  can  at  once  be 
generalised. 

t  The  theory  of  Recurring  Seriea  was  origlDatcd  and  Urgely  developed  by 
Denioivre. 
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the  seriea  as  a  recurring  series  simply;*  so  that  every  recurring 
series  may  be  regarded  aiS  a  particular  caae  of  a  recurring  power- 
series. 

It  ie  obvioua  from  our  definitioa  that  all  the  coefficients  of  a 
recurring  power-series  of  the  rth  order  can  be  calculated  when 
the  values  of  the  first  r  are  given.  Hence  a  recurrinff  series  of 
the  rth  (Trier  depends  vp<m  2r  con^ants ;  namely,  the  r  constants  of 
its  scale,  nnd  r  others. 

From  this  it  follows  that  if  the  first  2r  terms  of  a  series  be 
given,  it  can  be  continued  as  a  recurring  series  of  the  fth  order 
in  one  way  only ;  as  a  recurring  series  of  the  (r  +  l)th  order  in 
a  two-fold  infinity  of  ways ;  and  bo  on. 

On  the  other  hand,  if  the  first  2r  terms  of  the  series  be 
given,  two  conditions  must  be  satisfied  in  order  that  it  may  be  a 
recurring  series  of  the  (r  -  l)th  order;  four  in  order  that  it  may 
be  a  recurring  series  of  the  (r  -  2)th  order ;  and  so  on. 
Eiample.  Show  that 

z  +  2a:'  +  3»^'-l-4x*-^BI^^■&l!'  +  .   ,  . 

scale  be  «i,+j>«,_i+j«,_,=  a 

The  hrst  two  of  these  equations  give  ;=  -2,  ;=  +1;  and  these  T&Ines  an 
caiiaiitciit  with  the  remamiiig  two  equations.     Hence  the  theorem. 

§  7.]  The  rational  fraction  {a  +  bx  +  ci^)l{l  •t-pz  +  q3?  +  rs^,  of 
which  the  recurring  power-series  u^  +  UiX-t-  u^  +  .  .  .  is  the 
development  when  mod  x  is  less  than  a  certiun  value,  is  called 
the  Generating  Function  of  the  series.  We  may  think  of  the 
series  and  its  generating  function  without  regarding  the  fact 
that  the  one  is  the  equivalent  of  the  other  under  ceriain  restric- 
tions. If  we  take  this  view,  we  must  look  at  the  denominator 
of  the  function  as  furnishing  the  scale,  and   consider  the   co- 

*  Wa  might  of  course  regard  a  recurring  power-aeriea  aa  a  patticnlar  case 
of  a  recurring  series  in  general.  Thus,  if  we  put  U,  =  Kb«",  we  might  regard 
the  series  in  (1)  aa  a  recuiring  series  whose  scale  ia 
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efficients  as  determined  by  the  equatioDS  (3,),  (3,), .  .  .,  (3„+,).* 
No  question  then  arises  regarding  the  convergence  of  the  aeries. 
Given  the  scaU  and  the  first  r  terms  of  a  recurring  powersmet  of 
the  rih  order,  we  can  aiwat/t  find  its  generating  funelien. 

Taking  the  case  r  =  3,  we  see,  in  fact,  from  the  equations  (3  J, 
(3,),.  .  .,  (3„+,), .  .  .  of  §6,  that 

JM,  +  («,  +pvt)x  +  (m,  +pu,  +  yu,K}/{  1  +px  +  yiE*  +  re*! 
is  the  generating  function  of  the  series  tt,  +  u,x  +  v^+  .  .  ., 
whose  scale  is  rin+jm„_i  +  yaB_,  +  rK„_,  =  0. 

Cor.  1.  Every  recurring  power-series  may,  if  modx  be    small 
erwujh,  be  regarded  as  the  enpansion  of  a  rali^mal  fraction. 

Cor.  2.  The  general  ierm  of  any  reairring  aeries  can  always  he 
found  wJien  its  scale  is  given  and  a  suffiaent  numher  of  its  inilial  terms. 
For  we  can  find  the  generating  function  ^f  the  series  itself 
or  of  a  corresponding  power-series ;  decompose  the  generating 
function  into  partial  fractions  of  the  form  A(x-a)~';  expand 
each  of  these  in  ascending  powers  of  x ;  and  finally  collect  the 
coefficient  of  3^  from  the  several  expansions. 

Example.   Find  the  gBDeral  t«rm  of  the  recurdDg  series  whose  scale  is 
u,-  ilui,-i  +  C>Un-i-~!Uii-a  — 0,  anil  whose  first  three  terms  an  1  +  0-6.    Con- 
sider the  oorreHponding  power-series.     Here  p=  -4,  j  =  S,  r=  -2;  so  that 
a  —  UB=.\,     S  =  «i+piifl=  -4,     e=Ut+pui-\-gat=0. 
The  generatiog  foiictioi]  is  therefotft 

1-43!         ^ 1_-  4ar 

_    2  3  4 

-I-i.  +  {l-i!)'''(I-2«)* 
Exptading,  we  have 

i--J+/J-^=^'^+^*+='''+^"+^^!-*i'-^^*^'' 

=  l+2(3«  +  5-2^)«". 
The  general  term  in  question  ia  therefore  3ti  +  6-2*+'. 

§  8.]  If  u„  be  any  function  of  an  integral  variable  n  which 
satisfies  an  equation  of  the  form 

or,  what  comes  to  the  same  thing, 

Mb+.  +  J'Mn+.  +  y^+i  +  rUn  =  0 (I). 

*  We  might  also  regard  the  series  as  deduced  from  the  generating  function 
by  the  process  of  ascending  continued  divisiou  (see  chap,  v.,  %  20). 
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we  see  from  the  reasoning  of  last  paragraph  that  u„  ia  uniquely 
determined  by  the  equation  (1),  provided  its  three  initial  values 
Uf,  Ui,  u,  are  given ;  and  we  have  found  a  proceaa  for  actually 
determining  «„. 

It  ia  not  difficult  to  see  that  we  might  assign  any  three 
values  of  u„  whatever,  say  u.,  u^,  u^,  and  the  solutioa  would 
still  be  detenninate.  We  should,  in  fact,  by  the  process  §  7, 
determine  «„  as  a  function  of  n  linearly  involving  three  arbitrary 
constants  u,,  u,,  u,,  say  f{u„  it,,  u,,  n);  and  Ug,  u,,  u,  would  be 
uniquely  determined  by  the  three  linear  equations 

^W,,  «!,«,,  a)  =  M„    f(Ut,V„^,^)  =  Ue,    y(Mo,M,,W„y)  =  tt,  (2). 

An  equation  auch  aa  (1)  ia  called  a  Linear  Differenee-E^aaiion 
of  the  Srd  order  leitk  constant  coeffidetils ;  and  we  see  generally  that 
a  linear  differmGe-equation  of  the  rih  order  v>Uh  constant  eoeffidaUs 
hat  a  aniqiie  solutvm  when  the  values  of  the  function  intiolved  are 
given  for  r  d^erent  values  of  its  integral  argament. 

Eiunple.  Find  *  runctioD  u.  Buch  that  ".,|  -  4«b^  +  5u,tt-i  -  Sw.  =  0 ;  and 
t(o=l,  1*1  =  0,  Mj=  -B. 

Wb  have  rimply  to  repeat  the  work  of  the  example  in  S  7. 
§  9.]  To  sum  a  recurring  series  fo  n  +  1  terms,  and  {when  am- 
vergent)  to  infinity. 

Taking  the  case  of  a  power-series  of  the  3rd  order,  let 
S„  =  «,+u,a!+   Uf>?  + .  .  .  +  u„3f*, 
then 

qi^S„=  3i»o!E*+ .-. +?B„_^  +  y»^,a;''+'+    qu^+\ 

Hence    adding,   and    remembering   that  u„+pun.,+^u,^-, 
+  run-i  =  0  for  all  valuea  of  n  which  exceed  2,  we  have 
(1  +px  +  gp?  +  n^^  =  «a  +  (Ml  -^pu^x  +  (u,  -t-pii,  +  qu^ 

+  0«*ii  +  J«n-i  +  )T*«-,)a:"+^  +  (aw«  +  nt„-i)a;"+'  +  n(^+*  (1); 
whence  Sn  can  in  general  be  at  once  determined  by  dividing  by 
1  +px  +  gx?  +  7^, 

The  only  exceptional  case  ie  tliat  where  for  the  particular 
value  of  x  in  question,  say  x  =  a,  it  happens  that 
1  +^  +  2a'  +  ra'  =  0. 
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In  this  c&Be  the  right  hand  of  (1)  must,  of  course,  also 
vaniBh,  and  Sn  takes  the  indeterminate  form  0/0.  8„  may  in 
cases  of  this  kind  be  foond  by  evaluating  the  indeterminate  form 
by  means  of  the  principles  of  cbap.  xxv.  This,  however,  is  often 
much  more  troublesome  than  some  more  special  process  applicable 
to  the  particular  case. 

If  the  series  Su,^  be  convergent,  then   Lu,^'*  =  0   when 
n=  CO  ;  therefore  the  last  three  terms  on  the  right  of  (1)  will 
become  inGnitely  smajl  when  fl  =  m .     We  therefore  have  for 
the  sum  to  inanity  in  any  case  where  the  series  is  convergent 
ta    _".+  («!  +pu,)x  +  (tt,  +  jw,  +  jiicy  „, 

^*"  l+px  +  q2^  +  T3^  ^"'- 

The  particular  cases 

»,  +  «,+«,  +  .  .  .+%+.  .  .  (3), 

v,-u,  +  u,-.  .  .+(-)»«„  +  .  .  .  (4), 

are  of  course  deducible  from  (1)  and  (2)  by  putting  x  =  +  1 
and  x=  -I.  Exceptional  cases  will  arise  if  1  +  ^  +  g  +  r  =  0,  or 
if  1  -^  +  2-r  =  0. 

It  is  needless  to  give  an  example  of  the  above  process,  for 
Examples  I  and  2,  chap,  xx.,  §14,  are  particular  instances, 
"Snhf^  and  1  +  2(  -  )"-*2»w?*  being,  in  fact,  recurring  series  whose 
scales  areM„-3M„-,  +  3tin_,-M„_,  =  0  and  u„-i- 2u„., +  «„_,=  0 
respectively. 

ExBKOisis  XXVI. 
Sam  ihe  following  Tecmrmg  Beries  to  n  + 1  termi,  and,  vhere  admtaaibla, 

(1.)  2  +  6  +  18  +  3S  +  97+.  .  .     . 

(2.)  2+10  +  12-24  +  2+10  +  12+  .... 
8.)  a  +  17a:  +  fl6a:"  +  Mlx'+  .... 

(4.)  0  +  12z  +  30!E"  +  7&i!'  +  210iE'+  .... 

(6.)  l+4!r+17!>!'  +  76^»  +  35Si'+.   .  .     . 

(B.)  l+4*  +  103!'  +  22il'  +  48ic'+.  .  .     . 

(7.)  If  asariMbaiforitsrth  Urm  the  sum  of  rtermaof  arecnrringBeries, 
it  will  itself  be  b  racarriiig  aenee  with  one  mora  term  in  the  scale  of  relation. 

Find  the  aam  of  the  series  whose  rtb  term  is  the  sam  of  r  terms  of  the 
recnmng  series  1  +  6  + 40  +  28S+ .  .  .     . 
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(1)  IfT.,  T^i,  Ta+i  be  cooMcatiTe  terme  of  the  Rcnmng  series  vboM 
scale  uT»t4=aT»4.i-iT.,  then 

(T^i'  -  oT.T^i  +  (iT.')/(T,_H.i»  -  oT«_,T,_rt.i + bT^*) = IT. 
(9.)  Fonn  and  ium  to  r  taima  the  teria  each  term  in  which  u  half  the 
diSerance  of  the  two  preceding  terma. 

(10.)  Show  that  ever;  integral  seriee  (chap,  xz.,  |  4)  is  a  recarring  series ; 
and  find  its  seals. 

(11.)  If  UH=Uii-]-f-Uii-i,  and  ui  =  hui,  show  thst 

U,'  -  U^ltt^l  =  ( -  )^Cl'  -  B  -  l)Ui». 

(12.)  If  the  series  ui,  u,,  ui u.,  .  .  .  be  such  that  in  svery  four 

coosecntive  terms  the  sum  of  the  extremes  ezceeds  the  sum  of  the  means  by  a 
constant  quantity  c,  find  the  law  of  the  series  ;  uid  show  that  the  som  of  2m 

im(m- l)(lm  -  6)e  -  m(m  -  2)ui+mui+m(ri  -  l)us. 
(IS.)  If  Ub4.i  =  u,^i  +  u.,  Ui  =  \,  Ui^l,  sun  the  series 

i  +  A+  +_!^^ 

1.2    1.8  ««+iu*4a 

(14.)  By  French  lawui  ill^Umate  child  reoeires  one-third  of  the  portion 

of  the  inheritance  that  he  would  hare  received  had  he  been  Intimate.     If 

there  be  I  legitintBte  and  *  illegitimate  children,  show  that  the  portion  of 

inheritance  1  due  to  a  legitimate  child  is 


(CataUu,  Noav,  Ann.,  ser.  ii.,  t.  2.) 

WARINO'a     HBTHOD     FOR      SUMMING     THE     SERIES     FORMED    BY 
TAKING     EVERT     kiR     TERM     FROM     AMY     POWER  -  SERIES 

WHOSE  SUM  IS  e:nown. 

§  10.]  Tfaia  method  depends  on  the  theorem  that  the  mm  of 
the  ptk  powers  of  the  Hh  roots  of  uniiy  is  k  if  p  be  a  mulUpk  of  k, 
but  otherwise  zero. 

This  is  easily  seen  to  be  true ;  for,  if  u  be  a  primitive  ifcth 
root  of  1,  then  the  k  roots  are  oi',  ta\  lo*,  .  .  .,  <u'"'.  Ii  p  =  iJc, 
then  (w')''  =  «.>"**  =  (tu*)^  =1.  If  J)  be  not  a  multiple  of  *,  then 
we  have 

(,y  +  („y  +  .  .  .  +  («,*-i)i.=  i+(«,p)'  +  (,„p)'  +  .  .  .4.(»^)*-i, 

=  {l-(a^)*}/(l-a.P), 
=  0, 
for  (mP)*  =  (oj^y  =  1,  and  o>i*  +  i. 
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Let  UB  suppose  nov  that  f(z)  is  the  stim  of  n  terms  of  the 
power-series  u,  +  ^Un^i  "  being  finite,  or,  it  may  be,  if  the  series 
is  convergent,  infinite. 

Consider  the  expression 
^m  = 

k 

(1). 
where  m  is  0  or  tiay  positiTe  iDt«ger  <  i. 

The  coefGcient  of  af  in  the  equivalent  series  is 

«,i(.y-"+' + (»')*-"+' + iJf-*' + . . . + (,^-')'-»+')/i  (2). 

Now,  by  the  above  theorem  regarding  the  itth  root«  of  unity, 
the  quantity  within  the  crooked  bracket*  vanishes  if  k-m  +  r 
be  not  a  multiple  of  k,  and  has  the  value  iifXr-m-frbea 
multiple  of  k     Therefore  we  have 

U«  =  tW?"  +  «»+»a^*  +  «m+a^+**  +  .  .  .        (3), 
where  the  series  extends  until  the  last  power  of  x  is  just  not 
higher  than  the  nth,  and,  in  particular,  to  infinity  if  /(x)  be  a 
sum  to  infinity.* 

If  we  put  m  =  0,  we  get 

{/(>.)+/(.■«) +/(.'.)  +  .  .  .*M-h:)}lk 

=  1*0  +  Uja:*  +  tt^a:**  +  Wita^  +  .  .  .     (4). 
Example  1. 

Esnce,  if  w  be  a  primitivi  cnbe  root  of  1,  we  have 


where  3«  ft  the  greatest  multiple  of  S  which  does  not  exceed  n. 
Example  2.  To  imn  the  series 

•  miis  method  » 

Bems  to  bo  due  to  Waring.     See  Phil  Trant.  K.S.r~ 
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HencB,  if  10  be  »  primitiTB  4th  root  of  unity,  say  u=i,  then,  a 


HISCELLAHEOUS  METHODS. 
S  11.]  When  the  nth  term  of  a  series  is  a  rational  fraction, 
the  finite  summation  may  often  be  efi'ected  by  merely  breaking 
up  this  t«rm  into  its  constituent  partial  fractions ;  and  even 
when  summation  cannot  be  effected,  many  useful  transfonnations 
can  be  thus  obtained.  In  dealing  with  infinite  series  by  this 
method,  close  attention  must  be  paid  to  the  principles  laid  down 
in  chap,  xxvi,  especially  §13;  otherwise  the  tyro  may  easily 
fall  into  mistakes.  As  an  instance  of  this  method  of  working, 
see  chap,  xxviil,  §14,  Examples  1  and  2. 

Example.  Show  that 

1 ! + l + i +       \ 

J.!      —i  I  .  1  ,  1  __1_ 

Denote  the  aama  of  %  terau  of  the  tiro  given  aeriee  bj  S.  and  T.  reapeot- 
ively,  end  their  nth  tonne  bj  u.  end  e.  reepectiTOlf.     Then 

«„=-l/(i  +  n)  +  l/(z  +  n)'  +  l/(«+n+l)i 
v,  =  ll(x  +  «)-y{x  +  ,,  +  lf-ll{x  +  n+l). 

Whence  we  get  at  onea 

a,  +  T,  =  l/(»i  +  l)'-l/{i+n  +  l)'. 

Therefore  S„  +  T„  =  1/(1 + 1 )". 

§  13.]  EuleT'a  IdentUy.     The  following  obvious  identity  * 
1  -  ff,  +  a,(l  -  o,)  +  a,a^\  -  a,)  +  .  .  .  +  a,a, . . .  a„(l  -  o„+,) 

=  l-a,a....a,+,     (1) 
is  often  useful  in  the  summation  of  series.     It  contains,  in  fact, 

*  Used  in  the  slightly  difTerent  fonn, 
(J+a,)(l+o,)a+a,)(l+aj)... 

=  l  +  oi  +  a,(l  +  a,)+oj(l  +  ai)(l  +  oi)+a*(l  +  ai)0+ai)(l+a»)  +  .  .  ., 
by  Euler,  Sm.  Catim.  Pttrop.  (1760). 
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aa  particular  cases  a  good  many  of  the  results  already  obtained 
above. 

If  in  (1)  we  pat 

z  a:  +  p,  iK  +  B,  !K  +  B„ 

0,  =  -,      0,=   —J      0,=       ■■■,       .    .    .,       (!„+,  = ^, 

y         y+Pi         s+Pf  y+pn 

and  multiply  on  both  sides  by  y/{y  -  x),  we  get 

y+Pi   (y+px)(s+p>)    ■■■    (j'  +  j'.)(y  +  p.)---(y  +  i'n) 

■  _    y  X      (x  +  f|)(!C  +  ff.).-.(a;-t-j)») 


If  the  quantities  involved  be  such  that 

I— (y  +i'i)  (y  +  p.)  ■  ■  ■  (y +;>«) 

then 

y+p,    (y+i'i)(y+j'.) 


.  .  .  ad  «)  =  -^        (4). 


If  in  (2)  we  put  y  =  0,  we  get 

1  +  £  +  ?(£lZi}  +  +  ^a:+fi)...(a:+yn-.) 

=('%-)(-f)-  •(■V.)  <''• 

Prom  (6)  a  variety  of  particular  cases  may  be  derived  by 
putting  n  =  00  ,  and  giving  special  values  to  p„p„  .  .  .  Thus, 
for  instance,  if  the  infinite  series  Sl/pn  diverge  to  +  oo ,  then  (see 
chap.  xivL,  g  24)  we  have 

1_£.^^(£ZPl)_.  ..^^=0      ■  (6). 

Pi       p,P, 
In  general,  if  the  amHnued  product  n{l  -t-  xjp„)  converge  to  any 

dejvmie  limit,  then  ihe  series  1  +  S):(3:+y,) . . .  (x-i-p^.^jp^p,. .  .p^ 
eoniaerges  to  the  tame  limit. 

Eiomple.   Find  whan  the  InSnite  sariea 

'^s■^p  {v-^p)^y+'ipy^v+p)(v+^){v■i■spr' ' ' 

converges,  and  the  limit  to  which  it  conrergoa. 


D,a,l,zc.bvG00gIe 


394  EXEECISES  XXVII  chap. 

If  in  (2)  AborewB  putjii=ji,  pi=Sj),  be,  .  .  .,  we  have 

g ^ _y a_  j_   (3;+p)(3:  +  2p).  .  .{x  +  np)  ,gj_ 

Now  the  limit  in  qnestioii  may  be  writt«D 

1  \         i+vlnp  } 
but  this  diverge*  to  «  if  l^-y^p  be  po«iti»e,  and  oonTargas  to  0  if  (i-y)/y 
be  nsgatiTS  (chap,  zxvl,  g  Sj). 

Henoe,  if  ji  denote  in  all  casea  a  positive  qnantitj,  we  see  that 
11^1       '<^+y)        I  ad«=-^. 

ify>X!  and 

!  +  _?_+  _^£z£)_+  ^„^^L. 

y-P  (y-p){y-^)    '  '  y-« 

ify<z. 

BzzBoisES  2ZTII. 
(1.)  Given  l/(l-J!)'  =  l  +  2»!+Sa?  +  <i*+ .  .  ., 

snm  l  +  ta'+ra^  +  IOa«+.  .  .     . 

(2.)  Snm  the  series 

l+x'H+3*l1+.  .  .; 
l  +  i'/S!+a^/«t+.  .  .    . 
(3.)  If  ^z)  =  uo  +  uix  +  U3:^+  .  .  .,  and  a,P,y,  .  •  .be  tbe'ttth  roots 
of -1,  show  that 

where  m<n.  (De  Morgan,  Dif.  CaU.,  p.  S19  (1889).) 

Sum  the  following  series,  and  point  out  the  condition  for  conveigeoc; 
when  the  snmmatian  extends  to  infinity  : — 
(i.)  l-3?li  +  3fl7-  .  .  .  ad»; 

x-z*li\  +  x'p>-  .  .  .  adoo. 
(6.)  1+„C,  +  »C  +  .C+  .  .  .  ad«i 
l--C,+.C«-„Ci+.  .  .  ad«. 
(«.)  1/1.8+1/1.2.4+1/1-2-3-6+  .  .  .  tonterma. 
(7.)  l/1.2.8-(-»Ci/a.3.€  +  „Cy3.4.5+  .  .  .  adai. 
(8.)  l-ae/l-(-ar'/2-*z'/34-  .  .  .  8il<D. 
(S.)  case/1.2. 3  +  cos2«/2. 3. 4  +  cosS«/3. 4.S+ .  .  .  adv. 
(la)  l/l'.2'  +  7/2'.3'+.  .  .+(2»'  +  4»  +  l)/(n  +  l)'(fi  +  2)«. 
(11.)  l/l*.2>-l/2>.3'+.  .  .  (-)"-'l>'(n  +  l)*+-  -  -  ad«. 

(12.)  If  n  be  a  positive  integer,  show  that 

ntn-1)  1  B(n-l)(..-2) 


m+» 

'2(m- 

1)    3( 

1 

[    2(™ 

m+n)(m  +  n 
«{«-!) 
>  4-1)1^  +  2)  ■* 

1 

n(n- 

.l)(fi-2) 

»(m 

+  1)(. 

TO  +  2)(o,  +  3)     ■ 

D,.„. 
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(13.)  ShowthAt 

l~a/l    (l-ir/l)(l-a-/2)"^{l-*/l)(l-i/2){l-«/3)     ■ 
and  henoe  show  tliat 

-Ci»i-«C»»i+.  .  .  (-)".C!,ff,=l/.^ 
where  ff,=lA  +  l/2+ .  .  . +l/r. 
(14.)  Sum  the  series 

.     m»    w'(m'-l')    mV-I'Xm.'-g) 

T*'*'     I'.a"  irffTs'        ■*"■  ■  ■ 

l+~ 


+         fiP....y^ia. Pift.-.yw 

(ai+Pi)(a»+pi)...(o.+p,)  (oi+Jii)(i«i+ft)...(a,+p.)' 

(16.)  Show  that 

2  (l"-i«^)'    '*(l'-ar')'(3'-a^»"^'  "  '     ' 

(Gleuher,  Math.  Mem.,  1873,  p.  198.) 
(17.)  Show  that 

1_       1  1  1.2 

n'    n(n  +  l)"^n(n+l)(»  +  2)    n(n  +  l){»  +  2)(n  +  3)'^'  "  ■' 
and  apply  thia  result  to  the  approximate  calculatioD  of  ■*  hj  means  of  the 
formula 

»'/fl=lA'+l/2»+l/8H  .... 

(Stirling,  MOhodia  DiffermHalit,  p.  28.) 
(18.)  Show  that  ri/(n»»-l)  =  l  and  Sl/(o--l)  =  log2,  where  m  and  n 
have  all  possible  poeitiTS  integral  values  differing  from  unity,  a  \i  an;  even 
positive  integer,  and  each  distinct  fraction  is  counted  only  once. 

(Ooldbach'i  Theorem,  see  Liouv.  Math.  Jour.,  1812.) 
(IS.)  If  n  have  any  positive  integral  value  except  unity,  and  r  be  any 
positive  integer  which  is  not  d  perfect  powor,  show  that  2(n-l)/(r"-l) 
=  t'/8;  and,  if  d{n)  denote  the  number  of  divisors  of  n,  that  S(rf(n)-l)/r" 
=  1;  al80thfitS(n-l)/r=21/(r-l)».  ilb.) 
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CHAPTEK   XXXII. 
Simple  Oontinued  Fractions. 

NATURE  AND  ORIGIN  OF  CONTINUKD  FRACTIONS. 
§  1 .]  By  a  amtinued  /raclion  b  meant  a  fimcdon  of  the  form 

the  primary  interpretation  of  which  is  that  5,  is  the  ante- 
cedent of  a  quotient  whose  consequent  is  all  that  lies  under  the 
line  immediately  beneath  b^  and  bo  on. 

There  may  be  either  a  finite  or  an  infinite  number  of  links  in 
the  chain  of  operations ;  that  is  to  say,  we  may  have  either  a 
lerminaiing  or  fum-Urminating  continued  fraction. 

In   the   most  general   case   the  componetU  fractions  — ,    — , 

—,...,  as  they  are  sometimes  called,  may  have  either  positive  or 
negative  numerators  and  denominators,  and  succeed  each  other 
without  recurrence  according  to  any  law  whatever.  If  they  do 
recur,  we  have  what  is  called  a  recurring  or  paiodie  continued 
fraction. 

For  shortness,  the  following  abbreviative  notation  is  often 
used  instead  of  (1), 

a,+  —^^-—^  .  .  .  (2), 

the  signs  +  being  written  below  the  lines  to  prevent  confusion 
with 
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Examples  have  already  been  given  (see  chap,  iii.,  Exercises 
III.,  15)  of  the  redaction  of  terminating  continued  fractions; 
and  from  these  examples  it  is  obvious  that  every  termmaliag 
amtiml^d  fradien  whose  amsHtaenls  a„  a,,  .  .  .,  b„  h,,  .  .  .  are 
commmmraUe  numi^s  reducta  to  a  commetisuraUe  nvmber. 

§  2.]  In  the  present  chapter  we  shall  confine  ourselTes 
mainly  to  the  most  interesting  and  the  most  important  kind 
of  continued  fraction,  that,  namely,  in  which  each  of  the  numer- 
ators of  the  component  fractions  is  +  1,  and  each  of  the 
denominators  a- positive  integer.  When  distinction  is  necessary, 
this  kind  of  continued  fraction,  namely, 

111  /i\ 

fl,  + ...  (1), 

o,  +  o,  +  o,  + 

may  be  called  a  simple  eontinaed  fraetum.     Unless  it  is  otherwise 

stated,  we  suppose  the  continued  fraction  to  terminate. 

In  this  case,  for  a  reason  that  will  be  understood  by  and  by, 

the  numbers  a„  a,,  a,,  ...  are  called  the  first,  second,  third,  .  .  . 

pariiai  qmtietits  of  the  continued  fraction. 

g  3.]  EvtTy  nwnber,  commenstirdtle  or  incommensa/raiie,  may  be 
ea^essed  wwquely  as  a  simple  amtinved  fraction,  tdiich  may  or  may 
wA  terminate. 

Fen-,  let  X  be  the  number  in  question,  and  a^  the  greatest 
integer  which  does  not  exceed  X ;  then  we  may  write 

X  =  a,  +  1  (1), 

where  Xi  >  1,  but  is  not  necessarily  integral,  or  even  commensur- 
able. 

Again,  let  a,  be  tbe  greatest  integer  in  X„  so  that  a,^;  1 ; 
then  we  have 

X.  =  o.  +  ^  (2), 

where  X,>  1,  as  before. 

'The  notation  oi-l-  — -f- -f-^-f  .  .  .  U  frequently  used  by  ContinenUl 
wntars* 
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Again,  let  a,  be  the  greatest  integer  in  X, ;  then 

X.  =  a.  +  j[^  (3)  J 

and  so  on. 

This  process  will  tenninate  if  one  of  the  quantities  X,  say 
X„_,,  is  an  integer ;  for  ve  should  then  have 

X„.,  =  a„  {")■ 

Now,  using  (2),  we  get&om  (1) 

X  =  a.+ Y 

Thenca,  using  (3),  we  get 

x-«,  +  — L_ 

and  BO  oa 

Finally,  then, 

X  =  a.  + ...   —  (a). 

It  may  happen  that  none  of  the  quantities  X  comes  out 
integral  In  this  case,  the  quotients  a,,  a„  .  .  .  either  recur,  or 
go  on  continually  without  recurrence ;  and  we  then  obtain  in 
place  of  (a)  a  non-terminating  continued  fraction,  which  may  be 
periodic  or  not  according  to  circumstances. 

To  prore  that  the  development  is  unique,  we  have  to  show 
that,  if 

11  ,11  ,™ 

a,  +  a,  +  a,  +  0,'  +  ^' 

then  a,  =  a,',  a,  =  a,',  o,  =  a,',  &c. 

Now,  since  a,  and  a,'  are  positive  integers,  and ...  and 

— ,  -  ...  are  both  positive,  it  follows  that .  .  .  and  —, — 

a,  +  a,+  at+  a,  + 

—,■■    ...  are  both  proper  fractions.     Hence,  by  chap,  iii.,  g  12, 
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and 

J__L....i^A  .  ..  (J,. 

a,  +  a,+  a,+ffl,+ 

Again,  from  (S),  we  have 

11  ,11  ,, 

a.  + .  .  .  =0,  +  —. -, —  .  .  .  («). 

From  (<),  by  the  same  reasoning  as  before,  we  have 

0.  =  «.'  (0- 

^^^  _1_J 1_  ^     1 1_J_  ,, 

Proceeding  in  this  way,  we  can  show  that  each  partial 
quotient  in  the  one  continued  fraction  is  equal  to  the  partial 
quotient  of  the  same  order  in  the  other.* 

This  demoDBtration  is  clearly  applicable  even  when  the 
continued  fraction  doea  not  terminate,  provided  we  are  sure  that 
the  fractione  in  (|3),  (£},  (?;),  iS<:c.  have  always  a  definite  meaning. 
This  point  will  he  settled  when  we  come  to  discuss  the  question 
of  the  conveigency  of  an  infinite  continued  fraction. 

Cor,  If  a,,  a„  .  .  ■,  On,  6,,  6„  .  -  .,  6n  ^f  all  positive  mlegen, 
Xn+i  and  y„+,  any  positive  qvaiiHties  ratt^ud  or  irraUonal  each  of 
Khich  is  ^eater  than  unity,  and  if 

1         J^_L=j  +  J_         1    1 

'     a,+  '  '  '  o„  +  »i,+,       '     b,+  '  '  '  6„  +  y„+,' 
then  must 

a,  =  b,,a,  =  b„  .  .  .,  a„  =  bn,  and  also  Zn+,  =  tf„+,. 
%  4.]  As  an  example  of  the  general  proposition  of  g  3,  we 
may  show  that  every  commensuraUt  number  may  be  converted  into  a 
terminaiing  continued  fraction. 

Let  the  number  in  question  be  A/B,  where  A  and  B  are 
int^ers  prime  to  each  other.  Let  a,  be  the  quotient  and  C  the 
remainder  when  A  ii  divided  by  B ;  a,  the  quotient  Mid  D  the 

*  Wb  iDppose,  u  is  clearly  allowable,  that,  if  the  fractioD  terminates,  the 
but  quotient  is  >  1.  It  shoald  also  be  noticed  that  the  £rst  partiAl  quotient 
may  be  zero,  but  that  none  of  the  others  can  be  zero,  as  the  procen  u 
arranf^  above. 
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remaioder  when  B  is  divided  by  C ;  a,  the  quotient  and  E  the 
remainder  when  G  is  divided  by  D ;  and  so  on,  just  as  in  the 
arithmetical  process  for  finding  the  Q.C.M.  of  A  and  B.  Since 
A  and  B  are  prime  to  each  other,  the  last  divisor  will  be  1,  the 
last  quotient  a„  aay,  and  the  last  remainder  0.  We  then  have 
A^        C_  \_ 

B_        D_  1 

Hence 


1        1  1 


It  should  be  noticed  that,  if  A<B,  the  first  quotient  Oj  will  be  zero. 

Example  1. 

To  convert  1S7/S1  into  a  contioned  Auction. 

Going  throngh  the  procese  of  finding  the  O.C.M.  of  167  and  81,  we  have 
81)187(2 
182 
5}81(ie 
8CI_ 
1)5(6 


Example  2. 

ConeldeT  '23  =  28/100. 
We  have 


■23  =  0  +  ~„-'-,- 
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Cor.  If  we  remove  the  restridwn  that  the  last  pariial  quotient  shall 
be  ^eater  than  vnUy,  we  may  develop  any  cornmmsiiTahle  mmber  as 
a  amlinued  fiaction  tehkh  has,  at  au/i  plmxare,  tm  even  or  an  odd 
number  of  partial  quotients. 

For  eismplc,  2  +  i7X  r  '"*  ^^  "^^  number  of  partial  qaotieuta ;  but  we 

maywriteit  2+YgT^4"~i"'  wH«ti  h«»  an  even  nnmber. 

§  5.]  Any  iin^e  swrd,  and,  in  fact,  any  sirr^  sard  rmmber,  su<A 
as  A  +  Bp^'"  +  Cp""  +  .  .  .  +  K;/""'"",  can  be  converted  into  a  coa- 
Umaed  fraction,  aWimtgh  not,  of  course,  into  a  terminating  conti/aued 
fraction. 

The  process  coiuist«  in  finding  the  greatest  integer  in  a  series 
of  surd  numbers,  and  in  rationalising  the  denominator  of  the 
reciprocal  of  the  residue.  Methods  for  effecting  both  these 
steps  are  known  (see  chap,  z.),  but  both,  in  any  but  the 
simplest  cases,  are  very  laborious.  It  will  be  sufficient  to  give 
two  simple  examples,  in  each  of  which  the  result  happens  to 
be  a  periodic  continued  fraction. 

Example  1. 

To  canrert  VlS  mto  a  continued  tnctioh. 
Wo  have,  8  being  the  greatest  intagot  ■=  VlS, 


(Vi8+a)/4 

JO  thegreateat  integer  in  (^A3  +  3)/li8l,  we  havo 
Vl3  +  8     ,  ,  s/lS- 


Kmilarly,  we  have 


8/(Vl3-2)' 
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VT3  +  2_       Vi3-1_  I 

=1+-J_  - 

(■sAs  +  l)/* 

V!s+i,,      '^_z.^^,    1  _ 

1 
Via+s 
Vni+3=fl  +  Vl3-8=e+ — ;L —  , 

l/(Vi3-8) 
=  6+- 


nfter  which  the  proc«u  repetta  itaslC 

From  the  equations  (l) . . .  (8)  we  derive 


here  the  *  •  indicate  the  beginning  and  end  of  the  cycle  of  partial  qaotieuta. 
Example  Z 


To  eonrert  ■ 

-^^into 

We  have 

V3-: 

2 

V3  +  1 

V3  +  ] 
2 

1/(V3- 

1) 

2               2/(V5- 

7) 

alter  which  the 

qnotiento  recur.    We  have,  therefore, 

It  will  be  proved  in  chap,  xiiiii  that  every  positive  number  of  the  form 
( vP  +  Q)/R,  where  P  is  a  positive  integer  which  ia  not  a  pcrfoct  Bqnare,  and 
Q  and  fi  are  positive  or  negative  integers,  can  be  converted  into  a  periiidic 
continued  fraction  ;  and  that  every  periodic  continued  fraction  represents  an 
irrational  Dumber  of  this  form. 
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Expt^t  tha  following  aa  simple  contiiiDed  CroctioM,  tenniiutiDg  or  peri- 
odic w  tho  cue  may  be : — 

"■)  73-  "^^  ms-  *'■*  asm-  '*-^  "W 

(5.)  2718281.        (8.)  -0079.        (7.)  VB-         (8-)  VB.  <e.)  V(")- 

(10.)  VaO)-  (11-)  V(12).  (12-)  Vi-  (18.)  V8  +  I- 

(1*.)  l±i^'. 

[U.)Sbowt]^tl^-^=l  +  ^^±.^.  .   .     . 

(IS.)  A  line  AB  is  divided  in  C,  bo  that  AB.AC  =  BC.  Express  the 
ratio*  AC/AB,  BC/AB  at  simple  continued  fractions. 

(17.)  Express  V(o*+<*)  ^^^  V(o'-'>)  "  simple  continned  fnctions,  a 
being  a  poiitive  integer. 

(IS.)  If  a  be  a  positive  integer,  show  that 

(IB.)  If  a  he  a  pontiTB  integer  >1,  show  that 

W(W+i2).|+.iji:  .  .  .    . 

(20.)  Show  that 

(21.)  Show  that  eveiy  rational  algebraical  function  of  x  can  be  expanded, 
and  that  in  one  way  only,  as  a  terminatiiig  continned  fraction  of  the  form 

o,  +  _! L        ± 

"'*Q.+  <i.+  ■■■«.' 

whete  Qi.  Qa  .  ■  ■>  Q.  •>«  rational  integral  ftmctiona  of  x. 
Exemplify  witil  (z*+x'  +  ic  +  l)/(i*  +  3a'  +  2ia-tiH-l), 

Wir  "n:n:--. 


»-,- 
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PROPERTIES  OF  THE  C0NVERGENT3  TO  A  CONTINUED  FRACTION, 
§  6.]  Let  US  denote  the  complete  continued  fraction  by  x„  so 


(1); 


'•-'.*i^--l  (3); 

and  80  on. 
Tlien  x„  X,,  ...  are  called  the  amplete  guotienis  corresponding  to 
Of,  a,,  .  .  .,  or,  Bimply,  the  second,  third,  .  .  .  compete  qut^Uttts. 
The  fraction  itself,  or  x,,  may  be  called  the  first  complete  quo- 
tient It  will  be  observed  that  a,,  a,,  a,,  .  .  .  are  the  integral 
parts  of  X,,  Xf,  x„  .  .  .     . 

Let  us  consider,  on  the  other  baud,  the  fractions  vhich  we 
obtain  by  first  retaining  only  the  first  partial  quotient,  second  by 
retaining  only  the  first  and  second,  and  so  on ;  and  let  us  denote 
the  fractions  thus  obtained,  when  reduced  (without  simplifica- 
tion, as  under)  so  that  their  numerators  and  denominators  are 
integral  numbers,  by  p,jq„  Pa/q,,  -  .  .     Then  we  have 


-     -'i      -I 

w. 

1     _»,«,+l       ,, 

«,          «.            ft 

(ffl. 

(7). 

.,.J--i-..'.  1-        'to.'      .& 
and  so  on. 

(S), 

p,  =  afl,+  \,               q,  =  a. 

pt  =  a,a^  +  a,  +  0,,   y,  =  <vi,  +  1 
and  so  on. 

(>'X 
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The  fractiona  p,/qi,  pjq,,  ...  are  called  the  first,  second,  .  .  . 
c&tiva-gentg  to  the  continued  fraction. 

Cor.  Zf  the  amtinued  fraction  lermmaies,  the  latt  egnvergmt  is, 
hy  Us  definition,  the  amiimied  fradioti  itself. 

%  7.]  It  will  be  Been,  from  the  expressions  for  p„  p,,  p,  and 
5i.  ft.  ?.  in  §  6  (a),  (^),  (Y),  that  we  have 

P,  =  <hPt+Pi  (I); 

q,  =  <hq,  +  q,  (2). 

This  Buggests  the  following  general  formula  for  calatlaHng  the 
nwneralor  and  denominator  of  any  coiwergeat  when  the  natneratort 
and  denominators  of  the  two  preceding  convergmts  are  hioam,  luimely, 
Pn  =  a„Pn-,+P».,  (3); 

2»  =  an9«-,  +  ?n-.  (4). 

Let  na  suppose  that  this  formula  ie  true  for  the  nth  con- 
vergent. We  observe,  from  the  definitions  (a),  (/3),  .  .  .,  (8)  of 
g  6,  that  the  n  +  1th  convergent,  Pn+ihn+u  '^  derived  from  the 
nth  if  we  repUce  «■  by  «„  +  l/*»+i'  Hence,  since  pn-„  ?n-i. 
Pn-n  7n-<  <^<^  ^°^  contain  a„,  and  since,  bj  hypothesis, 

P,^_anPn-,+Pn-. 
?n       ««?»-i+9b..  ' 

it  follows  that 

Pn+,  ^  (g»  +  l/gn+i)fB-i  +yn-t 

?„+,     (a„+l/a„+,)3»-.  +  ?-.-.' 
or,  after  reduction, 

?»+,      ffl«+,{an?«-.  +  S»-l) +?»-.' 


by  (3)  and  (4). 
Hence  it  is  sufficient  if  we  take 

yB+.  =  an+.i'»+Pn-.; 

In  other  words,  if  the  rule  hold  for  the  nth  convergent,  it  holds 
for  the  n-t-lth.  Now,  by  (1)  and  (2),  it  holds  for  the  third; 
hence,  by  what  has  just  been  proved,  it  holds  for  the  fourth ; 
hence  for  the  fifth ;  and  so  on.  That  is  to  say,  the  rule  is 
generaL 
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peopebths  of  convergents 


Cor.  1.  Since  0^  is  a  positive  integral  number,  it  follows  from 
(3)  and  (4)  that  the  numerators  of  the  successwe  convergents  form  an 
iwreasmg  teries  of  tnttgral  numbers,  aiid  that  the  same  is  true  of  the 
denominators. 

Cor.  2.  From  (3)  and  (4)  U  fdiows  that 


1 


1 


1 


and  -^--=0.+     > !- 

2n-.  '»n-i+   ««-. 

For,  dividing  (3)  by  ?„,,,  and  writing 
.  .  ,,  3  in  place  of  n,  wo  have 

,  1 


(5); 
(6). 


y»-./p»- 


Pn-JPn- 


p,lp,  =  a,+p,lp,; 

1   1 


From  these  equations,  by  successive  substitution,  we  derive  (5) ; 
and  (6)  may  be  proved  in  like  manner. 

Example  1. 

Tha  coDtiniied  fraction  which  TepraaeuU  the  ratio  of  the  circamleTGiice  of 
a  ciiolB  to  the  diameter  is  8  +  -  —  onj  "t^  r      ■  ■  ■     ■       It  ia   »- 

quired  to  calculate  the  anccessire  conTergsnta. 

Thefir»ttwoconToigentaare3and3  +  =  ,  thatis,y,  -=-. 

Henco,  naing  the  tonnulie  (8)  and  (4),  we  h«Te  tho  following  table  :— 


where  })i=355,  for  example,  is 
namely  338,  b;  1,  and  adding 
atill,  naraeljr  22. 


!» 

a 

P 

? 

!« 

7 

22 

7 

IB 

1 

855 

113 

■fi 

999. 

103SB8 

33102 

" 

1 

104318 

33215 

1 

208341 

6S317 

obtained  by  multiplying  the  nanber  over  it, 
to  the  product  the  namber  one  place  higher 
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The  BDCccedre  couTei;geiitB  sro  therefore 

3      22      333      3E6     103893 

1'     7  '    108'     113'   831M 

Example  2. 

IfWft.  WSi.  .  .  .  be  ths  couTe^nt*  t«'-'-2+8+4+  '  '  '  n+  '  '  ' 
ad  « ,  ghoir  thftt 

p.=(n-l)p^i  +  (ft-lK-i  +  (7i-2)p,^+.  .   .  +8ft  +  2pi  +  2. 
By  the  Tecairence-fonunk  we  have 

y«_i=(ti-  l)p,^-a +?■-•  i 
j)._,=(ii-2)p.->+P— j; 

»nd(diirepi=l,j>i=8) 

Adding  all  these  eqnatioiu,  and  obserring  that  pn-a,P<t-»t  •  ■  ■,  Pa  each 
occur  three  tdmee,  once  on  the  left  multiplied  by  1,  once  on  the  right  multi- 
plied bj  1,  and  again  on  the  right  tnaltiplied  by  n-1,  n~2,  .  .  .,3  respect- 
irely,  ire  have 

p.-(n-l)f^,_,  +  {n-l)y^  +  (n-2)y,_,-f-.  .  .  +  8p,  +  2;.i  +  (jJi  +  l), 
which  givea  the  Toqnired  teBnlt  nncepi^l. 

Example  3. 

la  the  caee  of  the  eontinned  fraction  ai  + ^- .  .  .  prore 

thatp».=jji,+i',  psii-i  =  iiiJiii/'*S' 

By  the  definition  of  a  convergent,  we  haye 

sinoe  every  odd  partial  quotient  ia  ag. 
Again,  b;  Cor.  2  above, 


which  gives 

Also,  since  p»^-<hPi«-i+PM-t, 

?»M-l=ai?a, +  (*,.!, 
W  leads  to 

''ayi»-i+Pi.i-i='»i»i-+9*i-i  (')■ 

Now,  if  we  write  n-1  for  n  in  (7),  we  have  j)i,-]=ii.-i ;  hence  (8)givcfl 

Therefore 
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§  6.]  From  eqaations  (3)  and  (i)  of  last  section  we  can  prove 

the  /oHounng  impi/rtaai  property  of  any  bM  omsecuiiM  eonvergents : — 

For,  by  §  7  (3)  and  (4), 
J^H-i3«  - ynSn+i  =  {«»+iPn  +  Pn- 1)2»  -i^i(«ii+i?»  +  J»- 1). 
=  -  (?«««-)  - yn-.Sn)- 
Hence,  il  (1)  hold,  we  have 

?»+,?»-?■!»+■-  -(-1)". 
-(-1)"H 
In  other  words,  if  the  property  be  true  for  any.int^er  n,  it 
holds  for  the  next  integer  n  +  1.     Now 

Ml  -P^'  =  («!«.  +  1)1  -  "A. 
=  1. 

=  (-1)'; 

that  is  to  say,  the  property  in  question  holds  f or  n  =  2,  hence  it 
holds  for  n  =  3 ;  hence  for  n  =  4  ;  and  so  on. 

Cor.  1.  The  convergenis,  as  calculated  hy  the  rule  of  §  7,  are 
fractiffne  at  their  lowest  terms.    ' 

For,  if  pn  and  q„,  for  example,  had  any  common  factor,  that 
factor  would,  by  §  8  (1),  divide  ( - 1)"  exactly.  Hence  p„  is 
prime  to  y„ ;  and  pjq^  is  at  its  lowest  terms. 

Cor.  2. 


Vs.   q,J    V?.   qj  Un   ?»-i/ 

(3)- 


Cor.  3. 

'     ffjff.     M>     '   '   '      ?»-!?,. 
Cop.  4. 

For 

Pnin-,  -?«-.?»  =  (anPfl-i  +Pn-^n-i  ~ Pn-J.(h,qn-,  +  2»-.X 
'IPn-iin-t-Pn-tin-.W, 
-  (  -  )"-'^,  bj  Cor.  1. 
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Cor.  5. 

W?"  ~Pn-,kn-t  =  (  -  )"-W?n?«-.  iP)- 

Cor.  6.  The  odd  convergenls  amtinvally  increase  tn  vaiue,  Ike  even 
eanvergents  amtmuatty  decrease  ;  every  even  eonvergent  is  greater  than. 
every  odd  amvergenl ;  and  every  odd  convergml  is  less  than  cmd  every 
even  amvergent  ^eater  than  any  following  convergent. 

These  concluaions  follow  at  once  from  the  equations  (2) 
and  (5). 

Cor.  7.  Given,  two  integers  p  and  q  which  are  prime  to  each  other, 
KW  can  always  find  ivx)  posiHve  integers  p'  and  <(  swh  that  p^  -p'q 
=  +  1  or  =  -  1,  as  we  please. 

For,  by"  §  4,  Cor.,  we  can  always  convert  p/g  into  a  con- 
tinued fraction  having  an  even  or  an  odd  number  of  partial 
quotientn,  as  we  please.  If  p'/q'  be  the  penultimate  convergent 
to  this  continued  fraction,  we  have  in  the  former  caae  p^  -p'q 
=  +  1,  in  the  latter  yj"  -p'q  =  -  1. 

Example.  If  J^/jn  be  the  nth  convergent  to  0|+  — —  — —  .  .  .  — ,  and 
)  the  pftrtial 


.P./.«.ll»ooi.™ig.Mto*+-_-   .  . 

.^  which  oorresfDd. 

quotient  a. ,  show  that 
Wb  have,  hy  onr  data. 

1 
'  '  '  "- 

S3=-^ 

'  '  '  a,-r 

■   0»_,+   ,_rt.lP./,-r+lQ, 


[t). 


Now  it  U  eas;  to  «ee  that  the  numerator  and  denominator  of  the  fraction 
laat  written  are  mntoall;  prime  ;  therefora 
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From  (t)  we  deriTe 

=  (-l)C-.l)-'._^iQ,, 
by  (1)  above, 

M  was  to  be  showii. 

§  9.]  The  amvergenis  of  odd  crder  are  each  less  them  Ike  mhole 
continued  fraclion,  and  Ae  convergenis  of  even  order  are  each  greater  y 
ami  each  convergeni  is  nearer  in  value  to  the  whok  conUnued  fraction 
than  the  preceding. 

We  have,  by  §  7, 

and  the  whole  contiDued  iractiou  x,  is  derived  tiom  pn+Jq„^,  by 
replacing  the  partial  quotient  a„^,  by  the  complete  quotient 
Xn+1-     Hence 

From  this  value  of  x,  we  obtain 

^      y«__iCH+ij'n+j'«-i     Pn^ 


Similarly 


From  (1)  and  (2)  we  deduce 


(1)- 
(2). 


(3). 


'     5n-i 

Now  j„_,,  g„  are  positive  integers;  K„+i«tl;  and,  by 
7,  Cor.  1,  ?n-i<3n-  It  follows,  therefore,  from  (3)  that 
~Pnlln  >^  opposite  in  aign  to,  and  numerically  less  than, 
- pn-illn-f  In  Other  words,  Pnjin  differs  from  z,  by  less  thaji 
>-i/Sn-i  does;    and  if  the  one  be  less  than  x„  the  other  is 
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greater,  and  vice  vend.  Now  the  first  convei^ent  is  obviously 
less  than  z,,  hence  the  second  is  greater,  the  third  less,  and  so 
on ;  and  the  diSereoce  between  x,  and  the  BUcceasive  convergents 
continually  decreases. 

Cor.  1.  The  diffeemix  between  the  continued  fraction  and  the  fUh 
ctmvergenl  is  less  than  l/jn^n+i,  ■"«'  greata-  than  On+i/SnSn+i- 

For,  by  what  has  just  been  proved, 

Pn       Pn+,        ^        Pn±} 

S»'      3n+i'        "      5n+i 
are,  in  order   of  magnitude,  either   ascending  or  descending. 
Hence 


Again, 


B(5). 

Since  j„+,>s„,  and  since  2„W«n+t  =  {<»n+t3n+i +3«)/on+i 
"^fn+i  +  W<'n-H'^9n+i  +  $n  (''n-H  being  -^  I),  it  foUows  that  the 
upper  and  lower  limits  of  the  error  committed  by  taking  the  nth 
convergent  instead  of  the  whole  continued  fraction  may  be 
taken  to  be  !/$„'  and  l/qniin  +  in-n)-  These,  of  course,  are  not 
BO  close  as  those  given  above,  but  they  are  simpler,  and  in  many 
c^ses  they  wUl  be  found  sufficient. 

Cor.  2.  In  order  to  obtain  a  good  a/ppnmjnation  to  a  continued 
fraction,  it  is  advisable  to  take  thai  convergmt  whose  corresponding 
partial  guciient  immediatelg  precedes  a  very  mack  larger  partial 
quotient. 

For,  if  the  next  quotient  be  large,  there  is  a  sudden  increase 
in  qa+i,  so  that  Ijqngn+i  is  a  very  small  fraction. 

The  same  thing  appears  from  the  consideiation  that,  in 
taking  j>n/9„  instead  of  the  whole  fraction,  we  take  a^  instead  of 


<— i— ,  by 

5o     2n+. 

>    ""^  ,  bj 
Mm-. 
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a„  +  — ■  ■  ■ ,  that  IB,  we  neglect  the  part ...  of  the 

complete  quotient  Now,  if  0^+,  be  very  large,  this  neglected 
part  will  of  course  be  very  smalL 

Cor.  3.  The  odd  convergetUs  form  an  itua-easing  series  of  ratiotud 
fractions  a/niinually  approaching  to  the  value  of  Vie  whole  amtinwd 
fraction  ;  and  the  even  coneergetUs  form  a  decreasing  series  having  the 
same  pn^erty.* 

Cor.  4.  If  Pnl^n  -  ^i  <  l/?ii(?n  +  ?o-i).  where  q„.i  is  the  denomi- 
natoT  af  the  penultimate  convergent  to  p^jln  viken  converted  vito  a 
simple  amlinued  fraction  having  an  even  number  of  quotients,  then 
Ptihn  is  <meof  the  amvergents  to  the  simple  continued  fraction  ivhieK 
represents  x^;  and  the  like  holds  if  x,-pnlgn<l/qn{Qn  +  Qn-i}, 
where  §„_,  is  the  denominator  of  the  penultimate  convergent  to  p^q^ 
when  converted  into  a  ample  eonlinued  fraction  having  an  odd  numier 
of  quoHetits. 

Let  a„  0,,  .  .  .,  a„  be  the  n  partial  qnotientfl  oipn{qn  when 
converted  into  a  simple  continued  fraction  having  an  even  num- 
ber of  quotients,  and  let  j)„. ,/$„-,  be  the  penultimate  convergent. 

Then^rtjn.,  -pn-iQn'=  1- 

Let  Xn+,  be  determined  by  the  equation 

J_  _l 1_ 

'     o,  +  a„+  x„+. 

Then  we  have 

^1  -  i^+tPn  +  Pn-,)!{^i-,qn  +  ffn-i)> 
whence 

A,+i  =  (^j3«-.  -Pn-.yiPn  -  '^Wn). 

*  Tbe  value  of  every  simple  continued  fraction  lies,  of  cooiM,  between 
0  and  » ;  and  ve  ma;,  in  fact,  regard  these  te  tbe  first' and.  second  converg- 
ent* Teepectively  to  every  continued  fraction.     If  we  write  0=J,  and  «  =i, 

and  denote  these  bj  —  and  — ,  so  that  we  onderstand  p-i  to  be  0,  j*)  to  be 

1,  g-i  to  be  1,  and  90  to  be  0,  then  p-i  aaApt  will  be  found  to  foil  into  the 
mriea pi,  pi,  pt,  Ice.,  andg-i  and^o  into  the  aeries  91,  gt,  qt,  lu^  It  will  be 
found,  for  eiatnple,  that  pi=aipt+p-i,  ji=aijo+J-ii  J'o?-i-J'-i)»=(-l)' 
=1,  and  80  on. 
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or,  if  we  put  S  =pjqn  -  x„ 

Hence  the  necessary  aod  sufficient  condition  that  x„+,  >  I  is  that 
that  is, 

f<l/9n(?« +  ««-.), 

which   is   fulfilled   by  the   condition  in  the  fint  of   our  two 
theorems. 

Let  now  fi,,  &,,  .  .  .,  („  be  the  first  n  partial  quotients  in  the 
simple  continued  fraction  that  represent  x,.     Then  we  have 
^j^_l_  J 1_ 

where  y„+,  >  I. 
Hence 


■  ■*■.+  ?,+. 

Therefore,  by  §  3,  Cor,  we  must  have 
ence  o,  + .  -  .  +  — ,  that  is,  —  is  the  nth  convergent  to 


The  second  theorem  is  proved  in  precisely  the  same  way. 
Since  9n-i  <  ?nt  ^c  conditions  above  are  a  fortiori  fulfilled  if 

g  10.]  The  propositions  and  corollaries  of  last  section  show 
that  the  method  of  continued  fractions  posHessea  the  two  most 
important  advantages  that  any  system  of  numerical  calculation 
can  have,  namely,  Ist,  it  furnishes  a  regular  series  of  rational 
approximations  to  the  quantity  to  be  evaluated,  which  increase 
step  by  step  in  complexity,  but  also  in  exactness ;  2nd,  the  error 
committed  by  arresting  the  approximation  at  any  step  can  at 
once  be  estimated.  The  student  should  compare  it  in  these 
respects  with  the  decimal  system  of  notation. 
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§  II.]  It  shoald  be  observed  that  the  formation  of  the  aac- 
cessive  convei^nts  virtually  determines  the  meanii^  we  attach 
to  the  chain  of  operations  in  a  continued  fraction. 

If  the  continued  fraction  terminate,  we  might  of  course  pro- 
ceed to  reduce  it  by  beginning  at  the  lower  end  and  taking  in 
the  partial  quotients  one  by  one  in  the  reverse  order.  The 
reader  may,  as  an  exercise,  work  out  this  treatment  of  finite  con- 
tinued fractions,  and  he  will  find  that,  &om  the  arithmetical 
point  of  view,  it  presents  few  Or  none  of  the  advantages  of  the 
ordinary  plan  developed  above. 

In  the  case  of  non-tenninatiag  continued  fractions,  no  such 
alternative  course  is,  strictly  Speaking,  open  to  us.  Indeed,  the 
further  difficulty  arises  that,  a  priori,  we  have  no  certainty  that 
such  a  condnned  fraction  has  any  definite  meaning  at  all.  The 
point  of  view  to  be  taken  is  the  following : — If  we  arrest  the 
continued  fraction  at  any  partial  quotient,  say  the  «th,  then,  in 
the  case  of  a  simple  continued  fraction,  however  great  a  may  be, 
we  have  seen  that  the  two  convergents, ym-i/jm-ii  Pm/?"i>  i"" 
elude  the  fraction  Pf/q,  between  them.  Hence,  if  we  can  show 
that  Pm-i/im-i  And  Pml^m  cach  approach  the  same  finite  value 
when  n  is  increased  without  limit,  it  will  follow  that  as  i  is 
increased  without  limit,  that  is,  as  more  and  more  of  the  partial 
quotients  of  the  continued  fraction  are  taken  into  account,  p,jqt 
approaches  a  certain  definite  value,  which  we  may  call  the  value 
of  the  whole  continued  fraction.  Now,  by  §  8,  Cor.  5,  i>m-i/ffi»-i 
continually  increases  with  n,  and  Pnj^m  continually  decreases, 
&»diifn/?in>;'(n-i/$in-i-  Hence,  since  both  are  positive,  each  of 
the  two  must  approach  a  certtun  finite  limit.  Also  the  two 
limits  must  be  the  same;  for  by  §  8,  Cor.  2,  ^„/j„-^„_,/j„., 
=  l/jm^m-,,  and  by  the  recurrence  formula  for  j„  it  follows  that 
j„  and  {„_,  increase  without  limit  with  n;  therefore  Pm/ffn. 
-i'in-i/?m-i  may  be  made  as  small  as  we  please  by  sufficiently 
increasing  n. 

It  appears,  therefore,  that  every  HmpU  continued  fracUcm  has  a 
definite  finiU  value. 
Example. 
To  obtuu  a  good  commenaiirable  approiimatioii  to  th«  ratio  of  the  circnm- 
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ference  of  a  circle  to  the  dumeter.     Referring  to  Eiample  I,  g  7,  we  have  the 
following  appronmBtlonB  in  defect  ;— 

S      338      103998    , 

i'     106' 


,*c; 


and  the  fbUowiug  in  e: 


22      SE6 

7'    lis' 


Two  of  these,*  namely,  22/7  and  356/113,  are  dietingaished  beyond  the  others 
bj  preceding  large  partial  quotients,  namely,  Ifi  and  292. 

The  last  of   these   ia  exceedingly  sccnrate,    for  in   thia  case   l/;.},^f.I 
=  1/113  X  83102=  -0000002073,  and  au+a/?-g»«  =  1/113  x  33216  =  -0000002606. 
The  enoi  therefore  lies  between  '000000200  and  '000000267  ;  that  is  to  say, 
866/118  i«  accnrtte  to  the  0th  decimal  place.     In  point  of  fact,  we  have 
T  =  3-U:69265358  ,  .  . 
366/113  =  314156292035  ■  -  . 
Difrerence=    '00000026677  .... 


ExKECisBs  XXIX. 

(1.)  Calcolate  the  rarioiu  CQUTetgenta  to  ttyj>  ■^'^  estimate  the  errois 
committed  by  taking  the  first,  second,  third,  &c ,  instead  of  the  fraction. 

(2.)  Find  a  convergent  to  the  infinite  continued  fraction  —  —  jr  -  -  - 
which  shall  represent  il«  value  within  a  millionth. 

(3.)  Find  a  commensurable  approximation  to  ^(17)  which  shall  be 
accurate  within  1/100000,  and  such  that  no  nearer  fraction  can  be  found  not 
having  a  greater  denominator. 

(4.)  The  sidereal  period  of  Venus  is  224-7  days,  that  of  the  earth  366-26 
days  ;  calculate  the  various  cycles  in  which  tranaits  of  Venus  may  be  expected 
to  occur.  Calculate  the  number  of  degrees  in  each  case  by  which  Venus  is 
displaced  from  the  node,  when  the  earth  ia  there,  at  the  end  of  the  first  cycle 
after  a,  former  central  transit. 

(6.)  Work  oat  the  same  problem  for  Mercury,  whose  sidereal  period  ia 
87-97  days. 

(6.)  Acconling  to  the  Northampton  tableof  mortality,  oat  of  3fl35  persons 
who  reach  the  age  of  40,  3669  reach  the  age  of  11.  Show  that  this  ia  ex- 
pressed very  accnrately  by  uying  that  47  out  of  48  snirive. 

•  The  first  of  them,  22/7,  was  given  by  Archimedes  (212  B.C.)  The 
second,  SGS/113,  was  given  by  Adrian  Metins  (published  by  his  son,  1640 
X.D.) :  it  is  in  great  favour,  not  only  on  account  of  its  accuracy,  bat  because 
it  can  be  eaaOy  remembered  as  consisting  of  the  first  three  odd  numbers  each 
repeated  twice  in  a  certain  sncceaiion. 


D,a,l,zc.bvG00gIe 


416  EXZOCISSS  XXIX  CHAP. 

(7. )  Find  a  good  rational  approximation  to  V('^)  which  slull  diflei  from 
it  hj  Jesa  than  I/IOOOOO ;  and  compare  this  with  the  rational  approximatioa 
obtained  by  eipreaaing  \/[19)  as  a  decimal  fraction  correct  to  the  Sth  place. 

(8.)  If  a  ba  an;  incommanmuabk  quantity  wbaterer,  Bhow  that  two 
integers,  m  and  n,  can  always  be  found,  so  that  0<aii'  nKK,  however  amall 

(9.)  Show  that  the  numerators  and  also  the  denominatora  of  any  two  con- 
secutive convergentB  to  a  simple  continaed  fraction  are  prime  to  each  other ; 
alao  that  iip%  and  pn-t  have  any  eommou  &ctor  it  mnit  divide  a^  exactly. 

(10. )  Show  that  the  diffeience  between  any  two  consecutive  odd  oonvergents 
to  ■s/ia'  + 1 )  is  a  fraction  whose  numerator,  when  at  its  lowest  tenna,  is  2a. 

(11.)  Prove  directly,  fVom  the  recursive  relation  connecting  the  nnmentora 
and  denominators,  that  every  convei^nt  to  a  simple  continued  fraction  is 
intermediate  in  value  to  the  two  preceding. 

(12.)  Prove  that 

Show  that  pnlqm  differs  from  X]  by  less  Uiaa  l/ctOt . .  .  "ih-iVii.     b  thia  a 
better  estimate  of  the  error  than  l/jn?!^]  I 

(13. )  If  the  integers  x  and  y  be  prime  to  each  other,  show  that  an  integer 
i(  can  always  be  found  sach  that 

where  z  is  an  integer. 
(14.)  Prove  that 

(y.'  -  qn*i  (j^.-i'  -  ?.-i') = {p,p^i + ?»g«-il'  - 1 ! 
P-'+gi*    _    (f.Pii-i+giigi~i)'+l 

Pn-f  +  ?— «"      {P—iPn-%  +  J-.-1  jn-s)'  +  l' 

(IG.)  Prove  ihat  p^-ip^- q^t-^qn^  is  positive  or  negative  according  as  It  is 

even  or  odd.  

(18.)  IfP/Q,  P'/Q',  P'/Q"  be  the  nth,  »-lth,  o-2th  convergents  of 

_1 1^    _L  _L 

"i-t-  =1+  "1+  at+  '  '  '' 

J 1 1^ 

0»+   «»+    04  + 
_1 1_ 

respectively,  show  that 

P=a»P'  +  P',     Q=(aiOj  +  l)P'  +  o,P-. 

(17.)  If  the  partial  qnotients  ofxi=Pnli<i  form  a  reciprocal  series  (that  is, 
a  series  in  which  the  first  and  last  termi  are  equal,  the  second  and  second  last 
equal,  and  so  on),  then  p^-i-q^,  and  {q,*±l)lpn  is  an  integer;  and,  con- 
versely, if  these  conditions  be  satisfied,  the  quotients  will  form  a  reciprocal 

(18.)  Show,  from  last  exercise,  that  every  integer  which  divides  the  sum 
of  two  integral  squaros  that  are  prime  to  each  other  is  itself  the  som  of  two 
sqnarea.    (See  Serret,  Alg.  Si^.,  V^ii.,t.  i.,  p.  29.) 
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(19.)  Show  that 


(20.)  Vti=—-~  -t  ■  ■  ■■  show  that  ;i,=g,-i. 

<21.)  The8uocB«aiTBConTwgant«of  Sa4-  — j^  — 
doable  those  of  a 

(22.)  lfthBrodnwdfoniiofthettthcompleteqnotiMit,an»iiiOi  +  — —  — — .  ■  ■ 
be  imlvm  show  that 

(28.)  Find  the  numerically  leaat  vala«  of  Oie-by  for  posiMTa  integral 
TBlnes  of  X  and  y,  a  and  i  being  poBitive  integen,  which  may  or  may  not  b« 
prime  to  each  other. 


§  12.]  One  commensurable  approximation  to  a  number 
(commeoBurable  or  incommensurable)  Is  said  to  be  more  complex 
than  another  when  the  denominator  of  the  representative  frac- 
.  tion  is  greater  in  the  one  case  than  in  the  other.     The  problem 

which  we  put  before  ourselves  here  ia  to  find  the  fraclion,  whose 
dertf/minator  does  not  exceed  a  given  iaieger  J),  which  shaU  most  closely 
appnxevmate  {by  excess  or  by  defect,  as  may  he  assigned)  to  a  given 
nvmber  comvKnsuToble  or  iacommeaswrcMe.  The  solution  of  this 
problem  is  one  of  the  most  important  usee  of  continued  fractions. 
It  depends  on  a  principle  of  great  interest  in  the  theory  of  num- 
bers, which  we  proceed  to  prove. 

Lemma. — If  pjq,  a^  p'j^'  6«  to  fraeUons  such  i/tat  pq'  -p'q  -  1, 
i/i«n  no  fradjan  can  lie  bettceen  them  unless  its  denominator  is  ^eaier 
than  the  detumanator  of  tHher  of  (hem. 

Proof. — Let  ajb  be  a  fraction  intermediate  in  magnitude  to 
pjq  and  p'j(^.    Then 

t'^t.t  (1); 

VOL.  n  2  E 
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pb-qa    pq'  -p'q . 


From(l),  .  .     . 

qb  qq- 

pi-ja  ^  1 

qb        ^' 

Hence  56  >  q^{pb  -  go)  ; 

and  6  >  {pb  -  ga)/- 

Now  pjq  -  ajh  is  positive,  hence  pb-qaisa,  positive  integer. 
It  follows,  therefore,  that  i  >  /. 

Similarly  it  follows  from  (2)  that  b>q. 

Hence  no  fraction  can  lie  between  pjq  and  p'j^  unless  itt 
denominator  is  greater  than  both  q  and  g'.  In  other  words,  if 
pq'  -p'q  =  1,  no  commeoBurable  number  can  lie  between  pjq  and 
p'j^  which  is  not  more  complex  than  either  of  them. 

§  13.]  The  Tiih  amverqent  to  a_conHnued  /raeivm  is  a  marer 
approximaiwn  to  the  vaiiie  of  the  compLete  fraclvm  than  any  fracHon 
whose  denominates  is  not  greats  than  that  0/  the  convergetti.  For  any 
fraction  a/6  which  is  nearer  in  value  to  the  continued  fraction 
than  Pnjqn  must,  a  fortiori,  be  nearer  than  Pn-ijqn-i-  Hence, 
since  pnjin  and  Pn-Jqn-i  include  the  value  of  the  continued 
fraction  between  them,  it  follows  that  a/b  must  lie  between  these 
two  fractions.  Now  we  have,  by  g  8,  either  p„§„_i  -pn-tqn  =  l. 
or^B-i?o-i'ii9«-i  =  1-  Hence,  by  §  12,  6  must  be  greater  than 
5„,  which  proves  our  proposition. 
Example. 
Consider  the  continued  fraction  Xi  =  S- 


Tho  anccesMve  convOTgentB  are  -,  =■,  — ,  tx.   -s^,  ^^.      It  we  take 


h  3+  4+  2+  6' 

IE    64    143    779 

88  '  207' 

anj  one  of  theso,  sa;  Sifl7,  the  statement  is,  that  no  fraction  whoae  dMiom- 
inatOT  does  not  oxccad  17  can  be  nearer  in  value  to  ^  than  64/17. 

g  1 4.]  The  result  of  last  section  is  a  step  towards  the  solution 
of  the  general  problem  of  §  13  ;  but  something  more  is  required. 

Consider,  for  example,  the  successive  convergents  Pn-ijqn-n 
Pn-Jqn- II  Pnjqn  f*>  ^i>  *nd  let  n  be  odd,  say.     Then 


are   in   Increasing   order   of   magnitude.      We  know,   by   Ust 
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section,  that  no  fraction  whose  denominator  is  leas  than  ^„_,  can 
lie  in  the  interval ^^.^^j^.,,  pn-,/Qn-ii  ^^^  ^^^  that  no  fraction 
whose  denominator  is  less  than  q„  can  lie  in  the  interval 
i'»/?n<  i'n-i/^n-ii  but  we  have  no  aSBurance  that  a  fraction 
whose  denominator  is  lesa  than  q„  may  not  lie  in  the  interval 

Pn^i/in-i,  Pnl9n,  fo^ Pn9n-1  ' Pn-i9n  =  <hl>  wfacre  On  may  be*  1. 

This  lacuna  is  filled  by  the  following  proposition : — 
1',  The  series  offToeliona 

yn-       Pn-.+pn.,        Pn;  +  2y„-, 

9n-,'       ?«-,  +  Jn-.'       gn-+2gn-i'      '"'' 

Pn-.  +  On-lpn-,       Pn-.  +  thiPn;   /  ^Pn\        ,j, 

g„-,  +  a„-l?„..'     ?»-i  +  On2«-A     qj     ^  '' 
form  {accordwig  as  n  w  odd  or  even)  an  im^etmit^  err  a  decreasing 

T.  Each  of  them  is  at  Us  Imnest  terms,-  and  each  cmaeadive 
pair,  say  P/Q,  P'/Q',  satisfies  the  cmdUitm  PQ'  -  P'Q  =  ±  1  ;  so  that 
no  e(mimensuraile  quantity  less  complex  than  the  more  complex  of  the 
two  can  be  inserted  between  them. 

The  first  and  last  of  these  fractions  (formerly  called  Cim- 
vergents  merely)  we  now  call,  for  the  sake  of  distinction,  Principal 
Convergents ;  the  others  are  called  Iniermediate  Convergents  to  the 
continued  fraction.  To  prove  the  above  properties,  let  us  con- 
sider any  two  consecutive  fractions  of  the  series  (1),  say  F/Q, 
P'/Q';  then  ' 

P       I"_J'n-,  +  rj'n-i      Pn~.  +  r+lp„., 

oron-l), 


!»-, 

,  + 1-}.. 

-.     ?». 

.,  +  r  + 

i«.-, 

(where  r 

=  0,  or 

■  1,  or 

2.  .  .  . 

-(C-, 

«.-- 

Pn-Wn 

-,) 

(?.- 

,  +  <•?». 

i  +  r+  : 

i?-,)' 

(«.- 

.  +  '!.- 

-,)(».-, 

1  +  7  + 

r?»-,)' 

W 

if  »  be  odd, 

) 

+  i 

if  »  be  even. 

i 

(2). 
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PQ'  -  FQ  =  -  1  if  n  be  odd,  ^ 


1 1  if  n  be  even.  , 


(3), 


(2)  and  (3)  are  sufficient  to  establiah  1°  and  2'. 

3°.  Since  P/Q-j)„_i/5„.,=  ±  l/j„.,(5„_,  +  r5„_,),  and  since  z, 
obviously  lies  between  P/Q  and  ^n-i/Sn-u  i^  follows  that  lie 
inlermediak  convergent  P/Q  differs  from  Ike  cotitimied  fnuivm  fry  las 
than  l/?B-iQ,  a  fortiori  ty  less  than  l/jn-i'- 

§  15,]  If  we  take  aU  the  principal  amverge^  of  odd  order  with 
their  intermediates  whereser  the  partuU  quotients  d^er  from  vaitg, 
and  form  the  series 


^_n_-<  ^ 


(AX 


oTid  likavise  all  the  priadpal  eonvergeidi  of  even  order  mth  their 
iutamediaies,  and  form  the  series 

1  p,  pj  Pi^  P»-i  ™, 

0*  ■  ■  ••  q:  •  ■  ■'  q:  ■  ■  ■'  ?„-,'  ■  ■'  ^  ■  -  ■  ^"^ 

then  (A)  w  a  series  of  commensurate  giumtities,  increasing  in  com- 
plexilff  and  increasing  in  viagnUvde,  which  continually  approadi  Ihe 
continued  fraction;  and  (B)  is  a  series  of  commensardble  gvarUities, 
increasing  in  eomplexiiy  and  decreasing  in-  tnagnUvide,  which  cim- 
tinualli/  approadi  ihe  same;  and  it  is  impossible  between  any  con- 
secutive pair  of  either  series  to  insert  a  commensuraile  qtiantily  which 
shall  be  less  complex  thorn  the  more  complex  of  the  two. 

If  the  continned  fraction  be  non-terminating,  each  of  the  two 
series  (A)  and  (B)  is  non-terminating. 

If  the  continued  fraction  terminates,  one  of  the  series  will 
terminate,  since  the  last  member  of  one  of  them  wilt  be  the  last 
convergent  to  x, ;  that  is  to  say,  x,  itself  The  other  aeries  may, 
however,  be  prolonged  as  far  as  we  please ;  for,  t/"  pn-tlq»-i  I'ld 
Pnlin  ^  'Ae  last  two  amvergents,  the  series  of  fractions 

Pn-i       Pn-\+Pn      Pn-i  *  ^Pn 


forms  eUher  a  eonlinually  increasing  or  a  continHaUy  decreasing  smes, 
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m  wAicft  no  principal  convergent  oecias,  bttt  whose  terms  avouch 
more  wad  more  nearly  Ike  value  pnlq„,  that  is,  x,.* 

%  16.]  We  are  now  in  a  position  to  solve  the  general  problem 
of  §  12.+  Suppose,  for  example,  that  we  are  required  to  find  the 
fraction,  whose  denominator  does  not  exceed  D,  which  shall 
approximate  most  closely  by  defect  to  the  quantity  x,.  Whit  we 
ham  to  do  is  to  convert  x,  into  a  simple  continued  fractvm,  form  the 
series  (A)  of  last  secUan,  and  select  ■  that  fraction  from  it  whose 
denominator  is  either  D,  or,  failing  that,  less  than  bid  nearest  to  D, 
say  P/Q,  For,  if  there  were  any  fraction  nearer  to  x,  than  P/Q, 
it  would  lie  to  the  right  of  P/Q  in  the  aeries ;  that  is  to  say, 
wonld  fell  between  P/Q  and  the  next  fraction  P'/Q'  of  the  series, 
or  between  two  fractions  still  more  complex.  Hence  the  denom- 
inator of  the  supposed  fraction  would  be  greater  than  Q',  and 
hence  greater  than  D. 

Similarly,  the  fraction  which  most  nearly  approximates  to  Xiby 
excess,  and  whose  denominator  does  not  exceed  D,  is  obtained  by  taking 
that  fraction  in  series  (B)  of  last  section  whose  denominator  most  nearly 
egmls  witlumt  exceeding  J>. 

N.B. — If  the  denominator  in  the  (A)  series  which  moat 
*  This  msy  alao   be  saeD   from   the  fact  that  tbe  continued  fraction 

ai  + .   ,  —  may  also  be  written  ai  +  — -.   ,   . ;  tb«tistoBSV 

a»+  a»  (»a+  "11.+  "> 

we  may  consider  tbe  last  qaotient  to  be  n,  and  the  laat  conTergent 
(y— 1  +  *P-)/(?-i  +  "  9-)  • 

+  The  Gret  general  solatiou  of  this  problem  was  givea  by  Wallis  (see 
his  Algebra  (1686),  chap,  x.) ;  HuyRhens  also  was  led  to  discuae  it  wben 
desif[DiQg  the  toothed  wheels  of  his  Planetarium  (see  bis  DtSTipiio  Aulomaii 
Planetarii,  1682).  One  of  the  earlier  sppeoninces  of  contiuned  tactions  in 
mathematics  was  the  value  of  4/ir  given  by  Lord  Biouncker  (about  1655). 
■While  discussing  Brouncker'B  Fraction  in  his  ArUhTnetiea  Injinitomm  [185fl), 
Wallis  givee  a  good  many  of  the  elemeutacy  properties  of  the  convergents 
to  a  general  coutimied  fraction,  including  the  rule  for  their  formation. 
Saundergon,  Buler,  and  Lambert  all  helped  in  developing  the  theory  of 
the  subject.  See  two  interesting  bibliographical  papers  by  Oiinther  and 
Favaro,  BulUtino  it  Biiliograjikia  e  di  Storia  delU  Scktae  MalhemalicAe  i 
Fitiehe,  t.  vii.  In  this  chapter  we  bare  mainly  followed  Lagrange,  who  gave 
the  first  full  exposition  of  it  iu  his  additions  to  the  French  edition  of  Euler's 
Algdrra  (1795).  We  may  here  direct  the  attention  of  the  reader  to  a  series 
of  comprahensive  articles  on  continued  fractions  by  Stem,  Orell^s  Jour.,  z., 

xi  zviii. 
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nearly  eqiuls  without  exceeding  D  be  the  denomiuAtor  of  an 
intermediate  convergent,  the  denominator  in  the  (B)  series  vhich 
most  nearly  equals  without  exceeding  D  will  be  the  denominator 
of  a  principal  convergent. 

Exiunple  I. 

To  find  the  (ractiDQ,   whose  denominBitor  does  not  exceed  60,  nliich 
approximatea  most  closely  t«    '■ 

Woliave  1P^s  +  —  —  —    ---■ 

207  1+  8+  i+  2+  5 

TheoddconTergentaare  ?,     -,     15,     ~  ; 


0   12   3 


0'  1'  17'  207' 
11   15   79   143   822   1701   2180 


19   84 
6' 


ei   207   S50   493   836   779 


18'   17* 


55' 


au\l  too  ItOU  t  IP  jn^ 

^^'   131'    isti'   "" 


t  exceed  60,  143/S8  is  the 
o  779/207. 


Hence,  of  the  tractions  irlioae  denominatora  do  n 
cloteat  by  defect  and  207/55  the  closoat  by  ei 

Of  these  two  it  happens  that  143/3S  is  the  closer,  although  its  di 
ator  is  leas  than  that  of  207/55 ;  for  we  have  143/33  =  376315  .  .  .,  207/55 
=  3-78368  .  .  .,and  779/207  =  3-78328  .  .  .  For  a  role  enabling  us  in  most 
cases  to  save  calculation  in  deciding  between  the  claseoeBS  of  the  (A)  and  (B) 
approximations,  see  Exercises  XXX,,  10. 

Example  2. 

Adopting  La  Caille's  determination  of  the  length  of  the  tropical  year  as 
365'!  S""  48'  49",  so  that  it  exceeds  the  civil  year  by  5*  48'  49",  we  are  required 
to  find  the  rarious  ways  of  rectifying  tlie  calendar  by  intercalating  an  integral 
number  of  days  at  equal  intervals  of  an  int^ral  number  of  years,  [I^gnnge.) 

The  intercalation  most  be  at  the  rate  of  a .  ,^  per  year;  that  is  tossy,  at 
the  rate  of  20929  days  in  86100  years.  If,  therefore,  we  were  to  intercalate 
20929  days  at  the  end  of  every  864  centuries  we  should  exactly  represent  Ia 
Caille's  determination.  Such  a  method  of  rectifying  the  calendar  is  open  to 
very  obvious  objections,  and  consequently  we  seek  to  obtain  an  approximate 
rectification  by  intercalating  a  smaller  number  of  days  at  shoi-ter  intervals. 
If  we  turn  36400/20929  into  s  continued  fraction  and  form  the  (A)  and  (B) 
series  of  convergents,  we  have  (omitting  the  earlier  terms) 
4       33       161       286E       8434       14003    , 


2043'      3392  ' 


(A), 


17      21      26 


62      95 


772      933      1094 
187'     226'      285 


460 

611 

109' 

148' 

,  fcc 

(B). 
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Hence,  if  we  take  Rppi-ozimations  which  err  by  eicesa,  wa  may  with  increas- 
ing accnracy  intercalate  1  day  avery  4  years,  8  every  3S,  89  every  Ifll,  and 
so  OD ;  *  and  tie  assured  that  each  of  these  gives  us  the  greatest  accuracy 
obtainable  bj  taking  an  integral  number  of  days  less  than  that  indicated  in 
the  next  of  the  series. 

The  (B)  sehee  may  be  used  in  a  rimilar  mamier.f 

Example  3. 

An  eclipse  of  the  sun  will  happen  if  at  the  time  of  new  moon  the  earth  be 
within  aboat  13°  of  the  line  of  nodes  of  the  orbits  of  earth  and  moon.  The 
period  between  two  new  moons  is  on  the  average  2E>'6306  days,  and  the  mean 
synodic  period  of  the  earth  and  moou  is  346'6ie6  days.  It  is  required  to 
calculate  the  simpler  periods  for  the  recurring  of  eclipeee. 

Suppose  tliat  after  any  the  same  time  from  a  new  moon  the  moon  and  earth 
have  made  reepectivel  j  the  multiples  x  and  y  of  a  revo''ntion,  then  x  x  29'G306  = 

yx3*6-tll86.    Hencey/a!=295306/346ei86  =  0  +  j^  ji-^-Y^T^s^^ 

The  snocesiive  convergeuts  to  this  fraction  are  1/11,  1/12,  3/3E,  1/47,  19/223, 
61/716. 

Suppose  we  take  the  couTergent  4/47,  the  error  incurred  thereby  will  be 
•:  1/47  X  223  in  excess,  and  we  may  write  on  the  meet  unfavourable  supposition 

S~47     47x223' 

Hence,  if  j;z=47,y  =  4-l/223.  But  8607223  =  1°-6J,  Hence  47  lunations 
after  total  eclipse  new  moon  will  happen  when  the  earth  is  less  than  I°-BI 
from  the  line  of  nodes,  47  lunations  after  that  again  when  the  earth  is  less 
than  3°'2from  the  line  of  nodes,  and  so  on.  Hence,  since  47  lunations  =1SSB 
days,  eclipses  will  recur  after  a  total  eclipse  for  a  considerable  namber  of 
periods  of  1388  days. 

If  we  take  the  neit  convergent  we  find  for  the  period  of  recurrence  223 
lunations,  which  amoants  to  IB  years  and  10  or  11  days,  according  as  five  or 
four  leap  years  occur  in  the  interval.  The  displacement  from  the  node  in  this 
esse  is  certainty  leas  than  SS0°/718,  that  is,  less  than  half  a  degree,  so  that 

*  The  fraction  4/1  corresponds  to  the  Juliaji  intercalation,  introduced  by 
Julius  Ciesar  (45  B.C.).  33/8  gives  the  so-called  Persiau  intercalation,  said  to 
be  due  to  the  mathematician  Omar  Alkhayami  (1079  A.D.).  The  method  in 
present  use  among  most  European  nations  is  the  Gtegoiian,  which  corrects  the 
Julian  intercalation  by  omitting  3  days  every  4  centuries.  This  corresponds 
to  the  traction  400/97,  which  is  not  one  in  the  above  series ;  in  bet,  70  days 
ever;  2SS  years  would  be  more  accurate.  The  Gregorian  method  has,  bow- 
ever,  the  advantage  of  proceeding  by  multiples  of  a  centuiy.  The  Greeks  and 
Hussions  still  use  tlie  Julian  intercalation,  and  in  consequence  there  is  a  differ- 
ence of  12  days  between  their  calendar  and  ours.  See  art  "Calendar," 
Eneyclopsdia  BTUaToika,  9th  ed. 

+  See  Idgrange's  additions  to  the  French  edition  of  Euler's  Algt^ira  (Paris, 
1807),  t.  ii.,  p.  812. 
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this  ii  a  far  more  certain  cycle  than  the  hat ;  in  bet,  it  is  th«  bmona  "  sbim  " 
of  antiqiiit?  vhich  was  knomi  to  the  Chaldean  astronomerB. 

Still  mon  occuate  reanlti  may  of  coarse  be  obtained  by  taking  higher 

C0DTerg«Dt8. 


(1.)  Find  the  first  eight  oonTergentg  to  I  +  gTi5rrTTT  ■  ■  -i  ""*  ^^ 
the  taction  nearest  to  it  whose  denominator  does  not  exceed  600. 

(2.)  Work  ont  the  problem  of  Eiercise  XXIX,  i,  nsing  intermediate  aa 
well  aa  principal  convergenla. 

(3.)  Work  out  all  the  conyergents  to  2r  whose  denominators  do  not 
exceed  1000. 

(4.)  Solve  the  same  problem  for  the  base  of  the  Napierian  STstem  of 
logarithms  rt=2-7182818^  .... 

(5.)  Two  scales,  snch  that  1873  parts  of  the  one  is  eqnsl  to  1860  parts  of 
the  other,  are  superposed  so  that  the  zeros  coincide :  find  where  approximate 
coinddeuces  occnr  and  estimate  the  divergence  in  each  case. 

(3.)  Two  pendulumB  are  hung  np,  one  in  front  of  the  other.  The  first 
beats  seconds  exactly  ;  the  second  loses  6  min.  97  lec.  in  24  honrs.  Thej 
pass  the  vertical  together  at  12  o'clock  noon.  Find  the  times  daring  the  day 
at  which  the  first  passes  the  vertical,  and  the  second  does  so  approximately 
at  the  same  time. 

(7.)  Along  the  side  AB  and  diagonal  AC  of  a  sqnare  Geld  ronnd  potts  are 
erected  at  equal  intervals,  the  interval  in  the  two  cases  being  the  same.  A 
person  lookhig  from  a  distance  in  a  direction  perpeodicukr  to  AB  sees  in  the 
perspective  of  the  two  rows  of  posts  places  where  the  posts  seem  very  close 
together  ("ghosts"),  and  places  where  the  intervals  are  clear  owing  to 
approximate  coinoidences.  Calculate  the  distances  of  the  centres  of  the 
ghosts  from  A,  and  show  that  they  grow  broader  and  sparser  as  they  recede 

(8.)  Show  that  between  two  given  fractious  p/q  and  p'/f',  snch  that 
pg'-t^g  =  l,  an  infinite  number  of  fractious  in  order  of  nugnitnde  can  be 
inserted  sal^h  that  between  any  consecutive  two  of  the  series  no  fraction  can 
be  found  less  complex  than  either  of  them. 

(9. )  In  the  series  oF  fractions  whose  denominators  are  1,  2, 3 n  there 

is  at  least  one  whose  denominator  is  r,  say,  such  that  it  difTen  from  a  given 
irrational  quantity  x  by  less  than  1/nr.  (For  a  proof  of  this  theorem,  doe  to 
Dirichlet,  not  depending  on  the  theory  of  continued  fractions,  see  Sertet,  Alg. 
Sup:,  4"">M.,  t.  i.,  p.  27.) 

(10.)  If  the  nearest  rational  approximation  in  excess  or  defect  (see  %  IS) 
be  an  iutennediate  convergent  F/Q,  where  (i='ygx-i+iit-t,  show  that  the 
approximation  in  defect  or  excess  will  be  nearer  unless  Q>-j5«+S'«-i/2»w+i. 

(11.)  If  zero  partial  quotients  be  (contrary  to  the  usual  nndenlanding) 
admitted,  show  IJiat  eveiy  continued  fractiou  may  be  written  in  the  farm 

0  +  — .  .  .,  where  ii,,  a,,  a,,  .  .  .  are  each  either  0 or  1.     Show 

^1+  a^+  iij+ 
the  bearing  of  this  on  the  theory  of  the  so-called  intermediate  coovergents. 
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CHAPTER  XXXIII. 
On  Becorring  Continued  Fractions. 

EVERT  SIHFI^B   QUADRATIC    SITRD   NUHBER   la   EQUAL  TO   A 
EECURRINO  CONTINUED  FRACTION. 

§  1.]  We  have  already  seen  in  two  particul&r  instances  (chap. 
xzziL,  §  6)  that  a  simple  surd  number  can  be  expressed  u  a 
recurring  continued  fraction.  We  proceed  in  the  present  chapter 
to  discuss  this  matter  more  closely.*  _ 

Let  us  consider  the  simple  surd  number  (P,  +  v'E)/Q,.  We 
suppose  that  its  value  is  positive ;  and  we  arrange,  us  we  always 
may,  that  P, ,  Q, ,  R  shall  be  integers,  and  that  n'R  shall  have 
the  positive  sign  as  indicated.  R  will  of  course  always  be 
positive ;  but  F,  and  Q,  may  be  either  positive  or  negative.  It 
is  further  supposed  that  E  -  P,'  is  exactly  divisible  by  Q,.  This 
is  allowable,  for,  it  E  -  Pi'  were,  say,  prime  to  Q,,  then  we  might 
write  (P,  +  ^^E)/Q.  =  (P,Q,  +  VQ;'E)/Q,'  =  (P/  +  ^^W)/Q/, 
where  E'  -  P.'"^  =  Q,'(E  -  P,')  =  (R  -  P,')Q,'f  is  exactly  divisible 
by  Q,'. 

For  example,  to  put  4(2-  x/s)  into  the  itandaid  torm  contemplated, 
we  must  write 

M  tliat  in  this  cue  Pi=-ie,  Qi=-32,  R=98;  E-Pi'=B6-266= -160, 
which  is  exactly  divisible  by  Qi  =  -  32. 

*  The  followiDg  theoiy  ia  dne  in  the  main  to  Lagrange.  For  the  details 
of  its  expodtion  we  are  OMuiderably  indebted  to  Senet,  Alg.  Sup.,  chap.  ii. 
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§  2.]  If  we  adopt  the  process  and  notation  of  chap,  xxxii, 
^  3  and  6,  the  calculation  of  the  partial  and  complete  quotients 
of  the  continued  fraction  which  represents  (F,  ■(■  '/B)/Qi  proceeds 
as  follows : — 

P,  +  VR  1         ~| 

P.+  s/R  1  ( 

P„+^R    ^^    1    .  I 


where  it  will  be  remnnbered  that  a,,  a,,  ...  are  the  greatest 
integers  which  do  not  exceed  x,,  x,,  .  .  .  respectively;  and 
T„  £,,...  are  each  positive,  and  not  less  than  unity. 

It  should  be  noticed,  however,  that  since  we  keep  the  radical 
VE  unaltered  in  our  arnu^ement  of  the  complete  quotients,  it 
by  no  means  follows  that  P„  Q,,  P„  Q,,  &c.,  are  integers,  much 
less  that  they  are  positive  integers. 

The  connection  between  any  two  consecutive  pairs,  say  Pq, 
Q«  and  P„+i,  Q«+i,  follows  from  the  equation 

^•*^-.,  ' m 

or 

{(P»  -  «n<J.)PM,  -  Q.ft,t ,  t  E)  +  (P.  -  .^Q.  +  P.+J  V^  -  0 

(3)- 
It  follows  from  (3),  by  chap,  jd.,  §  8,  that 

(P.-«,<l.)P.4-,-Q»Q»+,  +  E  =  o, 

P.-«.Q»  +  P.+,  =  0; 


P.+,-«,Q»-P. 

(*). 

P«+,'  +  <i.<i.+.  =  K 

(5). 

If  we  write  n  -  1  fer  »  in  (5),  we  have 

P»'  +  Q-,Q,  =  E 

(6). 
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From  (6),  by  meanB  of  (4)  and  (6),  ve  have 

Q,Q»+,  =  E-(«,Q.-P.)", 

=  P»'  +  Q.-,Q.-(«.Q»-Pn)", 
80  that 

■Q.+,-Q.-,  +  2«.P.-«,'<3»     ,ji 

-Q»-,  +  «.(P»-P,*,)   V  (7)- 

The  formulBs  (4)  and  (7)  give  a  convenient  meana  of  calculat- 
ing P,,  P,,  Q,,  P,,  Q,,  &c.,  and  hence  the  succeeBive  complete 
quotients  0^,2^,...     Q,  is  given  by  the  equation 

P.'  +  Q.Q,  =  E, 
namely.  Q.  =  ^^^'. 

From  this  last  equation  it  folttiwB,  gince  by  hypothesis 
(B-P,*}/Q,  ia  an  integer,  that  Q,  is  an  integer.  Hence,  since 
Pi,Q,areintegers,itfolIowB,by(4)and(7),thatP„P„,  .  ,,  P„, 
Obi  •  -  -t  On  ^i^  >^e  all  integers. 

§  3.]  We  shall  now  investigate  formulse  connecting  ?„  and 
Q„  with  the  numerators  and 'denominators  of  the  conrei^nts 
to  the  continued  traction  which  represents  (P,  +  v'E)/Q,. 

We  have  (chap,  xxxii.,  §  9) 

Pi+    •^_  j'a-i^  + jJn-i 

"   ?n-,Pn  +  ?n-.Qn  +  ?n.,  ^^R' 

Hence 
<P,+  ^)(s„-,P„  +  3„-.Q„  +  5„.,v^) 

=  Q,(p„-.P„+i'n-.Qn  +  P„-,^^K)      (1)- 

Prom  (1)  we  derive 

?„.,P„  +  3„..Q„  =  Q,Pn-  -  P.2„-i  (2) ; 

^n-,P«  +  i'n..Q-  =  P,i'«-,  +  ~^'g„.,  (3). 
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428  Pb-^vX     Q»<2^/E,     a„<2  ^R  <«**■- 

From    (2)    and   (3)   we    obtain,   since    J>B-i?n-t-i'«-i2ii-i 

.(-I)—, 

(-  i)->p..p,(p,.,j,-,+p.-,},-,) 

+  — Q-^?«-,?»-.-Qi;>n-ii'n-.    (*); 
(-1)»-'Q.-  -2ft-,«,-,P,-?^?»-'  +  «.P.-'    (5). 

The  formulEe  (4)  and  (5)  give  ub  the  required  expresBions, 
and  furnish  another  proof  that  P„  Pa,  .  .  .,  P„,  Qd  (^,  •  ■  •,  On 
are  all  integral 

§  4.]  If  in  equation  (2)  of  last  paragraph  we  replace  P,  by  its 
value  Q.(p„-.a;»  +i'n-.)/(?«-ii^  +  ?n-.)  -  '^R,  derived  from  equa- 
tion (A),  ve  have 

?„-.p.M.-Q. ■■'"''";'''■ -g.-.^    (!)■ 

Also,  since  »!»  =  (P„  +  v'R)/Qn.  we  have 

Pn-a^.Q„=-^^  <2). 

From  equations  (1)  and  (2)  we  derive,  by  direct  calcnlation, 
the  following  four : — 
P«  = 

0.=  ■  - 

WB-i''it  +  Sn-t) 
•/R-P„  = 

(^V7-K-("--tVs-<-')"-4  ('>^ 

fo-,r»„'<-g.^.)'"^'^''-'  +'«'"'<«'^''^  +  '"'^  v/S-eiriQ.)  (6). 

The  coefGcients  of  \^  and  2  •/&  in  these  four  fonnulse  are 

positive,  and  increase  without  limit  when  n  is  increased  without 

limit     Hence,  since  Q,  is  a  fixed  quantity,  it  follows  that  for 
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some  value  of  n,  say  «  =  >',  and  for  all  greater  values,  F„,  Q„, 
^^R  -  P„,  2  \^R  -  Q„  will  all  be  positive.  In  <Aher  words,  on 
and  after  a  certain  value  ofn,n  =  v  say,  P„  and  Q^  loili  be  positive  ,- 
andPn<  ^  and  On  <  2  v'R. 

Cor.  I.  Since'  F„  and  Q„  are  integere,  it  follows  that 
t^er  n  =  v  P„  cannot  have  mmt  than  v  B  different  values,  and  Q„ 
conrkrf  have  more  than  2  ^/R  different  values ;  so  that  x^ 
=  (P»+  */B.)l<i,^ cannot  have  nu»-t  than  \/Rx  2-/R=  2Rii{^<!r«J 
vaiues.  In  other  words,  after  the  vth  complete  quotient,  the 
complete  quotients  must  recur  within  2R  steps  at  most. 

Hence  the  contimied  fraction  vihich  represents  (P,  +  \^)/Q,  mutt 
recur  in  a  eyde  of  2B  steps  at  most. 

Since  ever  after  n  =  v  P^  and  Q„  remain  positive,  it  is  clear 
that  in  the  cycle  of  complete  patients  there  cannot  ocear  any  one  m 
whioh  Pn  and  Q„  are  not  both  positive. 

It  should  be  noticed  that  it  is  merely  the  fact  that  P„  and 
On  ultimately  become  positive  that  causes  the  recurrence. 

If  we  knew  that  on  &nd  after  n  =  vTn  remaina  positive,  then 
it  would  follow,  from  §  2  (4),  that  Q,  and  all  following  remain 
positive;  and  it  would  follow,  from  §  2  (5),  that  P,+i  and  all 
following  are  each  <  '/R ;  and  hence,  from  (4),  that  Q,  and  all 
following  are  each  <  2  v'R ;  and  we  should  thus  establish  the 
recurrence  of  the  continued  fraction  by  a  somewhat  different 
process  of  reasoning. 

Cor.  2.  Since  a„  is  the  greatest  integer  in  (Pn-)-  '^R)/Q„, 
and  since,  if  n>v,  P„  and  Q„  are  both  positive,  and  P»<  '/E, 
Mid  Qn>l,  it  follows  that,  if  »>v,  an<2*/R. 

It  foUotes,  therefore,  that  none  of  the  partial  quotients  in  the  cyde 
can  tsxeed  the  greatest  itdeger  in  2  *fS. 

Cor.  3.  By  means  of  (3)  and  (4),  we  can  show  that  idtimately 
P„  +  Q«>n/R  (7). 

Cor.  4.  From  §  2  (5),  we  can  also  show  that  vltimatdy 

P»  +  Qn..>^  <8). 
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CoF.  5.  Since  s^>P„,  it  fallows  from  Cor.  3  and  Cor.  4  that 

idlimaldy 

P«-Pn<Qn, 

<Q»-,  (»>■ 


EVERY  RECURRING  CONTINUKD  FRACTIOH   IS  EQUAL  TO  A 
SIMPLE  QUADRATIC   SURD  NITUBER. 

g  5.]  We  shall  next  prove  the  converse  of  the  main  pro- 
poBition  which  has  just  been  established,  namely,  we  shall  show 
that  every  recurring  continued  fraction,  pure  or  mixed,  is 
equal  to  a  simple  quadratic  surd  number. 

First,  let  us  consider  the  pure  recurring  continued  fraction 
1  1 


(!)■ 


Let  the  two  last  convergents  to 


be  p'j^  and  pjq. 

From  (1)  we  have 


J_  1 


qx,  +  q' ' 
whence 

3^.'  +  (2'-pK-y-0  (2)- 

The  quadratic  equation  (2)  has  two  real  roots ;  but  one  of 
them  is  negative  and  therefore  not  in  question,  hence  the  other 
must  be  the  value  of  iti  required. 
We  have,  therefore, 


~  P~  g'  +  ^(f  -  g')'  +  4j>'g 


(3), 


M 


I  "ay; 


which  proves  the  proposition  in  the  present  case. 
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lb  should  be  noticed  that^  since  a,  ^  0,  plq  >  1 ;  bo  that 
p>q>^-  Hence  p-g'  cannot  vanish,  and  a  pure  recurring 
fraction  can  never  represent  a  surd  number  of  the  form  "/N/M. 

Next,  consider  the  general  case  of  a  mixed  recurring  con- 
tinued fraction. 

Let 

1  111  1 


Aim  let 

+  a,+  ■  ■ 

'  ". 

-  .  .  .     (4). 

Tien,  by  (3), 

_L  + 

1 

(6). 

From  (4)  we 

have 

M 

I     1 

rlence,   if  P/Q' 

and  P/Q  be 

the  two 

last 

convergentB 

to 

'■*^--h 

P»,  +  F 
'    «J,  +  Q" 
PL  +  FM 

tPVS 

(Q\ 

QL  +  Q'M  +  QVN 
Hence,  rationalising  the  denominator,  we  deduce 

U+V^/N 

^.=  — w — 


Evaluate  a!,=  l  +  —^  — 
'Tha  two  laat  convergenta  to  1  - 


2+1+1  + 

1     J 


_43!i+^ 

'''"Sari  +  a' 
Wo  therefore  have 

aEi'-2zi-3=0, 
the  positive  root  of  which  ie 

l  +  VTO 
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Example  2. 


Tb«  two  lut  aonvergGnU  to  8+ j  are  3/1  and  13/4  ;  and,  bj  Example  1 
,  ,  1     1         _i+VTo 


Ws  have,  tbetefore, 


"^    ^■''4+  (l  +  VlO)/8' 
_18(l  +  N/iO);3  +  3 

*(i+Vio)/3+i' 

_22+13ViO 
~  7+4vTo  ' 
_8Be-3s/T0 


ON   THE   CONTINDED   FRACTION   WHICH   REPRESENTS  */(C/D). 

g  6.]  The  square  root  of  eveiy  positive  rational  nnmber,  say 
^/(C/D),  where  C  and  D  are  positive  integers,  and  C/D  is  not 

the  square  of  a  commensurable  number,  can  be  put  into  the  form 
*/N/M,  where  N  =  CD  and   M  =  D.      Since   N/M  =  C   is  an 

integer,  we  know   from   what    precedes  that  v'N/M   can   be 

developed,  and  that  in  one  way  only,  as  a  continued  fraction  of 

the  form 

I  111  1  ,,, 

a:,  =  a,  + ...  ■ ... ...      (1). 

*  m 

We  have,  in  fact,  merely  to  put  Pi  =  0,  R  =  N,  Q,  =  M  in  our 
previous  formulffi. 

We  suppose  that  VN/M  is  greater  than  unity,  so  that  a,  +  0. 
If  VN/M  were  less  than  unity,  then  we  have  only  to  consider 
M/  */^  =  -/M'N/N,  which  ie  greater  than  unity. 

The  acyclic  part  a,  +  - 

a,  .  ^ 
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least,  for  we  eaw,  in  §  5,  that  a  pure  recurring  continned  fraction 
cannot  represent  a  surd  number  of  the  form  VN/M.  Let  ng 
suppose  that  there  are  a,t  least  tieo  terms  in  this  part  of  the 
fraction;  and  let  F/Q',  P/Q  be  the  two  last  convergent^  to 

(2i  + ,  .  .  — ;   and  p'l^,  pfq  the  two  last  convei^nts  to 

1                 111  1       on.        f 

o,  + .  ,  . -—  .  .  .  — .     Then,  if 


1     1 


(2). 


Hence 

^^Py,  +  P'_py,+p' 

'    Qy.  +  Q'  ~  3?!  +  3" 

Eliminating  y,  from  the  equations  (2),  we  have 

(Q?'  -  Q'qK  -  (Q/  -  Q>  +  P?"  -  P'3>.  +  (Pp'  -  P»  =  0    (3). 

Now,  if  z,  =  VN/M,  we  must  have 

M'3;,'-N  =  0  (4). 

In  order  that  the  equations  (3)  and  (4)  may  agree,  we  must 
have 

Q/-Q'j>  +  Pj'-P'!,  =  0  (5); 

and 

It  is  easy  to  show  that  equation  (6)  cannot  be  satisfied.     We 
have,  in  fact, 

Pp'-F;,^Pyp/P'-p/p' 

Q3'-Q'3    QYQ/Q'- 3/3'  ^ '■ 

Buti  by  chap,  xxxii.,  g  7, 

P_p^  1  1  1  1_ 

F    j»'~'^'^a,.,+  ■  ■  ■a,~°''«,.,+  ■  ■  "a,' 
=  a,  -  a,  ±/, 
where  /  is  a  proper  fraction. 

VOL.  II  2  F 
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Similarly 

Q      q  1  1  11 

=  0,-0,  ±/', 
where  /'  is  a  proper  fraction 

Now  dp  -  Of  cannot  be  zero,  for,  if  that  were  so,  we  should 
have  Of  =  a„  that  is  to  e&j,  the  cycle  of  partial  qnotienta  wonld 
begin  oqe  place  sooner,  and  would  be  a„  a,,  a,, .  .  .,  a,_,,aQdnot 
a,,  Of, .  .  .,  a,,  as  was  supposed.  It  foUowe  then  that  0,  -  a,  is 
a  positive  or  negative  itUegral  tauwia:  Hence  tlie  signs  of 
P/F  -pjp'  and  Q/Q*  -  qjq'  are  either  both  positive  or  both 
negative,  and  the  sign  of  the  quotient  of  the  two  is  positira 
Hence  the  left-huid  side  of  (6)  is  positive,  and  the  right-hand 
side  negative. 

There  catmot,  there/ore,  be  more  thtm  me  partial  quotient  m  the 
aa/dicpart  of  (1). 

Let  113,  then,  write 

«,.,,XJ_...,iJ_...  (8), 


a,+  a,+    ■   ■   "  o,+   l/iXj-a)' 
Hence 

which  gives 

ix,'-(p'  +  ^a-q)x,-ip~ap')^0  (9). 

From  (9)  we  ohtun 

p'  +  ^a-q.    ^/(p'-^-g'a-g)'-^4(p-^^>' 

In  order  that  (10)  may  ^ree  with  x,=  n/n/M,  we  must  have 
p'  +  ^d-q  =  0  (II); 

and 

2-N/jr=<p-fflp')f'  (12). 

Cor.  1.  By  equation  (II)  we  have 
p'}^  +  a  =  ql^. 
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Hence,  by  chap,  zxxii.,  §  7,  Cor.  2, 

2^^  J 1_  J__„  1  1^ 

a,  +  a,+  a,_,  '■i-i  +  oi) 

It  follows,  therefore,  by  chap,  xxxii.,  §  3,  that 

a,  =  2a,  a,_i  =  Ou  <H-i  =  <^  ■  ■  -i  a,  =  a,_|. 
In  other  teords,  the  last  partial  gv^}tUnt  of  the  ot/clieal  pari  of  the 
eonHntud  fraction  which  represents  v^N/M  u  double  the  unique  partial 
quotient  which  forms  the  act/cliail  pari ;  and  the  rest  of  the  cycle  is 
reciprocal,  that  is  to  say,  the  partial  quotifnis  eqtiidista/rU  from  the  two 
extremes  are  equal. 

In  short,  we  may  write 

■/N_        J_J_  J 1_J 1 

M    ~         a,  +  a,  +  '    '   '   a,+  a,  +   2a  +  a,  + 


(13). 


Cor.  2.  If  we  use  the  value  of  tfa  given  by  (11),  we  may  throw 
{\2)  into  the  form 

q"NI^=pg^-p'(3-p')i 
whence 

f^!^-p''=p^-p-q, 

=  ±\  (14), 

the  upper  sign  hang  taken  if  pjq  le  an  even  convo'genf,  the  lower  if 
it  ie  an  odd  convergent 

§7.]  All  the  reaulta  ah^ady  established  for  (P,  +  ^/R)/Q, 
apply  to  vN/M.  For  convenience,  ve  modify  the  notation  aa 
follows  : — 

a,  =a,  iK,=(P,  +  ■/R)/Q,  =(0+  VN)/M; 
0,  =  a„  x,=  (P.  +  */R)/Q,  =  (L,  +  ■JN)IM, ; 
a.     =0,         ai=(P.+  ^)/Q,  =  (L,+  Vn)/M.; 

a.     =«,-„      ii'.  =  (P.+  ^^)/Q,  =  (L.-,+  V^)/M,.,; 
a,+i  =  2a, 

a«-H  =  "ii 

From  g  2  (4),  we  then  have 

L„  =  a„.,M„.,-L„.,  (1); 

and,  in  particular,  when  n  =  1, 
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From  g  2  (5),  we  have 

W  +  M„-,M„  =  N  (2); 

and,  JQ  particular, 

L,'  +  MM,=N  (2'). 

From  g  3  (4)  and  (5),  we  have 

( -  1)»L„  =  (N/M)2„5„.,  -  Mj^„.,  (3) ; 

(-)'*M„  =  M;>„'-(N/M)5„'  (4). 

These  formuln  are  often  useful  in  particular  applicatdona.  It 
will  be  a  good  exercise  for  the  student  to  establish  them 
directly. 

§  8.]  Let  UH  call  L„  L.  &c.,  the  Rational  Dividends  and  M, 
M„  Mb  &c,  the  Divisors  belonging  to  the  development  of  VM/M. 
Then,  from  the  results  of  §  4,  ve  see  that 
None  of  the  rational  dividends  con  exceed  vN  ;  wme  of  the  partial 
qvoUenis  and  none  of  the  divisors  can  exceed  2  •</'S. 

Ail  the  rational  dividends,  and  all  the  divisors,  are  positive. 
It  ia,  of  course,  obvious  that  the  raliojtal  dividends  and  the 
divisors  form  cycles  collateral  vjiih  the  cycle  of  the  partial  and  total 
gvoUents ;  namely,  just  as  we  have 

"»+i  =  "ii     "1+1  =  *ii 
BO  we  have 

L.+,  =  L„     L,^,  =  L.,  (1), 

M,+.  =  M„    M,+.  =  M.,  (2). 

We  can  also  show  that  the  cycles  of  the  rational  dividends 
and  of  the  divisors  have  a  reciprocal  property  like  the  cycle  of 
the  partial  quotients ;  namely,  we  have 

L,     =L„     M,    =M;\ 

L...  =U     M..,  =  M,;(  (3). 

L,.,=U.     M,.,  =  M,;| 

For,  by  §  7  (2), 

L,+,'  +  M,+,M,  =  L,'  +  M,M; 
but  L,+,  =  L,  and  M,+i  =  M,,  hence 

M,  =  M  (4). 
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Again,  by  §7(1), 

L,+,  =  <i,M,  -  L, ; 
but  L,+,  =  L|,  a,=  2ffi,  M,  =  M,  hence  we  have 
L^  =  2(iM  -  L, 
Mow,  by  §  7  (1'),  L.  =  aM,  hence 
L,=  2L,-L„ 
therefore  L»  =  L,  (6). 

Again,  by  §  7  (2), 

L.'  +  M.M,.,  =  L,"  +  M,M, 
whence,  bearing  in  mind  what  we  have  already  proved,  we  have 
M,.,  =  M,  (6). 

0nc6  more,  by  g  7  (1), 

L,  =  o,_,M»_i  — 1^_„ 
L.  =  a,M,-L,. 
MowM,.,  =  M,  and  a,.j  =  €i„  hence 

L.-L.  =  L,-L..,. 
But  L,  =  L,,  hence 

L.-,  =  Iv 
Proceeding  step  by  step,  in  thia  way,  we  establiah  all  the 
equations  (3). 

It  appears,  then,  that  we  may  write  the  cycles  of  the  rational 
dividends  and  of  the  divisors  thus — 

UUU.  ■  ■  ■,  U.U.Ui 

M„  M;  M„  .  .  .,  ft^„  1^  M.,  M. 
Since  M  precedes  Mu  we  may  make  the  cycle  of  the  divisors 
commence  one  step  earlier,  and  we  thus  have  for  partial  quotients, 
rational  dividends,  and  divisors  the  following  cycles ; — 
"ii    ''e     "»   ■  -    -.      «»    t4,    "i>       2a;  a,. 
h„UU.  .  .  ..  L„  L,     L.;  L,. 

1^  M„  M„  M„  .  .  .,  M„  M. ;  M,    M,. 

That  is  to  say,  the  cyde  of  the  ratiaiud  dividends  is  collateral  iciih 
the  cyde  of  the  partial  quoOmls,  and  is  eompltlely  reciprocal ;   the 
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et/de  of  the  divuors  hegint  one  tiep  tarlier*  (thai  is,  from  Ike  very 
beginning),  and  it  redprocai  after  the  first  term. 

§  9,]  The  following  theorem  forms,  in  a  certain  sense,  a 
converse  to  the  propositions  just  established  regarding  the  cycles 
of  the  continued  fraction  which  represents  >/N/M. 

If       L„     =  Ln+„     M,„     =  M,„        a™     =  On. 
thai  L,».,  =  L„+„     M„_,  =  M„+„     a,„.,  =  oi„+,  (1). 

We  have,  by  §  7  (2X 

V  +  M„M„..  =  L„+,'  +  M„+,M„ 
whence,  remembering  onr  data,  we  deduce 

M— .  =  M,.+,  (2). 

Again,  by  §  7  (l^ 

L„  +  L„.,  =  a„.,M,».„ 
lta+.  +  L,+,  =  o„+,M„+„ 
vhance,  since  L„  =  Ln+,  by  dat&, 

L„.,  -  L„^<  =  (a„.,  -  a„+,)M„.„ 

=  («m-i-a«+i)M„+.  (3). 

If  Lbh  >  L„+a  we  may  write  (3) 

(L„.,  -  L„+.)/M„+,  =  «„-.  -  «,+,  (4) ; 

if  Lni-i  <  L,i+i>  W6  may  write 

{L„+.  -  U-.VM,.-.  =  "«+.  -  -™-  <5). 

But,  by  §  4  (9),  the  left-hand  sides  of  (4)  and  <6)  (if  tiiey 
differ  from  0}  are  each  <  I,  while  the  right-h&nd  sides  are  each 
positive  integers  (if  they  differ  from  0). 

It  follows,  then,  that  each  side  of  equation  (3)  must  vanish, 
BO  that 

L„-.  =  L,.+.  (6), 

o„-,  =  a„+i  (7), 

which  completes  the  proof. 

*  The  fact  that  the  cycle  of  the  divison  begins  one  itep  tatllor  thui  the 
cycles  of  the  partial  quotients  and  ration«l  dlvideoda  is  true  for  th«  general 
recarring  continued  fraction.  ScTenl  other  propositiona  prored  for  the 
apecial  cose  noir  under  consideration  hsre  s  more  genetul  application.  Th* 
«  left  for  the  reader  bimself  to  diMover. 
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Cor.  I.  Starting  with  the  equations  tn  the  second  line  of  (1)  as 
data,  we  amid  in  iiie  manner  prove  thcU 

L„.,  =  L„+„     M,„_,  =  M„^    a„.t  =  a^+,; 
and  so  on,  forwards  and  backwards. 

Cor.  2.  If  we  put  m  =  n,  the  conditioDS  in  (1)  become 

in  other  worda,  the  conditions  reduce  to 

and  the  concluoion  becomes 

!■„-,  =  L„+B      M„.,  =  M„+i,      a„_|  =  a„+|. 

Hence,  if  two  amseaUiee  rcUionai  dividends  be  equal,  they  are  the 
mdtUe  terms  of  the  q/de  of  rational  dividaids,  which  ftmst  therefore 
be  an  even  tyele ;  and  the  partial  qimtient  and  dimsw  correspondimg 
to  the  first  of  the  two  raiionai  dividends  wiU  be  the  middle  terms  of 
their  respee^ve  cycles,  which  m'uat  therefore  be  odd  cycles. 

Cor.  3.  If  we  put  in  =  n-i- 1,  the  conditiooB  in  (1)  reduce  to 
Mn+,  =  M„,     «»+,  =  os; 
and  the  condusion  gives 

L„  =  L,»+„       M„  =  M„+„       iXn  =  On+i- 

Ueing  this  conclusion  aa  data  in  (1),  ve  hare  as  conclusion 

Lb-i  =  I^+».      M„-,  =  M„+„      a„.,=a,+,; 
and  BO  on. 

Hence,  if  two  consecutive  divisors  (M„,  Jin+i)  ^  equd,  arid  also 
the  two  correspotK^ng  partial  gvotiaiis  (a„,  a„-|-,)  be  equal,  these  two 
pairs  are  the  middle  terms  of  their  respective  cydea,  which  are  both 
evert;  and  the  rational  dividend  (L»+i)  corresponding  to  the  second 
mmiber  of  either  pair  is  the  middle  term  of  its  cyde,  which  is  odd. 

These  theorems  enable  ua  to  save  abont  half  the  labour  of 
calculating  the  constituents  of  the  continued  fraction  which 
represents  ■/N/M  In  certain  cases  they*  are  useful  also  in 
reducing  surds  of  the  more  general  form  (L  +  vN)/M  to  con- 
tinued fractions. 
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V8468 

78W8W3 _^^ 

''(44  +  V84S3}/107' 


-78+\/8*e3 

S9 

-«  +  \/8463 

61 

-6S  +  V8W8 

107        -*-"■■. 
Since  we  have  now  two  8accesai7e  ntiocal  dividends  each  equal  to  63,  wb 
know  that  the  cycle  of  partial  quotieuta  haa  cnlmin«tad  in  3.     Hence  the 
cycles  of  partial  quotientB,  ntioDal  dividenda,  and  dirisora  are — 
Partial qootienta  .    .      2,        I,      8,       1,      2,      i; 
Bational  diTideoda    .     78,       44,    63,      03,     41,     78; 
DiTiiora  ...    36,    61,    107,    42,    107,    61 ; 
and  WB  haTO 

V84a3_      1  _L  _L  J_  J_  J. 

39     ""    ■*"2+  1-t  3+  1+  2+  4+'  ■  ■     ■ 

Example  2. 

If  e  denote  the  number  of  partial  qnotienti  in  the  cycle  of  the  continued 
fraction  which  represents  vN/H,  prove  the  following  fonnnln : — 
l(c  =  2t, 

P'_yi-ng'+P'g--i  (I ) . 

if«  =  2(  +  l. 

pf^Pi+igt+i+Piyi  (jlj . 

.,      ,  .^      .  ^  '"        «»M°+?'* 

if  m  bo  any  poBitiva  integer, 

?*»  2p-c»«  '"'•'• 

For  brevity  we  shall  prove  III.  alone.     The  reader  will  find  that  L  and 
II.  may  be  proved  in  a  similar  manner.     For  a  different  kind  of  demoostra- 


I,  see  chap,  xixiv.,  3  S. 
We  have 


1 


_  (g;W  +P~c-l)gmi+Pmr' 
Jm^aqmc  +  gm„-I+p,K) 


-  {2m  cycles}, 
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NoiT  the  equations  (2)  and  (3)  of  3  3  give 


P^efl  +  J"-- iQ-"4-»  =  Mji«  1 


In  the  present  case, 

P«fi=P<rf^i=I*=L,=aM, 

Q--+i=Qrt..=M.       =  M. 
The  eqiutioiu  (^  tberefore  give 

From  (a)  and  (7)  (III.)  follovra  at  ouce. 

The  formnlEe  (I.).  {U.),  (III.)  enable  us,  afler  a  certain  number  of  con- 
Teigenta  to  VN/M  have  been  calculated,  to  calculate  high  convergente  with- 
out finding  all  the  intermediate  ones. 

Coaaider,  for  example, 


(7). 


8B      "■^2+1+3+1+2+4  +  ' 

Here  e = 0,  ( = 3,  and  we  have  for  the  first  four  conTergents  2/1,  S/2,  7/3,  26/11 ; 

_29x3  +  7x2_92 
"^     3(11+2)    ~39' 
Also  P»_V4-(N/M')g^_ 

jii  2ng« 

_fl2'  +  (8463/3B*}-39'    16927. 
2x92x89  7178  ' 

PM^W  +  (1^/M')g»' 
?»  2j.„gu         ' 

16927'  X  39*  +  8483  x  7176' 
~     2  X  39'  X  16B2r"x"7178~ ' 
The  rapidity  and  elc^^ce  of  this  method  of  forming  rational  approiiinationg 
cannot  fail  to  strike  the  reader. 


EXZBCIEES  XXXI. 
Eiprosa  the  following  surd  numberB  as  simple  continued  fractions,  and 
exhibit  the  cycles  of  the  pirtial  quotients,  rational  diridands,  and  diviwrs : — 
(1.)  V(lOl).  (2-)  iV(68).  (8.)  V(H)- 

(7.)  Express  the  positive  root  of  3!'-3:-*  =  0  as  a  continued  fraction,  and 
find  the  6th  convergent  to  it. 

(8.)  Express  both  roots  of  2i'-6a!-li;0  as  continued  fractions,  and 
point  oDt  the  relatums  between  the  various  cycles  in  the  two  fractions. 
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(9.)  Show  that  ' 


VC'-»)"-sr  ■  .  .    . 

(10.)  EzprsBs  «,/("*+')  "  a'simi^  contdnued  fraction,  and  find  an  exprea- 
don  for  the  nth  coDTeigeot. 

Evaluate  the  following  recniring  cootiiined  fractions,  and  find,  where  joa 
can,  closed  expressions  for  their  nth  convergents ;  also  ohtain  recurring 
formaln  for  eimplijying  the  calculation  of  high  conTergeuts : — 


(11.) 

»+JT. 

(12.) 

I 

{13.) 

I 

1 

i+  •  ■  ■  ■ 

Show,  in  this  caM, 

that 

J*m-2p*.+;^-,=oift,. 

(14.) 

1      1 

rrrr- 

1 
..  —  .... 

where  the  cycle 

(15.)  Show 

that 

k 

•)(^- 

I+4X+  ■  ■ 

is  independent  of  sc 
(16.)  Show  that 


(17.)  If 

«. 

■S+.+  .+  - 

•■•  »-.»*—«+•■ 

"-:+» 

TjV  ■"■•«"« 

■"+i73^- 

•how  that 

*+; 

y  +  z)-la  +  b  +  c 

_+-j_;j._. 

(IS.)  Sboi.  tbat 

(o  +  i+tj-oic 

ft' 
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(19.)  If  ji  be  the  numerator  of  anf  convergent  to  ^J2,  then  2ji'±l  will 
also  be  the  numentor  of  a  convergent,  the  upper  or  lower  sign  being  taken 
according  trnp/qutu  odd  or  an  even  conveigeiit ;  aUo,  if  g,  g*  be  two  con- 
■ecutivB  denominators,  q'  +  ^'  will  be  a  denominator. 

(20.)  Evalaate 

1      1  1 


where  the  cjcle  conaUtB  of  n  - 1  units  followed  by  n. 
(21.)  In  the  case  of  ji-  j^  .  .  .,  prove  that 

j^=i^,=  {(Va+l)'-^'  +  (V2-l)^'l/2V2, 
p^_,=i5^  =  {(V2  +  l)»-^(V2-l)''|/4v'2. 
(22.)  Convert  the   positive   root  of  a3^-i-aJ«B-b=0  into  a  umple  con- 
tinned  fraction ;   and  ehow  that  p.  and  i;,  aie  the  coefficienta  of  a^  in 
(z+6ie'-a-)/(l-S.'+2.a!"+ii!'}  and  (oa!+o*+I.a*+x*)/(l-S«+'2.a'+i>!»)  re- 
spectively. 

Hence,  or  otherwiw,  show  that  if  a,  ^  be  the  roots  of  1-(o6-h2)s  +  j'=0, 


.  bee. 

■how  that 

1  111  11,  ,    ,     N?«, 

--^aTf-  ■  ■  ^2^irr-  ■  ■  ^5  C"  ^■^>=sv.- 

-(24.)*  If  e  be  the  number  of  quotients  in  the  i^cle  of  ^yN/H,  ehowtliat  if 
e=2t+l, 

^,-r-X+^,^       N 

r=0,     1,     .  .  .,     (-1; 
andife=2(, 

P,-r~lP,-r-i+Pl4T-iPt^_'S 

(26.)+  IfVZ=o+— —  .  .   .— —  s^-  ■  .,andiftheoonveigeut 
ai-l-oj-H  aj-Hai-Hai  + 

*  For  solutionB  of  ExerciMi  24  and  2fl-29  see  Unir's  valuable  little  tract 
on  Th*  Bijtranim  of  a  Quadratie  Surd  <u  a  Continaed  Fraetiim,  Glasgow 
(Moclehoae),  1874. 

i  In  coimection  with  Exercises  2S  and  80-32  see  Serret'i  Covrt  iTAlglbrt 
SvpirUun,  8»»  id.,  t  t,  ehaps.  i.  and  ii. 
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obUined  by  taUn^  1,  2,  .  .  .,  i  periocU,  ending  in  eadi  case  with  bi,  be 
Zi,Zt,  .  .  .,  Zi,  andifZi  =  Fi/Qi,  .  .  .,  Zi  =  Pi/Qi,  Pi uidQi  being  integsn 
prime  to  Mcb  otber  u  iudaI,  then 

P.  -  <1  VZ = (P^i  -  Q.-1  VZ)  (Pi  -  Qi  VZ). 
=(P,-<JiVZ)'; 
z,+vz_/Zi+vz\' 
z,-vz"\Z,-vz^  ■ 

(28.)  If  N  be  an  integer,  and  if  a  cyclical  partial  qaoUeut  occur  in  the 
development  of  VN  equal  to  the  acjclic  partial  quotient  a,  that  quotirat 
wiU  be  the  middle  term  of  the  reciprocal  port  of  the  c;cle  ;  and  no  cyclical 
partial  qnotient  can  occar  Ijiog  between  a  and  So. 

(27.)  When  N  is  a  prime  integer,  the  cycle  of  partial  quotiecta  is  even, 
and  the  middle  term  of  the  reciprocal  port  of  the  cycle  is  a  or  a- 1,  according 
as  a  ia  odd  or  eveo. 

(28.)  If  N  be  an  integer,  and  the  cycle  of  -JV  be  odd,  then  i.  18  the  anm 
of  the  squarea  of  two  integers  which  are  prime  to  each  other. 

Exhiliit  366,  aa  the  enm  of  two  tquarea. 

(29.)  The  general  expreaaion  for  ereiy  integer  whose  square  root  has  a 
cycle  of  e  terms,  the  reciprocal  part  of  which  has  the  terma  si,  oi,  .  ■  .,  o^  ai, 

(lpi»  -  ( - 1  )tpV)» +p'»i  -  { -  DY*. 
where  m  1b  any  poeitiTe  integer,  and  y/j",  piq  we  the  two  laat  convergents  to 


ai+- 


Ol+  «! 


Find  an  expreaaion  for  all  the  mtegen  that  hare  1,  2,  1  for  the  reciprocal 
part  of  the  cycle  of  their  aquaie  rooL  . 

(30.)  If  two  poaitive  itrationiil  qnantitie*,  »  and  )i,  can  be  developed 
in  continued  fractiona  which  are  identical  on  and  after  a  certain  conatitQent, 
ahow  that 

TlM'^  +  bWx  +  b-), 

where  a,  b,  a',  V,  are  integers  aoch  that  oi'  -  a'i  =  ±  1 ;  and  that  tliis  condi- 
tion is  sufficient. 

(31.)  The  equation  of  the  2nd  degree  with  rational  coefficicnli  which  is 
satiaGed  bj  a  given  recurring  continDed  fraction  has  ila  roots  of  opposite  signs 
if  the  fractioQ  is  purely  recurring,  and  of  the  aame  sign  if  it  is  miied  and  has 
mora  than  one  acyclic  partial  quotient. 

(3Z )  Investigate  the  relation  between  the  cycles  of  the  partial  and  com- 
plete quotients  of  the  two  continued  fractions  which  represent  the  nDmerical 
valaes  of  the  two  roota  of  an  equation  of  the  2nd  degree  with  ntjonal  co- 
efficients. 

lUnstrato  with  27iB»-87i!-H77=0. 
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APPUCATI0H8  TO  THE  SOUJTION  OF  DIOPHANTTNE  FROBLBUS. 

§  10.]  When  an  equation  or  a  eyatem  of  equations  Ib  in- 
determinate, we  may  limit  the  aolution  by  certain  extraneous 
conditions,  and  then  the  indetenninatenese  may  become  less  in 
degree  or  may  ceaae,  or  it  may  even  happen  that  there  is  no 
solution  at  all  of  the  kind  demanded. 

Thus,  for  example,  we  may  require  (I.)  that  the  solution  be 
in  rationaT  numbers ;  (II.)  that  it  be  in  integral  numbers ;  or, 
still  more  particularly,  (III.)  that  it  be  in  positive  integral  num- 
bers. Problems  of  this  kind  are  called  Diophantine  Problems, 
in  honour  of  the  Alexandrine  mathematician  Diophantos,  who, 
so  far  as  we  know,  was  the  first  to  systematically  disctiBS  such 
problems,  and  who  showed  extraordinary  skill  in  solving  them.* 
We  shall  confine  ourselves  here  mainly  to  the  third  class  of 
DiophantJne  problems,  where  positive  integral  solutions  are 
required,  and  shall  consider  the  first  and  second  classes  merely 
as  stepping-stones  toward  the  solution  of  the  third.  We  shall 
also  treat  the  subject  merely  in  so  far  as  it  illustrates  the  use  of 
continued  fractions:  its  complete  development  belongs  to  the 
higher  arithmetic,  on  which  it  is  beyond  the  purpose  of  the 
present  work  to  enter.t 

Equations  of  the  1st  Degree  t»  Tvx)  FariaUes. 

§  11.]  Since  we  are  ultimately  concerned  only  with  positive 
integral  solutions,  we  need  only  consider  equations  of  the  form 
ax±hy-c  where  a,  b,  e  a.re  positive  integers.  We  shall  suppose 
that   any  factor   common   to  the   three   coefficients  has   been 

*  See  Heath's  JHnphanloi  of  Alexandria  (Camb.  1865). 

t  The  reader  who  wishes  to  punme  the  ttady  of  the  higher  arithmetic 
shonld  fiiBt  read  the  kte  Hemy  Smith's  seriea  of  Beports  on  the  Theory  of 
Numbers,  publiabed  in  the  Annual  Reports  of  the  British  Aeaodation  (1SG9- 
60.51-82);  then  Legendre,  Thiorie  dct  Nombra;  Diriohlet's  F'orUstmgai 
ilber  ZahlentheorU,  ed.  bj  Dedekind ;  and  finally  Gauss's  DitqvitUiotia  Arith- 
•auiicM.  He  will  then  be  in  a  position  to  master  the  Tarious  special  memoirs 
in  which  Jacobi,  Hermite,  Eammer,  Henry  Smith,  and  others  have  dsTeloped 
this  great  branch  of  pure  mathematics. 
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removed.  We  may  obviously  codSdo  ourselves  to  the  cases 
where  a  is  prime  to  b;  for,  if  x  and  y  be  integers,  any  factor 
conunoD  to  a  and  h  must  be  a  factor  in  e.  In  other  words,  if  a 
be  not  prime  to  5,  the  equation  ox  ±  i^  =  c  has  no  integral  solution. 
§  1 2.]  To  Jmd  all  the  inteffral  loltUitme  of  ax-by  =  e  ;  and  to 
sqmrate  the  positive  iniegrcd  solutions. 

We  can  always  find  a  particular  integral  solution  of 

ax-bi/  =  c  (1). 

For,  eince  a  ia  prime  to  6,  if  we  convert  a/b  into  a  continued 
fraction,  its  last  convergent  will  be  a/b.  Let  the  penultimate 
convergent  be  p/q,  then,  by  ohap.  xzxii.,  §  8, 

aq-pb=  ±1  (2). 

Therefore 

a{±cq)-b{±cp)  =  c  (3). 

Hence 

a:"  =  ±  (?,     y*  =  ±  op  (4) 

is  a  particular  integral  solution  of  (1). 

Neit,  let  (x,  y)  be  any  integral  solution  of  (1)  whatever. 
Then  from  (I)  and  (3)  by  subtraction  we  derive 
«(«-<±^))-%-(±g.)l-0. 
Therefore 

{«-(±««»/{f-(*«P))=S/«  (5)- 

Since  a  is  prime  to  b,  it  follows  from  (5),  by  chap,  iii,  Exercises 
rV.,  1,  that 

x-{±cq)  =  bt,     y~(±cp)  =  al, 
where  (  is  zero  or  some  integer  positive  or  negative.     Hence 
every  integral  solution  of  (1)  is  included  in 

x=  ±cq  +  bt,    y=±cp  +  af  (6), 

where  the  upper  or  lower  sign  must  be  taken  according  as  the 
upper  or  lower  sign  is  to  be  taken  in  ^2). 

Finally,  let  us  discuss  the  number  of  possible  int^ral  solu- 
tions, and  separ&te  those  which  are  positive. 

1°.  If  (i/b>pjq,  then  the  upper  sign  must  be  taken  in  (2), 
and  we  have 

x  =  cq  +  ht,    y  =  (y  +  ai  (6'), 
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There  are  obviously  an  infinity  of  integral  solutions.  To  get 
positive  values  for  x  and  y  we  must  (since  c^/a  <  cg/£)  give  to  t 
values  such  that  -epja'^t'^  +  <x>.  There  are,  therefore,  an  in- 
finite numher  of  positive  integral  solutions. 

2°.  If  a/6  <_p/j,  so  that  epja  >  cq/b,  we  must  write 

x=  -cq  +  bi,     y=  ~q)  +  at  (6'). 

All  our  conclusions  remain  as  before,  except  that  for  positive 
solutions  we  must  have  qi/a^t^  +  oo . 

We  see,  therefore,  that  ax-by^c  has  in  all  cases  <m  infinite 
numb^  of  positive  i-nieyrat  sdiUiont. 

§  13.]  To  find  ail  Ike  integral  solulitms  of 

ax  +  ht/  =  c  (7), 

and  to  separate  the  positive  inle^ul  solutions. 

We  can  always  find  an  integral  solution  of  (7)  ;  for,  if  ^  and 
q  have  the  same  meaning  as  in  last  paragraph,  we  have 

i±cq)a  +  {T'^)b^C  (8), 

that  is,x'=  ^cq,  i/  =  ^ cp  is  &  particular  integral  solution  of  (7). 

By  exactly  the  same  reasoning  as  before,  we  show  that  all 
the  integral  solutions  of  (7)  are  given  by 

x=  ±cq-bt,    y=  ^cp  +  ai  (9); 

BO   that  there   are  in  this   ca^e   also  an   infinity  of  integral 
solutions. 

To  get  the  positive  integral  solutions : — 

l^  Let  OS  suppose  that  a/b  >p/q,  so  that  ep/a  <  cqfb.  Then 
the  general  solution  is 

x  =  eq-bf,    y=  -cp  +  at  (9'). 

Hence  for  positive   integral   solutions  we  must  have   t^jal^t 
l^cqjb. 

2".  Let  us  suppose  thst  a/b  <plq,  so  that  t^ja  >  cq/b,  then 
x=  -cq-bt,    y  =  (p  +  at  (9'). 

Hence  for  positive   integral  solutions  we  must  ba,vo -gt/a^t 
>-cqlb. 
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In  both  these  cases  the  number  of  positive  integral  solutions 
is  limited  In  fact,  the  number  of  such  solutions  cannot  exceed 
1  +  mod  {cqlb  -  cp/a) ;  that  is,  since  mod  {aq  -pb)  =  1,  the  mutiAer 
of  positive  tniegml  sdutuma  of  the  equaiim  ax  +  by  =  e  cannot  exaed 

l+c/di. 

Example  1.  To  find  all  the  integral  and  all  the  poaitiTe  iut^ral  Bolatiiins 
otSx  +  13y-lM. 
We  have 

S  _  1_    1      I      11 

13    1+1  +  1  +  1  +  2' 

The  pennltinmte  convergent  is  3/5 ;  and  we  hare 

8x6-13x3  =  1, 

8(7B6)  +  ia(-m)  =  lB9. 

Hence  a  particDlBr  solation  of  tlie  given  equation  is  3^  =  796,  ^=  -477 ;  and 

the  general  solution  is 

3!=  796  - 13/,     y  =  -  477  +  8(. 
Fat  positive  integral  solationB  we  iDiut  have  705/13-4t-<t  177/8,  that  ia, 
fll^<tMG6(.      The  only  admissible  values  of  i  ate  therefore  60  and  61  ; 
tbese  give  x  =  lE,  y=Z,  and  x=:2,  ^  =  11,  wMcb  are  the  only  positive  integral 
solutions. 

Example  2.   Find  all  Qie  positive  integral  solntiona  of  3s-f2y +  3z— 3. 
We  may  write  this  equation  in  the  form 

rom  which  it  appears  that  those  solutions  alone  are  admissible  for  which 

The  general  integral  eolutiou  of  the  given  equation  is  obvioiuly 

x=i-Si-2t,     y=-S  +  3z  +  3t. 
In  order  to  obtain  positive  values  for  x  and  y,  we  must  give  to  t  integral 
values  lying  between  +4-f*  and  +2f -i.     The  admissible  values  of  (  are 
3  and  i,  when  ;=0  ;  2,  when  i  =  l  ;  and  1,  when  t=2.     Hence  tiie  only 
positive  integral  solutions  are 

x=2,     0,     1,    0; 


§14.]  Any  Hystem  of  equations  in  which  the  number  of 
variables  exceeds  the  number  of  equations  may  be  treated  by 
methods  which  depend  ultimately  on  what  has  been  already 
done. 
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Consider,  for  example,  the  sy atom 

ax  +  by  +  a:  =  d  (1), 

a'x  +  b'y  +  c'z  =  d'  (2), 

where  a,  h,  c,  d,  a',  &o.  denote  any  int^ers  positive  or  negative. 
This  system  is  equivalent  to  the  following : — 

-K>  +  (fe>  =  (<&■)  (3), 

Y«  +  Sy  +  cz  =  d  (4), 

where  (ca')  stands  for  ca'  -  c'a,  && 

Let  8  be  the  G.C.M.  of  the  integers  (oc"),  (be').  Then,  if  5 
be  not  a  factor  in  (tfe"),  (3)  has  no  integral  solution,  and  conse- 
quently the  system  (1)  and  (2)  has  no  integral  solution. 

If,  however,  S  be  a  factor  in  (de"),  then  (3)  will  have  integral 
solutions  the  general  form  of  which  is 

.=«■■  + (tern   y  =  y  +  K)(/8  (s), 

where  (x',  y")  is  any  particular  integral  solution  of  (3),  and  t  is 
any  integep-whatever. 

If  we  use  (5)  in  (4),  we  reduce  (4)  to 

cz  -  c{a6')(/6  =  d~a^  -hy"  (6), 

where  c(ab')IS  is  obviously  integral. 

In  order  that  the  system  (I),  (2)  may  be  soluble  in  integers, 
(6)  must  have  an  integral  solution.  Let  any  particular  solution 
of  (6)  be  J  =/,(  =  /■.     Then 

z-e'  _(ab') 
t-f"^    8   ' 
Hence,  if  e  he  the  G.C.M.  of  <fflfi')  and  S,  that  is,  the  G.C.M. 
of  {be'),  {ca'),  {ob'),  then 

z  =  ^  +  {ab')ii/f,     t  =  r  +  Sujt  (7), 

where  u  is  any  integer. 

From  (5)  and  (7)  we  now  have 

a;  =  ar +  {!«■)«/(,     y  =  i/ +  {ca')uli,     z^^  +  (ab')tt/i     (8), 
where  3^  =  z"  +  (bey IS,    »/'  =  y"  +  {cay/&. 

If  in  (8)  we  put  w  =  0,  we  get  x  =  3f,  y  =  y',  z  =  sl ;  therefore 

(z",  /,  «■)  is  a  particular  integral  solution  of  the  system  (1),  (2). 

A  little  cohfideration  will  show  that  we  might  replace  (/,  y',  ^) 

by  any  particular  int^r^  solution  whatever.     Hence  (S)  gives  ail 

VOL.  n  ■  2  o 
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llie  integral  solutums  of  (1),  (2),  (/,  y,  «")  betn^  any  parlicular 
inleffral  solutwti,  i  tke  G.C.M.  of  (bd),  {ca'),  {ab'),  and  u  any  iniegar 
lohatever. 

The  poaitive  integral  solationa  can  be  found  by  properly 
limiting  it. 

Eumple. 

3a  +  4y  +  27j  =  34,    to  +  5y+21i=29. 
Here  (ic')=  -  SI,  {ca')  =  lS,  (ai')  =  3.     Hence  <  =  3  ;  a  partioDlar  integral 
solution  u  (1, 1, 1) ;  and  we  have  for  the  general  integral  solution 
a:  =  l-17u,     S'=l+8tt,     z=\+u. 
The  oulj  positiTe  integral  solution  )BX=l,y  =  \,  z=l. 

Equaiwns  of  8ie2nd  Degree  in  Tim  VariabUs. 
g  16.]  It  follo-WB  from  §  7  (4)  that,  if  Pn/qn  bo  tho  ntb  con- 
vergent and  M„  the  (n  +  l)th  rational  divisor  belonging  to  the 
development  of  J(CjD)  as  a  simple  periodic  continued  fraction, 

DV-C9„'  =  {-)»M„  (1). 

Hence  the  equatim  Da:*  -  Cy*  =  +  H,  teho'e  C,  D,  H  are  positive 
inteyers,  and  C/D  is  not  a  perfect  square,  admits  of  an  infiniie 
nuntber  of  integral  sduiions  proved  its  right-hand  side  occurs  among 
Ike  quantities  ( -  )''M„  belonging  to  the  simple  continued  fraction 
vihidi,  represents  ^/(C/D) ;  and  the  same  is  true  of  the  equation 
D/-Cj*=  -H. 

The  most  important  case  of  this  proposition  arises  when  we 
suppose  D  =  1.     We  thus  get  the  following  result : — 

The  equation  of  -  Cy*  =  ±  H,  where  C  and  H  are  positive  integers, 
and  C  is  not  a  perfect  square,  admits  of  an  infinite  namher  of 
integral  soluti/ms  provided  Us  rigid-hand  side  occurs  among  the 
quantities  (  -  }"M„  belonging  to  the  development  of  JC  as  a  simple 
continued  fraction. 

Cor.  1.  The  egtiation 3?- Ci/' =  I,  v/kereC  isposUive  and  not  a 
peifecl  square,  always  admits  of  an  infinite  number  of  s<Aulions.* 

*  liy  what  seems  to  be  a  historical  misnomer,  this  ei^uation  is  commonl)' 
spoken  of  as  the  Pellian  Equation.  It  was  origiaall3'  proposed  by  Fennat 
as  a  challenge  to  the  English  matliematicians.     Solutions  were  obtained  by 
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For,  if  the  namber  of  quotients  in  the  period  of  \/C  be 
even,  =  2s  say,  then  (  -  )*'M„  will  be  +  1  (since  here  M  =  +1). 
Therefore  we  have 

Pau-CqMi  =  *  1> 
where  (  is  any  positive  integer ;  that  is  to  say,  we  have  the 
system  of  solutions 

a:=y^,     y  =  9rt.  (A), 

for  the  equation  a?  -  Cy*  =  1. 

If  the  number  of  quotients  in  the  period  be  odd,  =  2s  -  1  say, 
then  (-)"-'M„,,  will  be -1,  but  (-)*'->M.,.„(-)«'-*M„.„  .  .  . 
will  each  be  +  1.     Hence  we  shall  have  the  system  of  solutions 

!^  =?«.-.(,    y  =  q,t.-^  (B), 

for  the  equation  of  -  Cy"  -  1, 

Cor.  2,  The  egmtion,  (e*  -  Gif  =  -  1  admits  of  an  infinite  number 
of  inte^al  solutions  provided  there  be  an  odd  number  of  quotients  in 
the  period  of  JC 

§  16.]  In  dealing  with  the  equation 

3^-C/=±H  (1) 

we  may  always  confine  ourselves  to  what  are  called  pimitive 
solutions,  that  is,  those  for  .which  x  is  prime  to  y.  For,  if  z  and  y 
have  a  common  factor  0,  then  6'  must  be  a  factor  in  H,  and  we 
could  reduce  (1)  to  a:"-Cy=  ±H/fl'.  In  this  way,  we  could 
make  the  complete  solution  of  (1)  depend  on  the  primitive 
aolutions  of  as  many  equations  like  x"  -  Cy"  =  ±  H/^'  as  H  has 
square  divisors. 

We  shall  therefore,  in  all  that  follows,  suppose  that  x  is 
prime  to  y,  from  which  it  results  that  x  and  y  are  prime  to  H. 

With  this  understanding,  we  can  prove  the  following  im- 
portant theorem ; — 

If  H<  v'C,  all  the  soltdiona  of  (1)  are  furnislted  by  Ike  ton- 
vergenis  lo  tJC  tuxording  to  the  method  of  g  15. 

This  amounts  to  proving  that,  iiz  =  p,  j/  -  3  be  any  primitive 
integral  solution  of  {!),  then  pjq  is  a  convergent  to  -/C.    . 

Brouncket  and  Wallia.  The  complete  theory,  of  wliicli  tbe  Bolulion  of  this 
eqaatioD  ^a  merely  a  part,  was  given  bj  Lagrange  in  a  series  of  memoirs  which 
form  a  landmark  in  th«  theor;  of  numbera.  See  especial];  (Eicvrea,  t  ii, 
p.  877. 
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Now  we  hare,  if  the  upper  sign  be  taken, 
/-(Y  =  H. 
Hence  pjq-  v/C  =  H/5Q)+  ^/C3), 

^^Glq{p^  ^Gq), 
<l/3V/2^/C+l)  (2). 

How  pjq-  VC  is  positive,  therefore  j(/3V'C>  1.     Hence 

p/q-  ^/C<l/25*  (3). 

It  follows,  therefore,  by  chap,  xxsii,  g  9,  Cor.  4,  that  pjq  is 
one  of  the  convergents  to  JG. 

It  the  lower  sign  be  taken,  we  have 
/-(l/Cy.H/C, 
where  H/C<\/'(l/C).     We  can  therefore  prove,  as  before,  that 
q/p  is  one  of  the  convergents  to  \/(l/0),  from  which  it  follows 
that  pjq  is  one  of  the  convergents  to  %/C. 
Cor.  1.  All  the  soltUiom  of 

i'-cy='i  (4) 

are  fumUhed  by  the  pmvllimale  amvergeiUs  in  the  successive  or 
alienuUe  periods  of  iJO. 

Cor.  2.  If  &e  nwmber  of  qwotients  in  the  period  of  ^/C  be  even, 
the  equation  a'  -  Cy*  =  -  1  (6) 

has  no  integral  solution.  If  the  number  of  quotienls  in  the  period 
be  odd,  all  the  integral  solutvms  are  furnished  by  the  penvUimate 
amvergerUs  in  the  alternate  periods  of  -JC. 

g  17.]  We  have  seen  that  all  the  integral  solutions  of  the 
equation  (4)  are  derivable  from  the  convei^nts  to  i/C ;  it  is 
easy  to  give  a  general  expression  for  all  the  solutions  in  terms 
of  the  first  one,  say  (p,  q).     If  we  put 

x  +  yJC  =  (p  +  qJC)-\ 
x-g^C  =  (p-q^G)-}  ^*'^' 

we  have 

a:'-C/  =  {p'-Cj')"  =  l. 
Hence  (6)  gives  a  solution  of  (4). 

In  like  manner,  if  n  be  any  integer,  and  (p,  q)  the  first 
solution  of  (5),  a  more  general  solution  is  given  by 

i:-yvc=(j.-}vc)"-;  *''■ 
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Finally,  if  (p,  5)  be  the  firat  solution  of  (1),  we  may  express 
all  the  aolutions  derivable  therefrom*  by  means  of  the  geDeral 
solution  (6)  of  the  equation  (4).  For,  if  (r,  s)  be  any  solution 
whatever  of  (4),  we  have 

p'-Cif=  ±H, 
/-Cs'  =  l; 
(p'-(V)(/-CO=±H, 
(pr  ±  Cqs)'  -  C(p3  ±  jr)'  =  ±  H. 
Therefore 

x=pr±Cqs\ 

y=p3±jr    J" 

is  a  solution  of  (1). 

The  formulffl  (6),  (7),  (8)  may  be  established  by  means  of  the 
relations  which  connect  the  convergenta  of  tJG  (see  Exercises 
XXXI,  2S,  and  Serre^  Alg.  Sup.,  §  27  el  seg.).  This  method  of 
demonstration,  although  more  tedious,  is  much  more  satisfactory, 
because,  taken  in  conjunction  with  what  we  have  established 
in  g  16,  it  shows  that  (6),  (7),  and  (8)  contain  ail  the  sdniions 


(8) 


le  1.  Find  the  inUgral  solatiooa  orz>-13y*=l. 

refer  to  chap,  xzzii.,  g  5,  we  find  the  following  table  of  values 


n 

a. 

j"- 

Sn 

M, 

a 

3 

1 

4 

4 

1 

3 

1 

7 

2 

3 

11 

IS 
119 
137 

3 
5 
S3 
38 

i 

1 
4 
3 

258 

71 

3 

893 

109 

4 

049 

ISO 

1 

4287 

lies 

4 

Hence  the  smalleBt  solution  of  x>- 13^=  lis  2  =  849,  ^=180.  We  have, 
□  fact^ 

649'-  13.180*=42I201  -421200  =  1. 

■  It  must  not  be  forgotten  th«t  there  may  be  mora  than  one  aolution  in 
.ha  first  period.  For  every  snch  primary  aolution  there  will  be  a  general 
^Dp  tike  (6). 
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From  (6)  above,  ve  see  that  the  general  solution  is  giren  by 
!>= i  i  (849  + 180  V13)"  +  (fl*9  -  ISOVl  3)-S , 
V=i({fl49  +  180v'13)»-(649-180v'iar}/V13. 
wheie  n  is  any  positive  integer. 

In  particular,  taking  n  —  S,  we  get  the  solution 
a  =  e49'+ 13.180'=  842401, 
y=      2.649.180=233640. 
Example  2.  Find  the  integral  solatioi]sor^-13^= -1. 
The  primary  Bolation  is  given  by  the  Gth  convergent  to  ^/H,  as  may  Im 
seen  by  the  table  given  in  last  example. 
The  general  solution  is,  by  (7), 

a:=iia8  +  BV18)*-'  +  (18-EV13)'"-M, 

»-2Vl3'*^^  +  ^^^'^"'"'^**^^^^'"'''' 
when  n  is  any  positive  integer. 

Example  3.  Find  nil  the  integral  solutions  of  a?- 13y'=S. 

The  primary  solution  is  x  — 4,  y  =  l,  as  may  be  seen  froiD  tbe  table  above. 

The  general  solution  is  thcrerore,  by  (8], 

z=4r±135,     y  =  4a±r, 
where  (r,  5)  is  any  solution  whatever  ori^-lS3/'=l. 

Id  particular,  taking  r=649  and  t^lSO.vre  get  the  two  solutions,  a!  =  2!>G, 
y  =  71,  and  il=4B36,  v  =  1369. 

§  18.]  Let  us  next  consider  the  equation 

a!'-Cy'=  ±H  (9), 

where  C  is  posttiTe  and  not  a  perfect  square,  and  H  is  positiye 
but  >  VC. 

We  propose  to  show  that  the  solution  of  (9)  can  always  be 
made  to  depend  on  the  solution  of  an  equation  of  the  same  form 
in  which  H<VC;  that  is,  upon  the  case  already  completely 
solved  in  §§  15-17. 

Let  {x,  y)  be  any  primitive  solution  of  (9),  so  that  x  is  prime 
to  y.     Then  we'can  always  determine  (x,,  y,)  so  that 

x9,-yx;=  ±1  {10^* 

In  fact,  if  pjq  be  the  penultimate  convergent  to  xjy  when  con- 
verted into  a  simple  continued  fraction,  we  have,  by  %  IS, 

Xi  =  ix  ±p,     y^  =  ttJ±q  (1 1). 

between  the  double  signs  here  and  in  (9). 
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If  we  multiply  both  sides  of  (9)  by  x' -  Cy,',  and  rearrange 
the  left-hand  side,  we  get 

(^,  -  Cyy,)'  -  C{xy,  -  yz,)'  =  ±  B{x,'  -  Cy,"). 
Thia  gives,  by  (10), 

(a«,-Cs5,)'-C=  iU{x,'-Cy;)  (12). 

Now 

«r,  -  Cyy.  =  l{z' -  (h^  ±  (xp  ~  Gyq)  (13). 

But  we  may  put  ip  -  Cy?  =  SH  ±  K, ,  where  K,  >  JH.     Hence 
KCi  -  Cyy,  =  (( ±  S)H  ±  ( ±  K,)  (H). 

Now  f  and  the  double  sign  in  (13)  are  both  at  our  disposal ; 
and  we  may  obviously  so  choose  them  that 

xx^-Cyy,  =  K,  (15), 

where 

K,J.iH.  (16). 

We  therefore  have,  from  (12), 

K.'-C=  ±H(^,'-Cy,*)  (17). 

Now,  ■by  hypothesis,  \/C<H,  therefore  C<H'  and  K,'-C 
<H'. 

Since  {z^,  y,)  are  integers,  it  follows  from  (17)  that^  if  (9) 
have  an  integral  solution,  then  it  must  be  possible  to  find  an 
integer  Ki:]>£H  such  that 

(K,'-C)/H  =  H,  (18), 

where  H,  is  some  integer  which  is  less  than  H'/H,  that  is,  <  H. 

If  no  value  of  K,<  JH  can  he  found  to  make  (K|'-C)/H 
integral  (and,  be  it  observed,  we  have  only  a  limited  number  of 
possible  values  to  try,  since  K,:|>^H),  then  the  equation  (9)  has 
no  integral  solution. 

Let  us  suppose  that  one  or  more  such  values  of  K,,  say  K,, 
K,',  Ki',  ,  .  .,  can  be  found,  and  let  the  corresponding  values  of 
H|  be  H„  Hi',  H|*,  ,  .  .  Then  it  follows  from  our  analysis  that 
for  every  integral  solution  of  (9)  we  must  be  able  to  find  an 
integral  solution  of  one  of  the  limited  group  of  equations 

»,"-Cy,'=  ±H,' 
ft/-C,,".  ±H,- 


(19), 


where  H,,  H/,  H,",  ...  are  all  lees  tiian  H. 
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If  it  also  happens  that  in  all  the  equationB(19)  the  numerical 
value  of  the  right-hand  side  is  <  y/C,  then  these  equations  can 
all  be  completely  solved,  as  already  explained. 

If  ((K|,  y,)  be  a  solution  of  any  one  of  thorn,  we  see,  by  {10) 
and  (16),  that 

x  =  (K,x,TCy,)/H.,     y  =  (K,y.T*,)/H,  (20), 

or  i  =  (K,'x,TCy,)/H,',     y  =  (K/y,  ^  :c.)/H/, 


If  in  any  of  the  equations  (19),  say,  for  instance,  in  the  first, 
the  condition  H,  <  v'C  is  not  yet  fulfilled,  we  can  repeat  the 
above  transformation,  and  deduce  from  it  a  new  system, 

X,'  -  Cy,'  =  ±  H,  •] 

x.'-Cy:=  ±nA  (21), 


where  H,  and  Hj'  are  each  less  than  H, ;  and  we  hava 

X,  =  (K,x,  T  Cy,)/H„     y,  =  (K,y,  t  i,)/H.  ' 
X,  =  {K;x,  t  Oy,)/B.'.  ■  y.  =  (K,'y.  T  a.)/H.' 


id  w( 


Since  the  H's  are  all  integers,  the  chain  of  successive  operations 
thus  indicated  must  finally  come  to  an  end  in  every  branch. 

Thus  we  see  that  any  integrcd  sduium  of  (9)  must  be  dedudMe 
from  the  solution  of  one  or  other  of  a  finite  groap  of  equations  of 
the  type 

z"~Cy'  =  H„<'»>  (23), 

tvhere  H„<")<  s/C. 

The  practical  method  of  solution  thus  si^gested  is  as 
follows : — 

Find  all  the  integral  values  of  K,  <  JH  for  which  (K,'  -  C)/H 
is  an  integer.  Take  any  one  of  these,  say  E, ;  and  let  H,  be 
the  correspondiDg  value  of  (K,'  -  C)/H.  Then,  if  H,  <  s/C,  solve 
the  equation  x'  -  Cy'  =  ±  H,  generally  ;  take  the  formula  (20) ; 
and  find  which  of  the  solutions  (x„  y,),  if  any,  make  (x,  y)  integral. 
We  thus  get  a  group  of  solutions  of  (9).  If  H,  >  VC,  then  we 
find  all  the  values  of  K,  <  JH,  for  which  (K,'  -  C)/H,  is  integnd, 
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=  H,  say,  and,  if  H,  <  v'C,  solve  the  equation  x,  -  Cy,'  =  ±  H, ; 
then  pass  back  to  x  through  the  two  transfonnations  (20) 
and  (22) ;  and,  finally,  select  the  integral  values  of  x  and  y  thus 
resulting,  if  there  be  any. 

By  proceeding  in  this  way  until  each  branch  and  twig,  as  it 
were,  of  the  solution  is  traced  to  ita  end,  we  shall  get  all  the 
possible  integral  solutions  of  (9),  or  else  satisfy  ouraelves  that 
there  are  none. 

The  straightforward  application  of  these  principles  is  illus- 
trated in  the  following  example.     Into  the  various  devices  for 
shortening  the  labour  of  calculation  we  cannot  enter  here. 
Example.  Find  the  iotegial  eolutiona  of 

!K»-16y'  =  61  (8'). 

Let  (Ki'-16)/ei  =  H,  (18'), 

where  K,>30. 

Then  Ki"  =  16  +  81Hi. 

Since  Ki'>  SOO,  we  have  merely  to  select  the  perfect  squBTes  among  the 
nnmbera  15,  76,  137,  19S,  2Se,  320, 381, 142,  503,  664,  626, 6Sfl,  HI,  SOS,  869. 
The  only  otto  ia  625,  corresponding  to  which  we  have  Ki  — 2S  and  Hi  =  10. 
Since  Hi>^15,  we  must  repeat  the  process,  and  put 

(K^-15)/10  =  Hs  (18"), 

where  Es>  5,  and  therefore  Kj'>2B, 

Since  Kj'  =  lE  +  10H,,  the  only  valaes  of  Kj*  to  h«  eiamined  here  are  6, 
16,  26.  or  these  the  last  only  ia  suitable,  coireapondiug  to  which  we  have 
K,=B,  H,=  L 

Wb  have  now  arrived  at  the  equation 

xf-\ty3*=\  (21'), 

the  first  solution  cf  which  is  easily  seen  to  be  (4,  1).  Hence  the  general 
solntion  of  {21')  is 

^=^{(4  +  V16)-  +  (<-V16)'}         "I 

The  general  solntion  of  (9')  is  connected  with  this  by  the  relations 

a:i-(63^Tl5i'>)/l.       !'i  =  (6!/>Tl^)/l  (22'); 

a:-(253;,:Fl5ift)/10,     y  =  {,2&yi:fx,)l\<i  (20'). 

where  zj  and  yi  are  given  by  (24).  The  qnestion  regarding  the  integrality  of 
X  and  y  does  not  arise  in  this  case. 

As  a  verification  put  Xt  =  i,  !A=1,  and  we  get  the  Eolations  {11,  2)  and 
(101>  36)  for  (V),  which  are  correct. 
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§  19.]  There   remain   two   cases  of  the  binomial  equation 
z"  -  Oy*  =  ±  H  which  are  not  covered  by  the  above  analysis — 
i*-Ci,'=  ±3  (26), 

where  C  is  a  perfect  aquare,  aay  C  =  R' ;  and 

a^  +  C/=  +H  (27). 

The  equation  (26)  may  be  written 

(i  -  By)  (n- Ey)  =  ±H. 
Hence  we  must  have 

where  u  and  v  are  any  pair  of  complementary  factors  of  ±  H. 
We  have  therefore  simply  to  solve  every  such  pair  as  (28),  and 
select  the  integral  solutions.  The  number  of  such  solutions  ia 
clearly  limited,  and  there  may  be  none. 

In  the  case  of  equation  (27)  also  the  number  of  solntions  is 
obviously  limited,  since  each  of  the  two  terms  on  the  left  is 
positive,  and  their  sum  caanot  exceed  H.  The  simplest  method 
of  solution  is  to  give  y  all  integral  values  J-  ^/(H/C),  and 
examine  which  of  these,  if  any,  render  H  -  Cy*  a  perfect  square. 

§  20.]  In  conclusion,  we  shall  briefly  indicate  how  the  solu- 
tion of  the  general  equation  of  the  2nd  degree, 

aa?  +  2hxy  +  bt^  +  2ffz+ 2fy  +  G==0  (29), 

can  be  made  to  depend  on  the  solution  of  a  binomial  equation. 

By  a  slight  modification  of  the  analysis  of  chap,  vii.,  §  13, 
the  reader  will  easily  verify  that,  provided  a  and  b  be  not  both 
zero,  and  e  be  not  zero,  (29)  may  be  thrown  into  one  or  other 
of  the  forms 

(Cy  +  F)'  -  C{ax  +  hy  +  gy=  -  aO.  (30) ; 

or  (Cx  +  G)'  -  C{hx  +  hj  +/)'  =  -  6A  (31), 

where  A  =  abc+  2fgh  -  of'  -bg'-ch',  C  =  h'-ab,  ¥  =  gh-  af, 
G  =  hf  -bg;  say  into  the  form  (30),     It,  then,  we  put 
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(30)  reduces  to 

^  -  C71'  =  -  aA  (33), 

which  is  a  binomial  form,  and  may  be  treated  by  the  methods 
already  explained. 

If  h'  >  ab,  then  C  is  positive,  and,  provided  C  be  not  a  perfect 
square,  we  fall  upon  cases  (1)  or  (9). 

If  C  be  a  positive  and  a  perfect  square,  we  have  case  (26). 

It  should  be  noticed  that,  if  either  a  =  0  or  6  =  0,  or  both 
a  =  0  and  6  =  0,  we  get  the  leading  peculiarity  of  this  caae,  which 
is  that  the  left-hand  side  of  the  equation  breaks  up  into  rational 
factors  (see  Example  2  below). 

llh*<ah,  then  C  is  negative,  and  we  have  case  (27). 

If  A'  =  o6,  Uien  0  =  0,  and  the  equation  (29)  niay  be  written 

{ax  +  ky)'  +  2agx  +  2afy  +  ac^0  (34), 

which  can  in  general  by  an  obvious  transformation  be  made  to 
depend  upon  the  equation 

V'-Qt  (35), 

which  can  easily  be  solved. 

Eiampls  1.  Find  all  the  positive  integral  solutions  of 

ac»-Sry  +  7y»-4J:  + 21^=109. 
This  equation  may  be  written 

eay  J'+6^-338. 

Here  we  have  merely  to  try  all  values  of  t)  from  0  to  8,  nnd  finil  which  of 
them  makes  336  -  Sij*  a  perfect  square.     We  thna  finil 

f=±16,     ij=±4; 

f=±4,       ),=  ±8. 

S»-iij-2  =  ii\8,     j)-l  =  ±4  (1); 

Sx-iy~2=±i,      y-i  =  ±8  (2). 

It  is  at  once  obvious  that  in  order  to  get  positive  values  of  y  the  upper 
dgn  must  be  taken  in  the  second  equation  in  each  case.  Hence  ^—5  or 
y  =  B.  To  get  corresponding  positive  intagtal  values  of  x,  we  must  take  the 
lower  dgn  in  the  first  of  (1),  and  the  upper  sign  in  the  first  of  (2).  Hence 
the  only  positive  integral  solutions  are 

x=2,     y=6,    andz=14,    y=9. 
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Example  2.  Find  the  positive  integral  eolntions  of 

Thie  ia  a  caaa  where  the  terms  of  the  2nd  degree  break  np  into  two  ratiODal 
factors.     We  may  put  the  equation  into  the  form 

Since  3y-i  a  obvioualy  leas  than  Ba!  +  8y-l  when  both  »  and  y  are 
poeitiTe,  Sy  -  4  miut  be  equal  to  a  ninoi  factor  of  112,  that  is,  to  1,  2,  4,  7, 
or  8 1  the  second  and  the  last  of  these  alone  give  integral  values  for  y,  namely, 
y=2  and  y=4.  To  get  the  corresponding  values  of  3^  ws  have  9z  +  6y-  1 
=  66  and  ix  +  6j/-l  =  H,  that  is  to  say,  93;=4e  and  9x= -9.  Henoe  the 
only  positiTe  int^ral  solution  is  x=S,  y=2. 
Example  S.  Find  all  tbe  integral  solutions  of 

9z'-12aT/  +  4y"  +  3a;  +  2y=12. 
Here  the  terms  of  the  2nd  degree  form  a  complete  sqnare,  and  ve  may 
write  the  equation  thaa — 

(ar-2y)»  +  (3iE-2y}  +  4y=12, 
or  4{3a!-2y)'  +  4(33!-2y)  +  l  +  iei/  =  49; 

thatU,  (aa!-4y+l)'=49-18j). 

Hence,  if 

«  =  &B-4y  +  l  (1), 

so  that  u  is  certainly  integral,  we  moat  have 

y=(49-«')/16  (2). 

Now  we  may  put  u=lS/ii:«,  where  s  ia  a  positive  integer  ]>S. 
It  then  appearathaty  will  not  be  integral  unIeaB(49-4*]/ie  be  integral. 
The  only  value  of*  for  which  this  happens  is  4  =  1.     Therefore 

w=18m±1  (3). 

Henca,  by  (1),  (2),  and  (3),  we  must  have 

x=2  +  i^l -8/^)13,      y  =  3-2ii-U^»  {i\ 

!i!=4A+(fi-8%'')/3.     S=3  +  2/.-16/i'  (5). 

It  remaina  to  determine  n  so  that  x  shall  be  integral. 
Taking  (4),  we  sea  that  M}  -  3f  )/3  will  be  integral  when  and  only  when 
/i=3i-  or/i=B)'-l. 

Udng  these  forms  for  fi,  we  get 

i=2  +  4>-9fl»>,  y=3-6r-144^  (fl); 

i=-10  +  68»-9fl>'.    y=-ll+lM»-H4»'  (7). 

Taking  (5),  we  find  that  (5-S2*i*)/3  is  integral  when  and  only  when 
*i=3»  +  lor*i=3r-l. 

Using  these  forms,  we  get  &om  (5) 

a;=-6-52r-96i.',      y=T -11  -  BO- 144»'  (8); 

1=  -  18  +  16r  -  861-',     y  =  -  16  +  102*  -  144»'  (0), 

The  formula  {fl),  (7),  (8),  (9),  wherein  w  may  have  any  integral  value, 
poaitive  or  n^ative,  contain  all  the  integral  eolations  of  the  given  equation. 
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EXEBOISBS  XXXII. 

Find  all  the  ioUgial  and  also  all  the  poaitire  integral  Bolutioos  of  ths 
followuig  equations  : — 

(1.)  6a  +  7v=28.  (2.}  I6z-17y  =  27. 

(S.)  lli  +  7!(  =  1108,  (4.)  ise7i-1013l^  =  lfl2i6. 

(5.)  If  £;r;  yn.  be  double  £y,  as.,  find  xasd  y. 

(6.)  Fiud  the  greatest  integsr  which  can  be  formed  in  niae  different 
ways  and  no  more,  hjr  adding  together  a  positive  integral  multiple  of  S  and  a 
positive  integral  multiple  of  7. 

(7.)  In  how  many  \™ya  cad  £2: 15  : 6  be  paid  in  lialf-crowna  and  florins  I 
[8.)  A  haa  200  Bhilling-coioa,  and  B  200  franc-coina.    In  how  many  ways 
can  A  pay  to  B  a  debt  of  4s.  ! 

(S. )  4  appies  coat  the  same  as  5  plums,  3  pears  the  same  as  7  apples,  8 
apricots  the  same  as  IG  pears,  and  G  apples  cost  twopence.  How  can  I  buy 
the  same  namber  of  each  fruit  so  as  to  spend  an  exact  number  of  pence  and 
apend  the  least  possible  sum ) 

(10.)  A  woman  has  more  than  6  dozen  and  less  than  6  dozen  of  eggs  in 
her  basket.  If  she  counts  them  by  fours  there  is  one  over,  if  by  fives  there 
are  four  over.     How  many  eggs  has  the ! 

(11.)  A  woman  coanted  her  eggs  by  threes  and  found  that  there  were  two 
over ;  and  again  by  sixes  and  found  there  were  three  over.  Show  that  she 
made  a  mistake. 

(12.)  Find  the  least  number  which  has  3  for  remunder  when  divided  by 
8,  and  5  for  remainder  when  divided  by  7. 

(IS.)  Find  the  least  number  which,  when  divided  by  28,  19,  15  lespect- 
ively,  gives  the  remainders  IS,  12,  10  respectively. 

(H.)  In  how  many  ways  can  £2  be  paid  in  half-crowna,  abillings,  and 
siipences! 

(IG.)  A  bookcase  which  will  hold  250  volumes  is  to  be  filled  with  3-volomed 
noveU,  5-volumed  poems,  12-TolutQed  histories.  In  how  many  ways  can  this 
be  done  1  If  novels  cost  IDs.  &d.  per  volume,  poems  7b.  6d.,  and  histories  5b., 
show  that  the  cheapest  way  of  doing  it  will  coat  £129,  Ifis. 

Solve  the  following  aystema,  and  find  the  positive  integral  solntiouB : — 
(16.)  a+2y+S2=120. 

(17.)  a;  +  y+i  +  u=  4,1  (18.)  2!t  +  6y+   31=324,1 

5y  +  ez  +  9ii=18.  )  ■       ■       -----'■ 

(18.)    6i-8y  +  7i  =  173,  1 
"-       •     ■  "      "■}.{  ■ 


)  x•^■  y+  1+  «  =  26,'l 
Sx  +  2y  +  is+  u  =  6S,  I- 
2*  +  3ff  +  as  +  4u  =  74.J 


(22.)  Show  how  to  express  the  general  integral  solation  of  the  system 


IS  of  determinants,  when  a  partacnlar  solution  ii  known. 
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find  the  values  of  x  which  make  the  values  of  the  following  functioiu 
integral  squares ; — 

(23.)  2a=  +  2a:.      (2i.)  (i>-^)/5.      (26,)  i  +  ll  and  iK+20,  aimult&neoiuly. 
{26.)  7i+6  and  ir+3,  sitnnltmieously.  (27.)  a:'+3!+8. 

Solve  the  Tollowing  eqnationa,  giving  in  each  case  the  least  integral 
solution,  and  indicating  how  all  the  other  integral  solutions  ninj  be  found: — 

(28.)  a»-lV=^8.  (29.)  i"-4V=+6- 

(30.)  »^-4V=-7.  (31,)  ar'-4V=+4. 

(32.)  3?  +  8j)'=628.  (33.)  K'-eV=  -"■ 

(34.)  3?-47j»=+l.  (35.)  ir'-4V=-l. 

(36.)  aJ- 263/*= -1105.  (87.)  a»-73/»=ia6. 

(38.)  i»-(a''+l)!/=  =  l.  (39.)  j^- (a'- 1)^"  =  !. 

(40.)  :£'-(a"  +  «)y'-l.  (41.)  x'-{a^-<i),/  =  \. 

(42.)  5!*  +  5xy-22  +  3v  =  8B3.  (43.)  zy-2i-3y=16. 

(i4.)  ir'-s*  +  4i!-5i/=27.  (45.)  33r'  +  ari/  +  5!/==3B0. 

(46.)  3r'  +  4Kj/-lls('  +  2a;-8Bv-HO  =  0. 

(47.)  a!>-Ky-72!^  +  2z-440if-659  =  0. 

(48.)  a^  +  2z3/-17l/'  +  72!/-75  =  0. 

(4S.)  61z*  +  282p  +  251y'  +  26tt  + 626^  +  260  =  0. 

(50.)  Show  that  all  the  primitive  solutiona  of  D^-C^  =  ±H  are 
furnished  by  the  conrergenta  to  s/{CjI}),  provided  H-sVC^D).  Show  also 
how  to  reduce  the  equation  Da?-  Ci/*—  ±H,  when  H>  V(CD). 

(61.)  Find  all  the  solutions  of 

ttud  of  4ar'-7y'  =  53. 

(52.)  If  D,  E,  F,  Hbeintegors,  and  H<;  V(E"- DF)  (real),  show  that  all 
the  solutions  of 

Dj^-2E«y  +  Fy'  =  ±H 
arc  furnished  by  the  convergents  to  one  of  the  roots  of 
Dz>-2Ei  +  r  =  0. 

(See  Serret,  Alg.  Sap.,  %  35.) 
(53.)  If  U„=pg-X7,,  where  z  is  a  periodic  fraction  having  a  cycle  of 
e  quotients,  and  p„  and  q,  have  their  dbusI  meanings,  then 

U«^=(a-ft<V+,)"U„ 
where  Xr^i=ar+i-ir .  .  .  -.  .  ., 


=  nr+i  + 


1 


In  jiarticular,  ifiE=  V(C/D),  then 
Dy,,^-V(CD)j,^={<.M,-^L,-^V(CD)|-(Pp.-V(CD)7,)/H,-. 
Point  out  the  bearing  of  this  result  on  the  solution  of  Dj^  -  Cy*  =  ±  H. 
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CHAPTEIl  XXXIV. 
Qeneral  Continued  Fractions. 

FUNDAMENTAL  FOJlMUluE. 
^  1.]  The  theory  of  the  general  continued  fraction 

where  a„a„a^  ,  .  .,  b^  b„  .  .  .  are  any  quantities  whatever,  is 
inferior  in  importance  to  the  theory  of  the  simple  continued 
fraction,  and  it  is  also  much  less  complete.  There  are,' how- 
ever, a  number  of  theorems  regarding  such  fractions  so  closely 
analogous  to  those  already  established  for  simple  continued 
fractions  that  we  give  them  here,  leaving  the  demonstrations, 
where  they  are  like  those  of  chap,  xxxii.,  as  exercises  for  the 
reader.  There  are  also  some  analytical  theories  closely  allied  to 
the  general  theory  of  continued  fractions  which  will  find  an 
appropriate  place  in  the  present  chapter. 

In  dealing  with  the  general  continued  fraction,  where  the 
numerators  are  not  all  positive  units,  and  the  denominators 
not  necessarily  positive,  it  must  be  borne  in  mind  that  the  chain 
of  operations  indicated  in  the  primary  definition  of  the  rlght- 
liand  aide  of  (A)  may  fail  to  have  any  definite  meaning  even 
when  the  number  of  the  operations  is  finite.     Thus  in  forming 

the  third   convergent  of   1  +  -j-—  r—  t-— .  .,  we   are   led   to 

1  +  1/(1  -  1) ;  and  in  forming  the  fourth  to  1  +  1/{1  -  1/(1  -  1)}. 
It  is  obvious  that  we  could  not  suppose  the  convet^ents  of  this 
fraction  formed  by  the  direct  process  of  chap,  xxxii.,  g  6  (a),  (j8), 
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(y).  It  must  also  be  remembered  that  no  piece  of  reasoniog 
that  tDVolves  the  use  of  the  value  of  a  noti'terminaHng  continued 
fraction  is  legitimate  till  we  have  shown  that  the  value  in  question 
is  finite  and  definite. 

In  cases  where  any  difficulty  regarding  the  meaning  or  amvergency 
of  the  eontinved  fraction  taken  in  its  prinviry  sense  arises,  we  regard 
the  form  tm  the  right  of  (A)  merely  as  representing  the  assemblage  of 
c&ntergenlspjq,,  p,/qB  .  .  .,  pjgn  whose  denominators  are  amstrtuied 
by  meafis  of  the  recurrence  formvla  (2)  and  (3)  below. 

That  is  to  say,  when  the  primary  definition  fails,  we  make 
the  formuln  (3)  and  (3)  the  definition  of  the  continued  fraction. 

In  what  follows  we  shall  be  most  concerned  with  two  varieUes 
of  continued  fraction,  namely, 

^       0,+    0,+  ^    " 

and  a,  +  Ji-  A  .  .  .  (C\ 

^     a,-  a,-  ^  " 

where  a„  a„  a^  ...,£„  i.  ...  are  all  real  and  positive.  We 
shall  speak  of  (B)  and  (C)  as  continued  fradions  of  the  first  and 
second  doss  respectively. 

§  2.]  lfp,/q„p^q^  &c  be  the  successive  conve^nta  to 

.,...,  J^J^...  (1), 

0,+  0,+  ■■  " 

then 

Pn  =  OnPn-i  +  ^ftPn-.  (2); 

?B  =  a«?»-,  +  Kin-,  (3), 

with  the  initial  conditions  p,  =  1,  ^i  =  «[ ;  jj  =  1,  q,  =  a,. 

Cor.  1.  In  a  coiUinued  fraction  of  the  first  class  p^  and  q„  are 
both  positive  ;  and,  provided  dn't  1,  each  of  them  amlimially  increases 
wtkn.* 

In  a  continued  fraction  of  the  second  class,  subject  to  the  restriction 
a„-<t  1  +  6n>  Pn  '"*<^  in  ^^^  positive,  and  each  of  them  continually  in- 
creases  with  n.* 

*  It  does  Dot  necesmilj  follow  that  I^  —  <b  and  t^„  —  n ,  for  the  mc- 
cessive  increment  here  are  Dot  positive  int^p^  nnmben,  as  in  the  case  of 
Eimple  continued  fractions. 
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These  conclusioas  foUotr  very  readily  by  induction  from  Buch 
formulie  as 


(5); 


qn-i  On-.  +  "n-.  +  «. 

§  3.]  From  (2)  and  (3)  we  deduce 

««.,-?»-«■- (-)"«..•■».  (1). 

Cor.  1.  The  c&nvergmta,  aa  cdladakd  hy  the  TeatTremx^mle,  are 
not  TKcesaanly  at  their  lowest  terms. 
Ck>p.  2. 

J,     J.-,  Jrf,-, 

qn  M.      ?rf>  2»-i3n 

Cor.  4. 

?■?„-?■«!»  =  (-)"«»'.».•.■»•-,  Wi 

&-&;--.(-).-<'^'A. ..*.-.  „- 

?,     ««-■  !»fc- 

Cor.  6. 

h.q^. 


Cor.  i 


\?n      Jn-i//  Wn-.      2n-./ 


(6). 


Cor.  6.  In  a  contimed  fTodioa  of  the  first  class,  the  odd  eon- 
vergenla  Jorm  an  increasing  series,  and  tke  even  amvergents  a  deo'eas- 
ing  series;  and  every  odd  amvergent  is  less  than,  and  every  even 
convergent  greater  flian  foUowing  ccnvergents. 

In  a  continued  fraction,  of  the  second  doss,  tubjed  io  the  restridixm 
«„<  1  +  6„  dii  the  amvergeiUs  are  positive,  and  form  an  increasing 
series. 

VOL.  U  2  H 
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These  conclusions  follow  at  once  from  (2)  and  (5),  if  we 
remember  that,  for  a  fraction  of  \h.6  second  class,  we  have  to 
replace  6,  ,  .  .,  bnhy  -b„  .  .  ■,  -  6# 


COMTINUANTS. 
§  4.]  The  functions  p„  qn  of  a„  0^  .  .  .,  a„ ;   &„  i„  .  .  .,  b, 
which  constitute  the  numerators  and  denominators  of  the  con 
tinned  fraction 

_bj_    b^         K 
'     0,+  0.+   '  '  ■  a„ 
belong  to  a  common  class  of  rational  integral  functions.* 
In  fact,  p„  is  determined  by  the  set  of  equations 

P,  =  <hP>+l>tP<»      ;>.  =  (W.  +  Vi.      •    ■    ■.      J'n^OnPn-i  +  ftnP—. 

(1). 

together  with  the  initial  conditions  jig  =  1,  p,  =  ciii  vhile  q^  i 
determined  by  the  system 

(2), 
together  with  the  initial  conditions  j,  =  I,  ?■=  Of 

It  is  obvious,  therefore,  that  y„  is  (A«soni«/undi(»io/a„o„  .  , . 
a» ;  6»  J*.  .  ■  ■.  bn  as  pn  is  of  a„  a„  .  .  .,  a„ ;  6„  &»  .  .  .,  b„ 
We  denote  the  function  p„  by 

b„  .  .  .,  b„\ 


-k(    '•■■• 


(3), 


and  speak  of  it  as  a  cmtiiiuant  of  Ihe  lUh  <mier  whose  denominators 
are  a„  a,,  .  .  .,  a„  and  whose  numerators  are  6,,  .  .  ^  b^-  We 
have  then 

K  ■ 


=  K 


Vo,,  o„  .  .  .,  aj  ^  ' 


*  This  was  first  pointed  ont  by  Euler  in  hia  memoir  entitled  "  Specimen 
Algorithmi  SiiigiiUri«,"iV<n'.  Cmanv.  Fetrop.  (1764).  Elegant  demoiiBEratioiw 
of  Enler'a  resnlts  were  given  by  Miibiiu,  CrelU'a  Jour.  (ISSO).  The  theory 
hu  been  tr«at«d  of  Ute  in  connection  with  determinants  by  Sylvester  and 
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When  the  numerators  of  the  continuant  are  all  unity,  it  is 
usual  to  omit  them  altogether,  and  write  sintply  K{a„  a,, .  .  .,  a^. 
A  continuant  of  this  kind  ie  called  a  simjiU  continuant. 

When  it  is  not  necessary  to  express  the  numerators  and 
denominators  it  is  convenient  to  abbreviate  both 

kC      *"  ■  ■  "  MandK(a„a„  .  .  ^  a„) 

into  K(l,  n).     In  this  notation  we  should  have,  if  r<s, 

^<'.')=<.,..!:,:::,^)      » 

In  particular,  K{r,  r)  means  simply  a„  bo  that j)i  =  K(l,l)  =  a,. 
To  make  the  notation  complete,  we  shall  denote  p^  and  ;,  by 
K(  \  which  therefore  stands  for  unity ;  and,  in  general,  when 
the  statement  of  any  rule  requires  us  to  form  a  continuant  for 
which  the  system  of  numerators  and  denominators  under  con- 
sideration furnishes  no  constituents,  we  shall  denote  that  con- 
tinuant by  K(  )  and  understand  its  value  to  be  unity.  It  will 
be  found  that  this  convention  introduces  great  simplicity  into 
the  enunciation  of  theorems  regarding  continuants. 

g  5.]  A  cojitinwtnt  of  the  nth  order  is  an  mtegrai  function  of  the 
nth  degree  of  Us  amstiiv^nts. 

This  follows  at  once  from  the  definition  of  the  function,  for 
we  have,  by  §  4  (1), 

K(/,  n)  =  a„K{/,  n  -  1)  +  b^K(l,  n  -  2), 
K{i,  re- l)  =  a„.,K(;,  B- 2)  + J„.,K(/,  n- 3), 

}  in 
K{l,l  +  l)  =  ai^,K(l,l)  +  b,^,K{    X 
K(l,[)^a,,    K(    )=I. 

The  following  rule  of  Hindenburg's  gives  a  convenient 
process  for  writing  down  the  terms  of  a  series  of  continuants, 
say  K{1,  1),  K(l,  2).  K(l.  3).  .  .  .  :- 
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1 

^ 

<!. 

a, 

a. 
6. 

a. 
a. 

0. 

a, 

o, 

0. 

6, 

fr. 

bl 

■^ 

ffli 

a. 

a. 

t. 

rt. 

k 

1. 

6. 

b. 

iBt.  Write  down  a„  and  enclose  it  in  the  rectangle  1, 1.  The 
term  in  1, 1  ia  K(l,  1). 

3nd.  Write  a,  to  the  right  of  all  the  rows  in  1,  1 ;  and  write 
b,  underneath.  Enclose  all  the  rows  thus  constructed  in  the 
rectangle  2,  2.  Then  the  rows  in  2,  2  give  the  products  in 
K(I,  2),  namely,  a,(i,-t-&r 

3rd.  Write  a,  at  the  ends  of  all  the  rows  of  2,  2 ;  repeat 
under  2,  2  all  the  rows  in  1, 1,  and  write  i,  at  the  end  of  each  of 
them.  Enclose  all  the  rows  thus  constructed  in  3,  3.  Then 
the  rows  in  3,  3  give  the  products  in  K(l,  3),  namely, 
a,afit  +  bfi,  +  a,ba. 

The  law  for  continuing  the  process  will  now  be  obvious.  The 
scheme  is,  in  fact,  merely  a  graphic  representation  of  the  con- 
tinnd  application  of  the  recurrence-formula 

K(l,  n)  =  a„K(l,  n  -  1)  +  6„K(1,  «  -  2)  (8). 

By  considering  Hiadenburg's  scheme  we  are  led  to  the 
following  rule  of  Euler's*  for  writing  down  all  the  terms  of  a 
continuant  of  the  nth  order. 

JVrite  dotm  a^OgO, . . .  an-iOn-  ?'Aw  **  tlu  first  term.  To  get 
the  rat,  omit  from  this  product  in  every  possible  wag  OTie  or  mare  pairs 
of  amseciiiive  a's,  always  repladng  the  second  a  of  the  pair  by  a  b  of 
the  same  order. 

*  Enler  (I.e.)  gave  the  rule  for  the  BJnpla  couttniuut  merel;.  Cayls; 
{Phil.  Mag.,  1863)  gaye  the  more  general  form. 
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For  oxainple,  to  get  the  terms  of  E(l,  4).  The  first  U  a,atatin.  Sj 
omitting  from  thu,  first  afOi,  then  aiOs,  then  OjOt,  and  replacing  by  ^  fii,  £« 
resptctively,  ne  get  three  more  terms,  bjo^at,  ajbiot,  aja^t.  Then,  omitting 
tvo  pairs,  we  get  ti£|.     We  thns  get  all  the  terms  of  K(l,  i). 

It  ia  easy  to  verify  this  rule  up  to  K(l,  5) ;  and  a  glance  at 
the  rocurrence-formixla  (8)  shows  that,  if  it  holds  for  any  two 
consecutive  orders  of  continuants,  it  will  hold  for  all  orders. 

From  Euler'a  rule  we  deduce  at  once  the  following  : — 
Cor.  1,   The  value  of  a  amtinvant  is  not  altered  hy  reversing  the 
order  of  its  cohstiluenli',  lluit  is  to  say, 

We  could  obviously  form  the  continuant  K(l,  n)  by  starting 
with  OnOn-i-  ■  ■  <h'^i  instead  of  did,.  .  .  OB-iani  and  replacing  each 
consecutive  pair  of  a's  in  every  possible  way  by  a  6  of  the  same 
order  as  the  first  a  of  the  pair.  In  this  way  we  should  get  pre- 
cisely the  same  terras  as  befora  Hence  the  theorem.  We  may 
express  it  in  the  form 

K(i,«i).K(m,0  (10). 

Cor.  2.    We  have  the  following  reairrence-forvtula : — 

K{/,  m)  =  a,K(i  +  1,  m)  +  6,+,K(i  +  2,  m)         {1 1). 
For.  by  Cor.  1, 

K(/,  m)  =  K{m,  I), 

=  aiK{tn,  i  +  1)  +  6n.,K(m,  I  +  2),  by  (7), 
=  a,K(i  +  \,m)  +  bn.,K{l  +  2,  m),  by  Cor.  1. 
§  6.]  The  theorems  (1)  and  (i)  of  §  3  may  be  written  in 
continuant  notation  as  follows  : — 
K(l,  n)K(2,  »-  1)  -  K(I,  w-  1)K(2,  «) 

=  {-)'*M..--JnK()K()     (12), 
K(l,  n)K(2,  n  -  2)  -  K(l,  n  -  2)K{2,  «) 

=  (-)»-«6A.--*n..K()K(B,B)       (13). 

These   are  particular   cases  of  the  following  general  theorem, 
originally  due  to  Euler*  : — 

*  Enler  stated  it,  hoveTer,  onlj  for  umple  continuants.  It  hss  been 
stated  in  the  above  general  form  and  proved  bj  Stem,  Mair,  and  others. 
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K{1,  n)K{l,  m)  -  K(l,  m)K(l,  n.) 

=  ( -)"-'+>JiJj+, . . .  i™+,K(l,  / -  2)K{m 4-  2,  n)     (14), 
where  I  <l<m<n. 

This  theoreiu  ib  easil;  remembered  bj  means  of  the  fallowing  elegant 
momoria  technica,  givsn  by  its  discoverer  ; — 


1,  2,  .  .  „  1-2,  l--l,\l m,|M  +  1,  TO  +  a,  ■■■,»- 

Draw  two  vertical  lines  eQclogtDg  the  indices  belonging  to  E(I,  m) ;  then  two 
horiiontaL  lines  m  above  ;  and  put  dots  over  the  indices  immediately  outside 
the  tvo  vertical  lines.  The  indices  for  the  first  continnant  on  the  left  of  (14) 
are  the  whole  row  ;  those  of  the  second  are  inside  the  vertical  lines  ;  those  of 
the  third  and  fonrth  under  the  upper  and  over  the  lower  horizontal  linea  ; 
those  of  the  two  contiDuants  on  the  right  outside  the  two  vertical  lines,  the 
dotted  indices  being  omitted.  The  i's  are  the  b'a  of  K(I,  m)  with  one  more  at 
the  end  ;  and  the  index  of  the  minus  sign  is  the  number  of  constituents  in 

The  proof  of  the  theorem  is  very  aimple.  We  can  show,  by 
means  of  the  recurreDce-formulffi  (7)aDd(ll),  that,  if  the  formula 
hold  for  /,  m  +  2,  and  for  /,  m  +  1,  or  for  t-2,m,  and  for  i  -  1,  m, 
it  will  hold  for  I,  m.  Now  (12)  asserts  the  truth  of  the  theorem 
for  1  =  2,  m-n-  1 ;  and  it  is  easy  to  deduce  from  (12),  by 
means  of  (7)  and  (1 1),  that  the  theorem  holds  for  I  =  3,  m  "=  n  -  1, 
aad  also  for  1  =  2,  m  =  n  -  2.  The  general  case  is  therefore 
established  by  a  double  mathematical  induction  based  on  the 
particular  case  (12). 

The  theorem  (14)  might  be  made  the  basis  of  the  whole 
theory  of  continued  fractions ;  and  it  leads  at  once  to  a  variety 
of  important  particular  results,  some  of  which  have  already  been 
given  in  the  two  preceding  chapters.  Among  these  we  shall 
merely  mention  the  following  regarding  what  may  be  called 
reciprocal  simple  continuants ; — 

K((i|,  a,,  .  .  .,  flj,  Oj,  .  .  .,  a„  a) 

=  K(ffi„  a, a,)'  +  K(a„  a„  .  .   ^  «;.,)'     (A); 

K(a,,  Of,  .  .  .,  Of.,,  Of,  Of-,,  .  .  .,0,,  a,) 
=  K(a,,  «,,  .  .  .,  a(.,){K(a„  a.,  .  .  .,  0()  +  K(a„  a,,  .  -  .,  «;-,)} 

(B). 
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Example.  Show  that  ever/ prims  ?  of  the  fona  iK  +  1  can  be  exhibited  as 
the  mm  of  two  integral  square*.* 

Let,it,,p^  .  .  .,  fi,  be  all  the  integers  prime  to  i>  and  <\pi  andletaimple 
continaed  fractiona  be  formed  for  p/fii,  pliHt  ■  ■  ■>  pIi*k  ea.<ih  tenninating  ho 
that  the  l&st  partial  quotient  =■  1.  '  Then  each  of  these  coDtinned  fractious  has 

for  its  last  conrergDUt  the  value  K[a],  Ot a„)IK(at,  Ot,  .  .  .,  a.),  where 

the  two  coutinuantB  are  of  courae  prime  to  each  other,  and  ai>l,  a,>l. 

From  this  it  appears  that  there  are  as  man;  wajB,  and  no  more,  of 
representing  p  by  a  simple  continuant  [whose  constitaents  are  positive  integers 
the  iirst  and  the  laat  of  which  are  each  greater  than  unity)  as  there  are  integeis 
prime  top  and  <iy. 

Now,  since  K(aj,  oj,  .  .  .,  a,)  =  E(ii,,  .  .  .,  oi,  oi),  and  o«>l,  it  is 
obvioasthat  E(ii„,  .  .  .,  oj,  ai)mustarisefromoneof  theotherfractionsp/^ 
Hence,  given  any  fraction  pl/i,  it  is  possible  to  find  another  also  belongii^g  to 
the  series  which  shall  have  the  same  partial  qnotienta  in  the  reverse  order. 

Let  p  be  a  prime  of  the  form  4X-t-l,  then  the  greatest  integer  in  ipia  2X, 
which  is  even.  Since,  therefore,  the  number  of  continnants  which  are  equal 
to  p  must  be  even,  and  since  K(p)  ia  one  of  them,  there  must,  among  the 
remaining  odd  number,  be  one  at  least  which  gives  rise  to  no  new  fraction 
when  we  reverse  its  constituents,  that  is  to  saj,  which  ia  reciprocal.  Now 
the  reciprocal  continuant  in  question  cannot  be  of  the  form  E(iii,  oj,  .  .  ., 
Ki-],  Of,  Ot^i,  .  .  .,  oj,  U]),  for  it  follows  from  (B)  that  such  a  coutinnant 
cannot  represent  a  prime,  unless  i  =  l,  or  else  i  =  2,  and  ai  =  l,  all  of  which  are 
obvionsly  eicluded. 

We  must  therefore  have  an  equation  of  the  form 

p  =  K(ai,  a,,  .  .  .,  a,,  <n,  .  .  .,  a,,  Oi), 

K(ai,  a,,  .  .  .,  <i,)*  +  K(a„  a, Oi-iA 

by  (A),  which  proves  the  theorem  in  queation. 

As  an  example,  take  13  =  3x4-1-1. 

w    1,        13     ,„      18     .     1      13     ,     1      13    „    1      18    „      1      I   1 
Wehave-i-  =  18;   -  =  6  +  ^;   ^=i^-^;   -^=S-.y.   -^=2-.^^-^; 

y=2-H^.    So  that  18=K[18)=K(8,  2)  =  K(4,  3)=K(8,  i)=K(2,  1,  1,  2) 

=  K(2,  6) ;  and,  in  particolar,  13  =  K(2, 1,  1,  2)  =  K(2,  l)>-^K(2)'=S»-^2'. 

§  7.]  By  considering  the  system  of  equations  (1)  of  §  4,  it  is 

easy  to  see  that,  if  we  multiply  Or,  h,,  br+i  by  c,,  the  result  is 

the  same  as  if  w%  multiplied  the  continuant  K(l,  n)  (n  >  r)  by 

Cr-     Hence  we  have 

_/        e,6„     c,c.b„     c,c,b,,     ■  ■  ;     Crt-,CnM 

"■'■■■■'H,.t::::a  <"'■ 

*  The  following  elegant  proof  of  this  well-known  theorem  of  Fermat's  was 
given  by  the  late  Professor  Henry  Smith  of  Oxford  {Crdlt't  Jour.,  ISGG). 
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We  may  bo  determine  c,,  c,,  .  .  .,  Cn  that  all  the  numerators 
of  the  continuant  become  equal.     In  fact,  if  we  put 

c,b,  =  k,    c,rA  =  A,     .  .  .,     i^,_,c„6n  =  \ 
we  get 

e,=  >i/b„     e,  =  bjb„     c^  =  X.bJb,h„     c,  =  b,b,lb,b„ 
c,  =  )J),b,/b,b,b„  .... 
Hence 

k(    »• M 

\a„  tt„  .  .  .,  a„/ 
-(W*.*.-.*.-.  .   .   .  «  k(^^  j^|j__  „_yj__  AO.VS.S.   '.   '.   J 

(16), 
where  p  is  the  numher  of  even  integers  (excluding  0)  which  do 
not  exceed  n. 

Cor.  Every  amtinuani  can  be  reduced  to  a  simple  amlintuuii,  or 
to  a  coatinuani  eaclt  of  whose  numerators  u  —  1. 

Thus,  if  we  put  \  =  +  1  and  A,  =  -  1,  we  have 

k(     '• M 

Vii,,  a,,  .  .  .,  a„/ 

=  J„S„..  .  .  .  xK(ii„  ajb,,  a,bjb„  njijh.h 

»»»»-,»,-.■■■/»»».-.■■•)     ("). 
'{-yKK-,  ■  -     ''^(^^^  _„_/}J  a,bjb'„  -a,bJbA,  .  .  .', 

( -)"-'«A-.i»-... ./»»».- ■•■)    '"'■ 
§  8.  ]  The  connection  between  a  amiinvant  and  a  corUinued  fraction 
follows  readily  from,  (11).    For  we  have,  provided  K(2,n.),  K(3,n), 
K(4,  n),  .  .  .  are  all  different  from  zero, 

K{lj_«)_„  ^ S, 

K(i!,»)     "'*K(2,.)/K(3,»)' 

K(2,  n)  i. 

k(3;  i) "  "■  *  K(3,  »)/K(4,  «)■ 

Hence 

K(l,j.)_  S^    ^  », 

K(2,  «)     °'+o,+  ..t     ■  ■  ■  K(r,«)/K(.  +  1,«)     ''■''■ 
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If  in  tliis  laet  equation  we  put  r  =  n,  and  remember  that 
here  K(ra  +  1,  n)  =  K(     )  =  I,  we  get 

a  result  which  was  obvioua  from  the  considerations  of  §  4. 
g  9.]  When  the  continuant  equation 

K(l,«).».K(l,n-l)  +  6.K(l,»-2), 

which  may  be  regarded  as  a  finite  difference  equation  of  the 
second  order,  can  be  solved,  we  can  at  once  derive  from  (20)  an 
expression  for 

b,      b,  b„ 

a,+  a,+  On 

When  An  and  b„  are  constants,  the  problem  is  simply  that  of 
finding  the  general  term  of  a  recurring  series,  already  solved  in 
chap,  xxri.,  §  7. 

Example.  To  find  an  expresBion  for  the  nth  caavergent  to 


Here  we  h«Te  to  solve  the  eqoBtion  pB=y,_i+yfl_i,  with  the  initisl  oi 
ditioiiBpo  =  l>pi  =  l'     Tb^  reanlt  is 

K(I,  m)=j>.=  J(1  +  V5)-+'-(1  -  VEj-^'l/a^VS- 
Pn    Kfl,  n)_  !;i  +  V5)"+'  -  (1  -  V5)*^V/2-+VB 
?,"Kf2,  n)    ^T(lTV6)"-(l-V&)"l/2"VB      ' 
-  ,(1  +  VS)'^-(1-V5)'^' 

*  (:  +  V5)"-(i-VS)"  ■ 

From  the  ojcpresaion  for  K(l,  n)  (aJl  the  terms  in  whiL-h  reduce  in  this  a 
to  -t-1)  we  see  incidentollj  that  the  nnniber  ordifTereut 
of  the  nth  order  is 

2«+V5 


^W.Ci  +  6»fiC,  +  5ViC,+ 


§  10,]  When  two  continued  fractions  F  andF'  are  so  related 
that  every  convergent  of  F  is  eqnal  to  the  convergent  of  F'  of 
the  same  order,  they  are  said  to  be  equivalent* 

*  We  may  also  have  an  (m,  n)-GqDi valence,  that  is,  Pn^jTm^Prnl^n'- 
See  Eiarciaes  XXXIII.,  2,  17,  Ac 
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It  follows  at  once  from  gg  7  and  8  (and  is,  indeed,  otherwise 
obvious,  provided  the  continued  fraction  haa  a  definite  meaning 
according  to  its  primary  definition)  that  we  maymultiply  a„  b,,  and 
Jr+i  hy  any  quantity  m  ( +  0)  without  disturbing  the  equivalence 
of  the  fraction.  Hence  we  may  reduce  every  continued  fraction 
to  an  equivalent  one  which  has  all  its  numerators  equal  to  +  1 
or  to  -  I,     Thus  we  have 

^ b, 6^  J^ 

0,+  0,+  a,+    ■   ■   ■  air*    ' 


1 


I 


ajb^  +  a,bjbt  +  a,b, 


ih,bn- 


g  11.]  If  we  treat  the  equations  (1)  as  a  linear  system  to 
determine  K(l,  1),  K(l,  2),  .  .  .,  K(l,  »),  and  use  the  detennin- 
ant  notation,  we  get 


K(l,n)  = 


- 1     a,    4,    0     0 ...     0     0 


0     0 

0     0 


-1 


which  gives  an  expression  for  a  continuant  as  a  determinant 
The  theory  of  continuants  has  been  considered  from  this  point 
of  view  by  Sylvester  and  Muir;*  and  many  of  the  theorems 
regarding  them  can  thus  be  proved  in  a  very  simple  and  natund 
manner. 

EiEEcrsBB  XXXHI, 
(1.)  ABSoming  that  iKith  the  fractions 

are  convergent,  ahow  that 

*  See  Muir's  Theor\i  of  Dtttrrainanls,  chap.  iij. 
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(2.)  It  pig  and  p'/q"  be   the  nltimate  and  pennttimats   convergents   t 
+  .—  ■■■  J,  show  that 


tonpBriod«  =  l[pT^^^^ 


where  the  quotient  j"*?  is  repeated  n-1  tioioB,  and  the  npper  or  the  lower 
sign  is  to  be  taken  according  u  p/g  is  an  even  or  an  odd  coUTergent. 

(3,)  Evaluate  bh — T"  ~T  ■  ■  ■  to  n  quotients,  a  being  any  real  quantity 
positire  or  negative.  Show  from  your  result  that  the  continued  fraction  iu 
qnoation  alwaya  converges  to  the  numerically  greatest  root  of  ic'-ite-  1  =  0.* 

(<,)  Deduce  from  the  results  of  (2)  and  (3)  that  a  recurring  continued 
fraction  whose  numemtora  and  denominators  are  real  quantities  in  general 
coDFerges  to  a  finite  limit ;  and  indicate  the  nature  of  the  exceptional  cases. 

(5.)  Evaluate  2-^J-±...  to  n  terms. 

(8.)  Show  tbat  the  nth  convergent  to  r —  5 —  j—  ;  —  —  .  .  .,  everymib- 
sequent  component  being  =,  is  (2"-])/(2"  +  l). 

(7.)  Show  that -^-^  ...  to  n  terms=^f-^. 

,0  %      I  "  »  +  l  . — T  1.  1 

t^')  T-lr^l-  a  +  2-   ■  ■  ■  ("  +  l«o'nP"'e''t») 

=  l  +  a  +  a(o  +  l)+  .  .  .  +0(0  +  1)...  (a  +  n-l). 

(B.)  If^B)= ...  n  quotients,  then 

#(m  +  «)={^m)  +  ^n)-a^m)^n)t/{l  +  *(«.)*(»)l. 

(Clausen.) 
(10.)  Show  that 

K(0,  a,,  Ofc  .  .  .,  a,)=K(a^  .  .  „  o,); 
K(.  .  .  a.b,c0.c./,g,  .  .  .  )  =  K( .  .  .  a,i,c  +  e,/,g.  .  .  .); 
K(.  .  .  a,b,  €,0,0,0,  e.f,g.  .  .  .)=K(.   .  .  a.  b,  e  +  t,/.  g.  .  .  .); 
K(.  .  .  a,b,e,  0,  0,e,/,  .  .  .  )  =  K( .   .  .  a.  b.  c.e./,  .  .  ,  ). 

(Muir,  Determinants,  p.  16S.) 
(11.)  Show  that  the  number  of  temu  in  a  continuant  of  the  nth  order  is 
l+r«    ,,,(«-2)(«-8)    (ft-3)[n-4)(tt-S) 
'+("-';+  2,  +  3,  +.  .  .     . 

(Sjlveater.) 
02.)  If;j.  =  K|'       *•.**.■■-.  *-Y  show  that  there  eiista  a  relation  of 

the  form 

A;*.' +  Bfw-i' +  Cp,-:' +  Dp,-)'=0, 
where  A,  B,  C,  D  are  integral  functions  of  On.  bn,  <^-i,  ^-i' 

*  This  is  a  particular  case  of  the  theorem  (due  to  Euler!)  that  the 
numerically  greatest  root  of  ie'-yz  +  y=0  is  ji — - — -- ■  ■  ■     ■ 
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Taking  (a,  *,  , 

.  .  .  i,  and  [»,  S 

e,  . 

denote  k/'    "^•" 
Va,    6, 

(H.)  Ux=(a. 

.  c. 

^-{'. 

(a,  .  . 

■  '1 

{x-f,a. 
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(13.)  Shcrw'that 

and  deduce  the  thaorem  of  g  19.  (Moir,  l.e.) 

.,  jt)  to  denote  the  eontiuned  friction    ~^  r^  — ^ 

.  .,  b],  or,  when  no  confasion  u  likely,  [a,  it],  to 

■'  ~M,  prove  the  following  theorem*  * ; — 

.  .,  I,  y),  then  y=(,c,  .  .  .,  o,  h,  a,  x) ; 

o)z-(o.  .  .  .,  «)y  +  (e o)(o,  .  .  .,  d)  =  0; 

«....,  4)={e,  .  .  .,  «)('.,  .  .  .,  rf); 
«)!{!/-(«.  ...,  o)i 

=  «.  ...,af{d,..  ..  n)V.  ...,  o)'...(o)» 

(IE.)  (a,..  .,«)-(« d)=(«,  .  .  .,  a)(rf,.  .  ..«)'(=,.  .  .,a?...ifl)', 

(16.)  [a,  S,  c,  tf,  «]  =  l/(a,  *,  c,  d,  c){b.  c,  d,  <)(*,  <  .}{rf.  e)(0. 
(17.)  Prove  the  following  equivalence  theorem  :— 

(«.  ■■-.".  /.  »' ^',/.  «">  ■  ■  ■, «",  /■.  »'" ^".r") 

(18.)  (o,/,   o',/,   oy,  a"',/"'.  ._.  .) 

~aT.       Cifa'-a-a,'-  off  a"  -a'  -a"  -  a"f"a"'  -a"-a"'  -  '   '  '  )' 

0,.,.+i    1.    1    i._L... 

'        ri+  b+  Bi+  e+  m  + 

J_  1        _ 

■■^14+  14+  14  + 

(21.)  (0,  .  .  .,  «,/,     a...  .,  >,f,      a «,/",  .  .  .  «d») 

-{(,  .  .  ..  a./,     < a,f,     ......  «,/",  .  .  .  ad«) 

=  (■». )-(",  ■  ■  -,  o). 

(22.)  Show  that  the  aucreaaive  constituents  a,  ^,;y,  .  .  .,  \  /i,  r  may  be 
omitted  A^>m  the  continued  fraction  (.  .  .  a,  b,  a,  p,  y,  .  .  .,  \,ii,r,e,d,  .  .  .) 
without  altering  ita  value,  provided  |j3,  .  .  .,  m1=±1,  a  =  ±[7,  .  .  .,  n], 

and»'  =  ±[/3 X];  and  construct  eiwnples. 

(23.)  If!c  =  (o,  .  .  .,  e,/,  .  .  .),  the  other  root  of  the  quadratic  equation 
to  which  thi»  leads  is  «=(/,  e,  ,  .  .,  a,  .  .  .). 

(24.)  irj+j—  .  -  .  -r—  — -  ■  ■  ■  — r  ■  ■  ■  beonerootofftquidratic 

*  The  notation  and  the  order  of  ideas  nsed  in  (14)  to  (23),  aa  well  aa 
■oma  of  the  special  results,  at«  due  to  Mobiui  (OrtlU'a  Jour.,  1830). 


(20.)V2=l+,-ir,'    .--=,17  + 
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equaUon,  the  other  is 


teni,  atiU$  Jour.,  1S27.) ' 


(26.)  llg>p,  BtoiT  that 

'-,-   5.^y_    5._pi._    ■ 


CONVERGENCE  OF  INFINITB  CONTINUED  FRACTIONS. 

§  13.]  By  the  value  or  limit  of  an  infitiite  continued  fraction 
is  meant  the  limits  if  ^ny  such  exist,  towards  which  the  con- 
vergent Pnj^n  approaches  when  n  is  made  infinitely  great.  It 
may  happen  that  this  limit  is  finite  and  definite ;  the  fraction  is 
then  Bald  to  be  convergent.    It  may  happen  that  L  Pnl^n  fluctuates 

between  a  certain  number  of  finite  values  according  to  the  in- 
tegral character  of  n ;  the  fraction  is  then  said  to  oscUlcUe.  Finally, 
it  may  happen  that  L  ^n/?n  tends  constantly  towards  ±  oi ;  in 
this  case  the  traction  is  said  to  be  divergent. 

We  have  ftlreadf  seen  that  all  simple  continued  l^ctioos  ore  convergenL 
The  friction  I-73.— r^  -  .  -  ia  an  obvious  eiample  of  oacillation,  its 
value  being  1,  0,  or  -  m  according  as  n  =  Sm  +  l,  Sm  +  a,  orSm  +  S. 

Thefractionl .- — -. — 7=—  l      -: — ,—  ., .  divsrgasto-«,ror  =  -  7—5 — - 

-J  +  ivS-  1+1+1+  °  1+1+1  + 

,  .  .  converges  to-J  +  ^VS,  as  may  be  euily  seen  &oin  (he  expression  for 
its  nth  convergeut  given  in  §  9. 

The  last  example  brings  into  view  a  fact  which  it  is  important 
to  notice,  namely,  that  the  divergence  of  an  infinite  continued 
fraction  is  something  quite  different  from  the  divergence  of  an 
infinite  series.  The  divet|;ence  of  the  fraction  is,  in  fact,  an 
accidental  phenomenon,  and  will  in  general  disappear  if  we 
modify  the  fraction  by  omitting  a  constituent     It  is  therefore 

*  (23)  and  (24)  are  generalisations  of  an  older  theoram  of  Oalols'.  See 
Oerganne  Ann.  d.  Math.,  t  xii. 
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not  B^e  in  general  to  argue  that  a  continued  fraction  does  not 
diverge  because  the  continued  fraction  formed  by  taking  all  its 
constituenta  after  a  certain  order  converges. 

With  the  exception  of  simple  continued  fractions  tmd  recur- 
ring continued  fractions  (whether  simple  or  not),  the  only  cases 
irhere  rules  of  any  generality  have  been  found  for  testing  coq- 
vergency  are  continued  fractions  of  the  "first"  and  "second 
class."     To  these  ve  shall  confine  ourselves  in  what  follows.* 

g  13.]  A  conlimied  fraction  ofthefirai  class  cannot  be  divergent,- 
and  U  will  be  convergent  or  oscillating  if  any  one  of  the  residual 
fractions  x,,  x,,  .  .  .,  x,^,  .  .  .  converge  or  oscillale. 

The  latter  part  of  this  proposition  is  at  once  obvious  from 
the  equation 

b,     b,  -  fc„ 

x,  =  a,  +  —^ —  .  -  .   — . 

0,+  fl,+  x„ 

Again,  since  (g  3,  Cor.  6)  the  odd  convergents  continually  in- 
crease and  the  even  convergents  continually  decrease,  while  any 
even  convergent  is  greater  than  any  following  odd  convergent,  it 
foUows  that  I^m/v  =  A  ^d  Lp«n-i/!«n-i  =  B,  where  A  and  B  are 
two  finite  quantities,  and  A<|:B.  If  A  =  B,  the  fraction  is  con- 
vergent ;  if  A  >  B,  it  oscillates ;  and  no  other  case  can  arise. 

§  14.]  A  eonlintted  fraction  of  the  first  class  is  convergent  if  ike 
series  'San.iajbn  be  divergmi. 

We  have,  since  all  the  quantities  involved  are  positive, 

y.  =  Ml +  *.?!.    ?4>a*?.; 

?.  =  M- ^^^^ 

*  Our  knowledge  of  the  coDvergNice  of  coDtiDUod  fractions  is  chiefly  dna 
to  Schlainilch,  Eandb.  d.  AlgAraitche  AiuUyfit  (1S16) ;  Arndt,  DiaquiaiHima 
NormviUs  <U  A-actitmtAtu  Caniinuis,  SimdiEB  (1846) ;  Seidel,  UntenveJaatgen 
tiber  die  Convrrgera  wtd  Divergtta  der  KeCUnbritiAe  (Hsbilitatiouuchrift 
MiiDcheu,  1846} ;  aiao  Jbhaiullun^tn  d.  Afaih.  Claat  d.  K.  BayeruduM  Akad. 
d.  ff'iw.,  Bi  TiL  (1856) ;  and  Stern,  OTelUa  Jour.,  ixiViL  (1848). 
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Hence 

3„>((i„(i„.,  +  i„)5„.„ 
?«-.>{an-,a„-.  +  6n-i)?»-.. 


3.=  (a,a.  +  6.)S,. 
Therefore 

?nS«-.  >2ig.(S.  +  a.fl.)  (K  +  ^.^O  ■■■(*«+  «n-i»I»), 
and,  eiuce  3,  =  I,  2,  =  a,, 

5ev.>!:('*°e)('*x)-o*"=e)  «■ 

Now,  since  2ffl„_,ffl,^6„  is  divergent,  11(1  +  an_,a„/6„)  divergea 
to  +  00  (chap,  xxvi.,  §  23),  therefore  Ljn^n-i/ftt^i  ■  ■  ■  ^n  -  +  «  ■ 
Hence 

Kim       qm-J  ?>m.!.«-. 

that  IB,  the  continued  fraction  is  convei^nt. 

Cor.  1.  Tkefractvm  wi  qiitstim  is  convergent  if  L«i„.,a„/i„>  0, 

Cor.  2.  ^tso  1/  Lonjb^  >  0,  and  2a„  be  divergent. 

Cor.  3,  j4&o  i/La„+ife„/n„_,5„+,>  1. 

The  above  criterion  is  simple  in  practice;  but  it  is  not 
complete,  inasmuch  as  it  is  not  proved  that  oscillation  follows  if 
^"n-i'^/^n  he  convergent  The  theorem  of  next  paragraph 
supplies  this  defect. 

§  15.]  If  a  cofiiinued  fraction  of  the  Jirsi  dass  be  reduced  to  the 
f<^  .111  1  ,^, 

^     d,+  d,+  dt+  d„+  ^  ■" 

so  that 


■^°  Xk'.'.'.'."  <'>■ 

then  it  is  convergent  if  at  least  one  of  the  series 

d,  +  d,  +  d,+  .  .  .  (6) 

rf.  +  d.  +  rf,  +  .  .  .  (7) 

le  divergent,  oscillating  if  both  these  series  be  omvergenL 
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This  propoBition  depecdB  on  the  following  inequalities  be- 
tween the  5'b  and  d'a  of  the  fraction  (4) : — 

0<?„-:(l+rf.)(l+d,)...(l+rf„)  (8); 

9m>^  +  dt+  .  .  .  +d„  (9); 

?»-,>!  (10). 

These  follow  at  once  from  Enler's  law  for  the  formation  of 
riie  terms  in  j„,  which,  in  the  present  case,  rans  as  follows: — 
Writ«  down  djdi . .  .d„  and  all  the  terms  that  can  be  formed 
therefrom  by  omitting  any  number  of  pairs  of  consecutive  d'a. 
We  thus  see  that  q„  contains  fewer  terms  than  the  product 
(1  +  rf,)  (1  +  (f,)  . . .  (1  +  (/„) ;  and,  since  the  terms  are  all  positive, 
(8)  follows.  Again,  in  forming  the  terms  of  the  1st  degree 
Id  q„,  we  can  only  have  letters  that  stand  in  odd  places  in  the 
succession  d,dtd, . .  .d„;  hence  (9) ;  and  (10)  is  obvious  from  a 
similar  consideration. 

To  apply  this  to  our  present  purpose,  we  observe  that,  since 
the  numerators  are  all  equal  to  1,  we  have 

If  we  suppose  d,^0,  neither  ^„  nor  qm-\  can  vanish.  Hence, 
if  both  Lq„  <uid  Lq„.,  be  finite,  the  fraction  will  oscillate,  and 
if  one  of  them  be  infinite  it  will  converge. 

Now,  if  both  the  series  (6)  and  (7)  convert  the  series 
d,  +  d,-i-d,+  .  .  .  +d„  will  converge ;  and  the  product  on  the 
right  of  (8)  will  be  finite  when  ti=  <a .  In  this  case,  therefore, 
both  q„  and  qm-i  ^^  he  finite;  and  the  fraction  (4)  will 
oscillate. 

If  the  series  d,  +  d,  +  d,+  .  . .  diverge,  then  by  (9)  Lq^  =  to , 
and  the  fraction  (4)  will  converge. 

By  the  same  reasoning,  if  the  series  d,  +  dt  +  dT*- .  . .  diverge, 
then  the  fraction 

.^J L  .   .       .!_  . 

rfj  +  dj  +      '         '    dn+     ' 

will  converge ;  and  consequently  the  fraction  (4)  will  converge. 
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Effmark. — We  tnight  deduce  the  criterion  of  last  paragraph 
from  the  above.     For  we  have 

didt^aiOjb,,  dtdi^OtOtjbt,  .  .  .,  (2„_,c2„  =  a„_,a^6fl. 
Now,  if  the  Beries  Id^  converge,  the  eeriee  formed  by  adding 
together  the  products  of  every  poaaible  pair  of  its  terma  mnat, 
by  chap,  xxx.,  g  2,  converge:  a  fortiori,  the  series  2d„.,£i„,  that 
18,  '2an-,a^bni  °""t  converge.  Hence,  if  this  laat  series  diverge, 
Tdn  caimot  converge,  ^d^  must  therefore  diverge,  since  it  cannot 
oscillate,  all  its  terms  being  positive.  Therefore  either  (6)  or 
(7)  must  diverge,  that  is  to  say,  the  fraction  (4)  must  converge. 

Example  1.  Conddar  the  fraction 

^2+2+2  + 
.       _2(2n-l)*(2n-8)'..  ■  3'.!' 
'^"^^     "  (2«)'(2»-2)"...4'.2'     ■ 
It  maj  be  ahown,  by  the  third  criterion  of  chap,  iiri.,  %  6,  Cor,  G,  that 
the  series  Zdi^i  is  divergenL     Or  we  ma;  use  Stirling's  Theorem.    Thus, 
when  n  U  vei^  great,  we  have  very  neariy 
<Wi  =  2(27.l)"/2^™i)*, 

=  2/«.. 
The  oonveigence  of  ^d^^i  is  therefore  companbte  with  that  of  Sl/n,  which 


Hence  the  oontlniied  fraction  in  qoealion  convergee; 


oscillates  or  convergea  according  as  z  > 
Example  S. 


Here  ]X_iaJfr«=L(™-IW(''  +  l)=" 

therefore  the  fraction  is  conTergent. 


§  16.]  There  is  no  comprehensive  criterion  for  the  con- 
vergence of  fractions  of  the  second  class;  but  the  following 
theorem  embraces  a  large  number  of  imporiiant  cases  ; — 

If  an  infinUe  continued  fraction  of  Ihe  second  doss  of  the  form 

VOL.  II  2  I 
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be  such  thai 

«»>&«  +  !  (2) 

/<rr  all  values  of  n,  it  converges  to  a  finite  limit  F  fwt  greater  than 

unit}). 

If  the  dgn  >  occur  at  least  among  the  conditions  (2),  then  F  <  I. 
If  the  sign  =  alow  oeair,  then  F  =  1  -  1/S,  where 
S=l+ft.  +  6A  +  J.M.+  ■  ■  ■  +V....Sn+  -  -  ■  Bd<o    (AX 
so  that  F=  or  <1  according  as  the  miei  in  (A)  is  divergent  or 
convergent. 

These  reaulta  follow  (rom  the  following  characteristic  pro- 
pertieB  of  the  reatricted  fraction  (1): — 

;'„-J'n-i>M.---6n  (3); 

^n>6,  +  M.  +  6.6A+  ■  ■  ■  +h,b,---K         (4); 

3n-2n-.i6A---*n  (5); 

2„>l+6,  +  5,6,+  ■  ■  ■  ^bA---K  (6); 

?B-i>n>2»-,-i'«.i>  ■  .  ■  >2.-i't2l  (7). 

To  prove  (3)  we  ohaerve  that 

^« -;>«->  =  <a«  -  iK-.  -  W»-.- 

Hence,  since  j)„,   ^^  are  positive  and  increase  with  »  (§  2, 
Cor.  1), 


Pn~V,i-i^K{pn-x-pn-.), 


Pn-i-Pn  —  ^K-iiPn-i-Pn-t),       SCC.  aS  fl„_,£6ft. 


acc.  &s  ani6»+  1 ; 


ace.  as  at>b,+  1. 

Therefore  PnT Pn-i^l>,bi.  . .  b„,  where  the  upper  sign  must 
be  taken  if  it  occur  anywhere  among  the  conditions  to  the  right 
of  the  vertical  line. 

To  prove  (4),  we  have  merely  to  put  in  (3)  n-1,  «-2, 
.  .  .,  3  in  platw  of  n,  adjoin  the  equation  p,  =  b„  and  add  all 
the  resulting  equations. 

(5)  and  (6)  are  established  in  precisely  the  same  way. 

It  follows,  of  course,  that  _p„  and  g„  both  remain  finite  or 
both  become  infinite  when  n=<xi,  accoiding  as  the  series  in  (6) 
is  convergent  or  divet^nt. 
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To  prove  (7),  we  have 
3»  -?»  =  »«(?»-.  -Pn-,)  -  l>J<ln-,  -Pn-,), 

according  aa  a„>6„  +  1,  provided  2„_,  -j'n-i  is  poaitive. 

This  ehowH  that,  If  any  one  of  the  relations  in  (7)  hold,  the 
next  in  order  follows.  Now  j, -^,  =  a,-6,>  1,  according  as 
a,>6,+  l;  and  ?,-;',  =  o,ii,-;6.-6,a,>(a,-J,){\+  l)-&,>{a,-6,) 
+  S,{ffi,  -  6,  -  1),  according  aa  a,  >  6,  +  1 ;  hence  the  theorem.  It 
is  important  to  observe  that  the  first  >  that  occurs  among  the 
relations  (i|^&i+  1,  a,^&(+  1,  .  .  .  determines  the  first  >  that 
occurs  among  the  relations  (7):  all  the  signs  to  the  right  of  this 
one  will  be  = ,  all  those  to  the  left  >. 

The  convergency  theorems  for  the  restricted  fraction  of  the 
second  class  follow  at  once.  In  the  first  place,  as  we  have 
already  seen  in  §  3,  the  convei^ents  to  (1)  form  an  increasing 
series  of  positive  quantities,  so  that  there  can  he  no  oscillation. 
Also,  since  Sb  -  ?«  >  1,  it  follows  that 

i'«/3n£l-l/?»  (8). 

Therefore,  since  ^„>  1,  it  follows  that  F  converges  to  a  finite 
limit  :^1. 

If  the  sign  >  occur  at  least  once  among  the  relations  (2), 
the  sign  <  must  be  taken  in  (8);  that  is,  F<  1. 

If  the  sign  =  occur  thronghout,  we  have 
Ws.-l-Ll/s,.-l-l/S, 
where  S  is  the  sum  to  infinity  of  the  series  (6).     Hence,  if  (6) 
converge,  F  <  1 ;  if  it  diverge,  F  =  1 . 

If  we  dismiss  from  oiu:  minds  the  question  of  convergency, 
and  therefore  remove  the  restriction  that  h,,   b,,   ...,&„  be 

positive,  but  still  put  a„  =  6„+ 1,  Ob-i  =6fl-i  +  1,  -  .  .,iij  =  6,  +  l, 
a,  =  J,  +  I,  we  get  by  the  above  reasoning 

p^qn^'l-llqn  (8'); 

j„  =  1  +  i,  +  6,^  +  .  ,  .  +  6,6, . . .  6„  (6'). 
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Now  (8')  gives  ua  2n=  1/(1  -J'n/Sn)-     Hence  the  following 
remarkable  transformation  theorem  : — 

Cor.  1.  If  b„  .  .  .,  J„  be  any  qttanliiiM  whatsoever,  then 
l+5.  +  i,J,+  .  .  .  +b,b,...b^ 

from  which,  putting  Wi  =  6,,   u,  =  6,6,,   .  .  -,   Wn  =  ^i^>- ■  ■  ^in-i. 
we  readily  derive 

1  +  »,  +  M,  +  .    .    .  +  M„ 

_     1  M,  _  «,  U,K,  «,«,  _ 

~1-  1+M,  -M|  +  w,-a,  +  w,-H,  +  «,- 

«n-. +  ««-!-  «n-,  +  «n 
an   important   theorem   of   Baler's   to  which  w«   shall   return 
presently. 


INCOMUENSDRABILrrr  OF  CERTAIN   CONTINUED  FRACnONS. 

§  17.]  I/a„a„  .  .  .,  a„,  b,,  b„  .  .  -tbnbe  all posiUve  mUgers, 
then 

I.  The  injinik  contimitd  fraction 

A  J.....  A...  (,) 

0,+  0,+  a„  + 

amverges  lo  an  incommensurable  limit  provided  thai  after  some  finite 

value  of  n  the  condition  a„^&„  be  always  satisfied. 

II.  The  infiniie  continued  fToclion 

>-A...J^._...  (,) 

converges  to  an  incommensurable  limit  pmnded  that  after  some  finite 
value  of  n  the  condition  ffl„  >  6„  +  1  be  always  satisfied,  where  the  aign 
>  need  not  always  occur  bui  must  occur  infinitely  often.  * 

To    prove    II.,   let    us    first    suppose   that,  the   condition 
i^^^n"^  1  holds  from  the  firsts     Then  (2)  converges,  by  §  16, 

*  These  theorems  &re  due  to  Legendre,  ^I^nunb  dt  OctmitrU,  note  It, 
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to  a  positive  value  <  1.     Let  ua  assume  that  it  converges  to  a 
commensurable  limit,  say  XjX, ,  where  A„  A,  are  positive  integers, 
and  X,  >A,. 
Let  now 

6,      b. 

Since  the  eign  >  must  occur  among  the  conditions  n,  >  6,  +  1, 
c,tK  +  i,  ■  ■  ■>  ft  niuat  be  a  positive  quantity  <1.  Now,  by 
our  hypothesis, 

VA,=V(<i,-ft), 
therefore  p,  =  (a,A,  -  6,A|)/A,, 

=  Aj/A,,  say, 
where  A,  =  ffl,A,  -  6,A,  is  an  integer,  whict  must  be  positive  and 
<  A,,  since  p,  is  positive  and  <  1. 

Next,  put  J       J 

P'  =  ^^--     • 
Then,  exactly  as  before,  we  can  show  that  p,  =  AjAi,  where 
A,  is  a  positive  integer  <  A,. 

Since  the  sign  >  occurs  infinitely  often  among  the  conditions 
a,t>b„+  1,  this  process  can  be  repeated  as  o^n  as  we  please. 
The  hypothesis  that  the  fraction  (2)  is  commensurable  therefore 
requires  the  existence  of  an  inJBnite  number  of  positive  integers 
^i>  ^>  ^>  ^>  -  •  ■  such  that  A,>A,?-A,>Ai>.  .  .;  but  this  is 
impossible,  since  A,  is  finita     Hence  (2)  is  incommensurable. 

Next  suppose  the  condition  ffl„>6„+l  to  hold  after  n  =  m. 
Then,  by  what  has  been  shown. 


is  incommensurable. 
Now  we  have 


consequently 


(a»-y)2m-,-6m2m-.' 


(3). 
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where  j)«/jm>  i'm-i/Sm-i  &re  the  ultimate  and  penultinuite  cod- 
veigenta  of 


It  results  from  (3)  that 

y(F5™-.-i'm-,)  =  Fg„-i'„  (4). 

Now  F?„_,-^m_i  and  Fq„-p„  cannot  both  be  zero,  for 
that  would  involve  the  equality  ym/?m=i'm-i/?«-i.  which  is 
inconsistent  vrith  the  equation  (2)  of  g  3.  Hence,  if  F  were 
commenenrable,  (4)  would  give  a  commensurable  value  for  the 
incommensurable  y.     F  must  therefore  be  incommensurable. 

The  proof  of  L  is  exactly  similar,  for  the  condition  o„<6„ 
secures  that  each  of  the  residual  fractions  of  (1)  shall  be  positiye 
and  less  than  unity. 

These  two  theorems  do  not  by  any  means  include  all  cases 
of  incommensurability  in  convergent  infinite  continued  fractions. 

■   Brouncker's    fraction,   for   example,    1  +  ^ —  ^~-  ^—   ■  -  - . 

converges  to  the  incommensurable  value  4/ir,  and  yet  violates  the 
condition  of  Proposition  I. 

CONVERSION   OF  SERIES  AND  CONTINUED  FSODHCTS   INTO 
CONTINUED   FRACTIONS. 

§  18.]  To  amverl  ihe  series 

u,  +«,+  ...+«„+... 
inio  aa  "equivalent"  continued  fradion  of  the  form 

iA...J._...  (,). 

a,-  a,-  a„-  ' 

A  continued  fraction  is  said  to  be  "equivalent"  to  a  series 

when  the  nth  convergent  of  the  former  is  equal  to  the  sum  of  n 

terms  of  the  latter  for  all  values  of  n. 

Since  the  convergents  merely  are  given,  we  may  leave  the 

denominators   9,,   3,,   .  .  .,  q^  arbitrary   (we   take   70  =1,   as 

usual). 
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For  the  fractioB  (1)  we  have 

.   ?«/?«-?«-./?»-.  =  6.i.  ■ .  ■  V?»-.?n  (2); 

q,  =  ch,     q,  =  a,q,-bt,     .  .  .,     2n  =  aB5»-,  -  6„?n-.  (3); 
Pjq.-Klq,  (4). 

Since 

?«/?»  =  M,  +  M,  +  .  .  .  +  M„  (5), 

we  get  Irom  (3)  and  (5) 

u„  =  b,b,..  .6„/5„-,g„, 
«„-,  =  6,i,..  ■  b„.,fq„.,q„.„   I 

:       (6). 

From  (6),  by  uEing  Buccessive  pairs  of  the  equations,  we  get 

bi  =  q,1l„      6,=  J,«^l»j,      bt  =  q,U^qiU„      .    .    .,     6„  =  5'„M„/fJ'n-i«n-i 

<n 

CombiDing  (3)  with  (7),  we  also  find 
a,  =  q„    a»  =  ?t{«. +  M.)/2.«,.     a.  =  2X«.  +  «.)/2i«..     ■  ■  -. 

a«  =  2n(«B-i  +  t^)/?n-.«'»-.      (8).. 
Hence 


(9). 


ffa(Mn-. +«»)/?»-. Wn-i 

It  will  be  observed  that  the  ^'s  may  be  cleared  out  of  the 
fraction.  Thus,  for  example,  we  get  rid  of  9,  t^  multiplying 
the  first  and  second  numerators  and  the  first  denominator  by 
1/9,,  and  the  second  and  third  numerators  and  the  second 
denominator  by  q, ;  and  so  on.  We  thus  get  for  S„  the 
equivalent  fraction 

g    =  J*^  "■/**■ %/".  »n/«n-i 

"      1  -  («.  +  «,)M  -  {«.  +  «.)/».  -    ■   ■   ■  (Wn-i  +  Mn)K-i  *■ 
which  may  be  thrown  into  the  form 


1-  «,  +  »,-  «,  +  »,-   '       '  Wn-i  +  ''n 


-  (10), 

(11). 
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This  formula  is  practically  the  same  as  the  one  obtaiDed 
iQcidentally  in  §  1 S ;  it  was  first  given,  along  nith  many  applica- 
tions, by  Euler  in  hie  memoir,  "De  Transformatione  Serienim 
in  Fractionea  Continuaa,"  Opuseuh  ATUiiyHea,  t,  iL  (1785). 

It  is  important  to  remark  that,  since  the  continued  fraction 
(10)  or  (11)  is  equipolttU  to  the  series,  it  must  conret^  if  the 
series  converges,  and  that  to  the  same  limit 

Sy  giving  to  u,,  v^,  .  .  .,  Un  various  values,  and  modifying 
the  fraction  by  introducing  multipliers  as  above,  we  can  deduce 
a  variety  of  results,  among  which  the  following  are  specially 

useful : — 

v,x  +  V,3?  +  .  ,   .  +  Una?* 

(12); 


"l 

-  P,Z  +  li,-  1!,X  +  V,- 

+  ,  . 

a,o....a» 
■      6,6....  Sn 

=  'b 

i,a!      b,a,z         6,0,3! 

ExftiDplc  1 

.  If- 

ix<iB<ix,  then 

tw 

(13); 


4     1+  2+  E+  2+  ■   '   ■' 

wMcIk  \i  BroDDcker'a  fananla  for  the  qoadratim  of  the  circle. 


2(m-2)j-         K.n~i> 
-  8  +  (m-2)a!-  *  +  («»~3>e- 
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AlM>,irM>~l, 


2»=1  + 
0=1- 


i  l(m-l)2(m-2)3(w-3) 


§  19.]  The  anaiysis  of  last  paragraph  enables  w  to  construct  a 
continued  fraction,  say  of  theform  (1),  whosefvrst  n  txnvergents  shall 
be  any  given  quantities  fi,  f„  .  .  ,,  /„  respectively. 

All  we  have  to  do  is  to  replace  m,,  u,,  .  .  .,  »»  in  (10)  or 
(ll)by/i,  f,-fi,    .  -  ■,   /„-/„.!  respectively. 

The  required  fraction  is,  therefore, 

/,  f.-fJU.-f.)  (/■-/,)(/■-/.) 
1-  /.-  /.-/,-  '■  A"-/.- 

(/.-,-/.-)(/.-/.-,)     (15). 

fn-fn-t 

Cor.  ffenee  loe  tan  eapress  any  coniinued  product,  say 
p  J,d,...d^ 
"      e,e,...e„' 
as  a  coniinued  fraction. 

We  have  merely  to  fiit  fi  =  d,le,,  f,  =  d,djeie,,  .  .  .,  effect 
some  obvious  reductions,  and  we  find 

p  _  i^  ,,(d,-e,)  dMd,-',)  d,ej.d^t,)ld.-,.)  d.tjd,- 1.) (.d,- 1.) 
"    e—      d,~     d,d,-e,e,—       tf,rf,— ^e,—  dfd^-eie,- 

rf«-i<»-i(<in-.  -  ««-,)  (4  -  O     ,,„,, 

§  20.]  Instead  of  requiring  that  the  continued  fraction  be 
equivalent  to  the  seriea,  or  to  the  function  f{n,  x),  which  it  is  to 
represent,  we  may  require  that  the  sum  to  infinity  of  the  aeries 
(or  /( 00*,  ic) )  be  reduced  to  a  fraction  of  a  given  form,  say 

1-1-1-       ■■I-''  ^  '• 

where  /3„  /3,,  .  .  .,  j8„  are  all  independent  of  x. 

There   is  a  process,  originally  given  in   Lambert's  Beytrdge 

*  A  similar  fonnula,  given  by  3t«ni,  Crelle'i  Jour.,  z.,  p.  267  (183S),  may 
be  obtained  bj  a  alight  modificatdon  of  the  above  proceu. 
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(th.  ii.,  p.  15\for  redwing  to  the  furm  (1)  the  queiient  of  two  con- 
vergent series,  say  F{1,  l)/F(0,  x). 

We  suppose  that  the  aheolute  terms  of  F(l,  x)  and  F(0,  x)  do 
not  TftDish,  and,  for  simplicity,  we  take  each  of  these  terms  to  be 
1.     Then  we  can  establish  an  equation  of  the  form 

F(l,  z)  -  F{0,  x)  =  /3,zF(2,  x)  (2,), 

where  F{3,  a;)  is  a  convei^ent  series  whose  absolute  term  wo 
suppose  again  not  to  vanish,  and  ^,  is  the  coefScient  of  x  in 
F(l,  x)  -  F(0,  x),  which  also  is  supposed  not  to  vanish.* 
In  like  manner  we  establish  the  series  of  equations 

F(2,«)-F(l,«)-ft.F(3,^)  (2.), 

r(3,»)-F(2,^)-A»F(4,i)  (2J, 


F(»  +  1,  «)  -  F(n,  z)  =  At,«F(>.  +  2,  .)      (2,+,). 
Let  us,  in  the  meantime,  suppose  that  none  of  tlie  functions 
F  becomes  0  for  the  value  of  x  in  question.     We  may  then  put 

G(»,r<)  =  F(«+l,«)/r(^i)  (3), 

where  G(n,  x)  is  a  definite  function  of  n  and  x  which  becomes 
neither  0  nor  so  for  the  value  of  x  in  question. 
The  equation  (2„+i)  may  now  be  written 

G(n,  z)  -  1  =  /3„+,^G(n  +  1,  x)G(n,  x), 
that  is,  G(»,  x)  =  1/{1  -  j8„+,a;G{»  +  1,  x)}  (4). 

If  in  (4)  we  put  successively  n  =  0,  n=l,  .  .  .,  we  derive 
the  following : — 

s(M)..^f:^.-.i_(,_yo(^,„   <»>^ 

, !__At!?  A+!!£ «, 

G(n, :.)"!'-     '  '  '  1  -  (I  -  1/G(n  *m,x)j    W- 

*  The  vanishing  of  one  or  mors  of  these  coefficients  wonld  lead  to  a  more 
general  form  than  (1),  namely, 

1-      1-     ■  "  "     ■ 
Oeneral  expressions  have  been  foond  for  p*,  Pi,  .  .  ■  b;  HeilermaDn,  Ordlift 
Jour.  (X849),  and  hj  Mnir,  Proe.  L.M.8.  (187(1). 
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la  order  that  we  may  be  able  to  assert  the  equality 

G(o,«)  =  jLa£...f=5....d.         (7), 

it  IB  necessary,  and  it  is  sufficient,  tliat  it  be  possible  by  making 
m  sufficiently  great  to  cause  1  -  \/Q{n,  t)  to  differ  from  the  mth 
convergent  of  the  residual  fraction 

T^    !--■■•  -T^  ■  ■  ■  <^> 

by  as  little  as  we  please. 

Let  us  denote  the  couvergents  of  (y)  by  p,/qi,  p^g,,  ■  ■  ■< 
Pml^nv     Then,  from  (6),  we  see  that 
{1  -  1/G(n,  „)}  -j.„/j„ 

y,.-y,.-,{i-i/S(''t"i,»))  ?. 

3m-?«-,{l- V*5(«  +  '^*)}      U' 

(1  -l/Q(»-fm,  z)](.p„k„-p..Jq..,)         ,. 
ll-l/CK«tm,:.)}^„t,^„t....^.t.^ 

The  necessary  tmd  suffideiU  condition  for  the  ^sisiaice  of  (7)  is, 
there/are,  that  the  righi-hand  side  of  (9),  or  of  (10),  shall  vanish 
when  m  =  CO . 

Concerning  these  conditions  it  should  be  remarked  that  while 
either  of  them  secures  the  convergence  of  the  infinite  continued 
fraction  in  (7),  the  convergence  of  the  fraction  is  not  necesaarily 
by  itself  a  sufficient  condition  for  the  subsistence  of  the  equation 

In  what  precedes  we  have  supposed  that  none  of  the  func- 
tions F(n,  x)  vanish.  This  restriction  may  be  partly  removed. 
It  is  obvious  that  no  two  consecutive  F's  can  vanish,  for  then  (by 
the  equations  (3))  all  the  preceding  F's  would  vanish,  and  G(0,  x) 
would  not  be  determinate.  Suppose,  however,  that  F(r  +  l,x^  =  0, 
so  that  G(r,  ic")  =  0 ;  then  (5)  furnishes  for  G(0,  if)  the  dosed 
continued  fraction 
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In  order  that  this  ma;  be  identical  with  the  value  given  by 
{7\  it  is  necessary  and  sufficient  that  G{r  + 1,  a;'),  as  given  by 
(6),  should  become  « ,  that  is,  it  ia  necessary  and  sufficient  that 
the  residual  traction 

Ajt,£' &££:...  ad  « 

should  convei^  to  1 ;  but  this  condition  will  in  general  be 
satisfied  if  the  relation  (4)  subsist  for  all  values  of  n,  and  the 
condition  (9)  be  also  satisfied  when  n<^r  +  2. 

§  21.]  As  an  example  of  the  process  of  last  par^nph,  let 

F(n,!E)  =  l  ■»-■,/        .+— : ^ :r,  +  .    .    .       (11). 

^      '  l!(y  +  n)     2!(y  +  n){y  +  n  +  l) 

Then 

F(»  +\,x)-  F(»,  x)=  ■ 


(r  +  «)(7  + 


G(«,z)=l/|l  + 


j-G(«+l,:r)^     (4% 


(7-^'^)(y  +  »  +  i) 

where  G(«,  z)  =  F(rt  + 1,  K)/F(n,  x). 
Hence 

W(".'=J-i:p       1^.  i+-  ■  •  1  _  {1  „  i/G(n,  a:)} 


and 

1  1  xl(y  +  n){y  +  n-\-\) 

'     Gin,x) 


(5'); 


a/(y  +  n  +  m--l)(y  +  w  +  ffi)     . 

l-{l-l/G(n  +  m,i)}        ^''^• 

The  series  (11)  will  be  convergent  for  all  finite  values  of  x, 
and  for  all  positive  integral  values  of  ti,  including  0,  provided  y 
be  not  0  or  a  negative  integer.  Hence  we  have  obviously,  for 
all  finite  values  of  x,  LG(n  +  m,  a)  =  1  when  m  =  oo , 

Let  us  suppose  that  x  is  positive.  Then  the  residual  con- 
tinued fraction 
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^/(r±?HyjL«J:J)  ^/(r±«  +  i)lr  +J»  +  2) 
1+  1  + 

xj{y  +  w  +  m  -  1)  (y  +  «  +  m) 


(8') 


1  + 

is  (by  the  criterion  of  §  H)  evidently  conTergent.     Hence  the 
factor  Pm/Qm-pm-ilSm-i  in  ^^  expreBsioQ  (9)  vanishes  when 

Also,  since  the  q's  continually  increaae,  Ljm/Sm-i'tl- 
Therefore  we  may  continue  the  fraction  to  infinity  when  x  is 
positive. 

Next  suppose  x  negative,   =  -y  say  ;  we  then  have 

G(o,  -  s)  =  ^  sWi±i)  yJklilklS 

y/(7^«i-l)(T-ni)      ,    , 
i-{l-l/G(»,-y))     ^°>- 
and 
_        1        _y/(y-t-«)(Y  +  tt+I) 
«(»,-?)  1- 

y/(y-nn-m-l)().-nn-m)         . 
l-{l-l/G(-.  +  m,-yH       >°'' 
The  fraction  (6)  in  this  case  is  "equivalent"  to 


(-l-y  +  B  +  2-    '  '  '  y  +  n  +  m-    '"'/ 
(8->, 

which  is  obvioaaly  convergent  (hf  g  16),  if  y  have  anjr  finite 
value  whatever.     Hence  the  factor  Pn/lm-Pn-Jim-i  belonging 
to  the  equivalent  fraction  (6)  must  vanisli. 
Again,  by  §  2  (6), 


_  yHy^■tt■^m-l)(y■^n^■m)  y/(y  <-in-ro-2)(y  tin-ro-l) 
1-  1- 

y/(yt.)(Tt.tl> 
1 

.1 !_i ^'_ ? . . .  -J-\ 

y  +  n  +  m  [y  +  n  +  m-l-y  +  n-i-m~2-  y+wj 

(12). 
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If  only  n  be  taken  lai^e  enough,  the  fraction  inside  the 
brackets  satisfies  the  condition  of  §  16  throughout :  its  value  is 
therefore  <  1,  however  great  m  may  be ;  and  it  foUowa  from  (IS) 
that  L2nt/3M-i  =  1  when  m=  oo. 

Since  LG(n  +  m,  -  y)  =  1  when  m  =  m ,  it  follows  that  all  tiie 
requisite  conditions  are  fulfilled  in  the  present  case  also. 

We  have  thus  shown  that 

?:(^)  =  ^  tAy±A  =^/(y  +  l)(y  +  2) 
F(0,  ¥)    1  +       1  +  1  +  ■ 

1  + 
whence,  by  an  obvious  reduction, 

F(l^)  _    y_^        X  X  : 

r(0,  x)~ y+  7  +  1+  ■)'  +  2+  '  ■  '  7  + 
a  result  which  holds  for  all  finite  real  values  of  x,  except  such 
as  render  F(0,  x)  zero,*  and  for  all  values  of  y,  except  zero 
and  negative  integers. 

If  we  put  ±  a^/4  in  place  of  a:  in  the  functions  F(0,  x)  and 
F(l,  x),  and  at  the  same  time  put  7  =  i,  we  get 

F(0,-//4)  =  cosa:,     F(l, -^/4)  =  sina^/u;;    ' 
F(0,  //4)  =  cosh  z,     F(l,  !k'/4)  =  sinh  xjx. 
Cor,  1.  Hence,  from  (14),  vie  gel  at  once 

%     ^     £  ^  .. 

Cor.  2.  Tht  nanurical  amslanls  v  and  jt*  are  inammensta-aliU. 
For,  if  n-  were  commensurable,  9-/4  would  be  commensurable, 
say  =  k/fi.     Hence  we  should  have,  by  (15), 
*  In  a  sense  it  will  hold  even  then,  for  the  fraction 


H^ 


whicli  represents  F(0,  x)/F(l,  r)  will  converge  to  0.  Of  conrae,  two  coDsecu- 
tivB  functions  F(n,  x),  F(tt  +  1,  z)  cannot  vanish  for  the  suae  value  of  x  ; 
otherwise  WB  should  hare  F(<ii,  z}  =  0,  which  is  impossible,  since  F(a,7)  =  l. 
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,      A//i  A'/^'  AT/  X'/iJ.' 

1-3-5-     ■■■2n+l-'' 


(in 


Now,  since  A  and  fi  are  fixed  finite  integers,  if  we  take  n  lai^ 
enough  we  shall  have  (2n  +  l)/»  >  A' +  1.  Hence,  by  §  IT,  the 
fraction  in  (17)  convei^es  to  an  incommensurable  limit,  which 
is  impoBsible  since  1  is  commensurable. 

Tha£  x*  is  also  incommensurable  follows  in  like  manner  very 
readily  from  (15), 

By  using  (16)  in  a  similar  way  we  can  easily  show  that 
Cor.  3,  Any  commensurable  power  of  e  is  incrnimensuToile.* 
§  22.]  The  development  of  last  paragraph   is  in  reality  a 
particular  case  of  the  following  general  theorem  regarding  the 
hype^eometric  series,  given  by  Gauss  in  his  classical  memoir 
on  that  subject  (1812)t : — 
If 


and 


G(.,  ;3,  ,,  I)  =  F(.,  ,8  +  1,  y  +  1,  .)/r(a,  ft  y,  l), 
:   Hi" 


<3(.,Ar,«:)- 


(18), 


•iy-fl)  ■     08tl)(ytl-.) 

-y(y  +  l)'  '■'       (y+l)(y+2)    ' 

_(.*l)(y-H-ft  „  _08t2)(yt2-.) 


'        (y  +  2)(y  +  3)   ' 

(y  +  3Xy  +  4)    ' 

/!„-, 

(.  +  .-l)(y  +  .-l-ft 
'       (y  +  2»-2)(y  +  2«-l)' 

.  (^  +  «)(y  +  .-.)  . 
f^"     (y  +  2«-l)(y  +  2>.) 

*  The  results  of  thin  paragraph  were  first  f^reu  by  Lambert  in  a  memoir 
which  is  very  important  in  the  history  of  conUnued  fractious  {Sisf.  d.  I.  Ac 
Soy,  d.  Berlin,  1761).  The  arrangement  of  the  analysis  U  taken  from  Legendre 
(!.<;.},  the  general  idea  of  the  discussion  of  the  conveTgence  of  the  fraction 
from  Schlomilcb.  \   Werkt,  Bd.  iii.,  p.  13*. 
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After  what  has  heoa  done,  the  proof  of  this  theorem  should 
preaent  no  difficulty. 

The  discussion  of  the  question  of  coavergence  is  also  com- 
paratively simple  when  x  is  positive  ;  but  presents  some  difficulty 
in  the  case  where  x  is  negative.  In  fact,  we  are  not  aware  that 
any  complete  elementary  discussion  of  this  latter  point  lia«  been 
given. 

Cor.  if  in  (18)  icepwt  13  =  0,  and  mite  y-  1  in  place  of  y,  tee 
gel  th«  transformation 

r^   y(r  +  i)     r(y  +  i)(r  +  2) 

1-1-1-  ^   * 

where 

"■  =  ?  *-^^ 

!'•   (r  +  i)(r  +  2)'  "•    (r  +  2)(7  +  3)' 

_    (.t»-l)(yt»-2)  «(yt.-l-.) 

^'"''     (y  +  2n-3)(y  +  2n-2)'     ^•'    {7  + 2»-2)(y  +  2n- 1)' 

Gausa'a  Theorem  is  a  very  geneml  one ;  for  the  hypergeometric 
series  includes  nearly  all  the  ordinary  elementary  aeries. 

Thus,  for  example,  we  have,  as  the  reader  may  easily  yeriiy, 

(l+i)".F(-m,AA-i); 
log(l+«)  =  iiF(l,  1,  2,-z); 

»inh  »  .  2  L     L  F(t,  H,  I,  ^/itf) ; 

sin  I  - 1  L     L  r(i,  f ,  i,  -  :i^/4tt') ; 

sin-iK  =  KF(J,  -J,  f.  a^; 

.»»/(l-iOF(l,  1,  },  aO; 
tan-ia:  =  ^F{i,  1,  t.-A 
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EzunlM  tlie  coDTSi^nce  of  the  following :— 


(S.)l+" 


_p_  1^  ars*  1  1.2  2.8 

1+1+     1+  ■  ■  ■  '*•'  '"*"1+  1+    !  +  ■ 


"■"-ITiT.-T- 


(6.) 


!»'  (m+n)*  (m  +  Sn)' 


*'-"'+^?7iT- ■  ■  ■        <8-M+rrrTri:-- ■  ■ 

^'l+H-l+l+  '      '1+1+1+ !+■ 

(11.)  Show  thftttbe  friction  of  the  secocd  clau,  oi-—  —  .  .  ..can- 
TBtgtt  to  K  positiTe  limit  if,  for  all  values  of  n, 

(Starn,  OM.  Nach.,  1846.) 
(12.)  Show  that  -^  -^  ■^.  .  .,  wliereo»3-0,oonTerg»sif(i»nt-a,  +  l. 

(13.)  Show  that  the  seriee  of  fractions  ipn-Pn-ilKju-^n-i)  forma  a 
f&«enifinj7  aeriea  of  convetgenta  to  the  infinite  continued  fraction  of  the  eecond 
due,  provided  aa>ftH  +  l,  and  the  aign  >-  occora  at  least  once  among  thete 


(14.)  Show  that 

^+T^^+T^;riT^"  ■  " 
where  Z3-0,  ia  equal  to  a:  or  1  according  as  ie<or'4l. 
(16.)  Eralnato  J_^A..  .  .; 

and  ^J^_5Ltl_5i+?_.  ... 

m  +  l-  m  +  2-  m+8- 
whera  m  U  nrj  int^er. 
Show  that 

'"■'  '*6*6(S  +  :)*'  ■  ■      ^  +  1-0  +  6+2-    a  +  b  +  i- 
!  jt'  a.aa*         4.Bj^ 

f  2.S-ii!"+  4.6-a!'+  8.7-ii!'+  '  ' 
l*g        B*a        3V 
1+  2-Z+  8-2ie+  4-3a:+  '  '  "    ' 


(17.)  m 

(18.)  log  (!+«:)  = 


'  EzereiMS  (G)  to  (10)  are  taken  from  Stam'a  memoir,  OnlUa  Joitr., : 
TOL.  n  2  K 
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(19.)  1  = 


(21 )  w.-y*-!  ly-D* y-iy 


1        J!         3!         aa        8a; 

1- 1+z- 2+X-9+X- <+*-■ 


Evaluate  tbs  foUowuig  :- 

1      1_    2_  _8     4 
-8-4-6-8- 


(2B.)^il^i^...     .  (26.) 

^      ' 1+1+ 1+1+  ^      ' 

(27.)  Show  tlutUnz  and  tanhx  tra  mcommeiisanbla  if  x  be 


2+  8+  4+  B  + 


Egtabliab  the  foUoiriiig  truisfonaatiODs  :- 
(28.)  ^  =  T—  n  ¥Z  oT  9  S  kT  oZ  T. 


^1+  2+  3+  4+  6+  B+  7  + 


(80.)  Un 

_i,     a    I"*"  8V  8W 
""=17  8—  fiT  7T 

t>Dh 

_.       e    IW  fflr"  8W 
""-iT  r-  6^  f3 

(31.)  tan 

nt«niB  (n'-l»)tMi%r  (n» 

-V)t»ah! 

"*        1-              3- 

6- 

(Eoler,  Jfott.  .^OKi  Pd.,  1813.) 

(32.) 

sinm: 

1 

1 

-acoaa-'       ' 

vhei«  there 

ire  n  p&rtial  qaotiente. 

(3a)  If 
*(«,  ft  %  ^) 

then 

_^{j*_l)(/_l)^_^(jV 
(«-l)(«'-l)          (! 

-1)(!* 

^a,p  +  l,Y  +  l,x 

=  J. 

??S-. 
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iriwie 

f,-l/-"'-ll[/^'--l)   .-w-i 

</*"-' -mi'*--')'    • 

..„- it'*' -me*"' -')/*• 
i,'*''-mf*'--n    ■ 

(Heine,  OrtlU'iJour.,  iiiii.) 
(34.)  Show  that 

a.=  i„-l  +  _l ? ^ \ 

1,  2{a-l}+  2(a-l)+  2{o-l)+  / 

I  2{o+l)+2(a  +  l)+2(o  +  ll+         J 

Wallia  (Bee  Muir,  /%il.  Mag-,  1^77). 
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CHAPTER   XXXV. 
Qeneral  Properties  of  Integral  Numbere. 

NUMBERS  WHICH    AKB   CONQRUKNT  WITH   RESPECT  TO   A 
GIVEN    MODULUS. 

%  1.]  If  m  be  any  positive  integer  lehalever,  which  v»  coil  the 
modulus,  two  integers,  M  and  N,  whidi  leave  the  same  remainder 
when  divided  by  m  are  said  lo  be  eongnient  with  respect  to  the 
modulus  m.* 

In  other  words,  i£  M  =  pm  +  r,  and  N  =  ym  +  r,  M  and  N  are 
said  to  be  congruent  with  reapect  to  the  modulus  m.  Gaoas, 
who  made  the  notion  of  congruence  the  fundamental  idea  in  his 
famous  DisquisUiemes  Arithmetiea,  uses  for  this  relation  between 
M  and  N  the  symbolism 

M  =  N(modm); 
or  simply  M  =  N, 

if  there  is  no  doubt  about  the  modulus,  and  no  danger  of  con- 
fusion with  the  use  of  =  to  denote  algebraical  identity. 

Cor.  1.  If  two  nurnbers  M  and  N  be  congruent  with  respect  to 
moduiua  m,  then  they  differ  by  a.  multiple  of  m;  so  that  we  have,  say. 

Cor.  2.  If  either  M  w  N  have  any  factor  in  common  with  m, 
then  the  other  must  also  have  that  factor  ;  and  if  either  be  prime  (o  m, 
the  other  must  he  prime  to  m  also. 

In  the  present  chapter  we  shall  use  only  the  most  elementary 
consequences  of  the  theory  of  congruent  numbers. 

*  To  aave  repetition,  let  it  be  mideTstood,  when  nothing  ela«  is  iudicated, 
that  thronghont  thia  chsptei  eveij  letter  itands  for  &  positiTe  or  Qf^tiTs 
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Our  object  here  is  simply  to  give  the  reader  a  conspectus 
of  the  more  elementary  methods  of  demonstration  which  &re 
employed  in  establishing  properties  of  integral  numbers ;  and  to 
illustrate  these  methods  by  proving  some  of  the  elementary 
theorems  which  he  is  likely  to  meet  with  in  an  ordinary  course 
of  mathematical  study.  Further  developments  must  be  sought 
for  in  special  treatises  on  the  theory  of  numbers. 

§  2.]  If  we  select  any  "modulus"  m,  then  it  follows,  from 
chap,  iii.,  §  11,  that  all  inlep^  numbers  can  be  wranged  mfo 
successive  groups  of  m,  swh  tkat  each  of  the  integers  in  one  of  these 
groups  is  congruent  with  one  and  with  one  only  of  the  set 

0,  1,  2,  .  .  .,{m-2),  (m-1)  (A), 

or,  if  we  choose,  of  the  set 

0,  1,  2,  ....  -  2,  -  1  (BX 

where  there  are  m  integers. 

Another  way  of  expressing  the  above  is  to  say  that,  if  we 
talce  any  m  eonseeulive  integers  whatever,  and  divide  them  by  m,  tlteir 
remainders  taken  in  orde^  will  be  a  cyclical  permviatian  of  the 
integers  (A). 

Example.  If  we  take  m  =  5,  the  Mt  (A)  u  0,  I,  3,  S;  4.  Now  if  we  take 
the  6  coDsecative  integen  33,  64,  65,  66,  67  and  divide  them  by  6,  the 
remainder?  &re  3,  4,  0,  1,  2,  which  is  a  cjrdical  permutation  of  0,  1,  2,  3,  4. 

g  3.]  A  large  number  of  curious  properties  of  integral  numbers 
can  be  directly  deduced  from  the  simple  principle  of  classification 
just  explained. 

Example  I.  Every  integer  which  is  a  perfect  cube  is  of  the  form  7p,  or 
tp^l.     BMuing  in  mind  that  every  integer  N  has  one  or  other  of  the  fonns 

7m,     7hi±1,     7m±2,     7m±3, 
also  that  (7»i±r)'  =  {7m)»±3(7mt»r  +  S(7m)r"±7', 

=  { J'  m'±21m»r  +  3mr»}7  ir", 
=  M7±r', 
we  see  that  in  the  fonr  poeaible  cases  we  have 

N»  =  (7m)»=(r*m>)7; 
N>  =  (7m±])'  =  M/±li 
H'  =  (7m±2)", 

=  M7±8  =  (M±])7±1; 

N»=(7m±3)'  =  (M±4)7Tl- 
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In  eTerf  case,  thererore,  the  cubs  his  one  or  other  of  the  forms  1p  or 

Example  2.  Ptotb  that  8*"^  +  2'**^  U  diyimble  bj  7  (Wolstenhoime). 

We  have  S>^>+2*«=(7-4)*^+2^. 

Now  (see  abOTs,  Example  1,  or  batow,  S  4) 

(7 -*)»-+■' =M7-4»^. 
Hence  B"«  +  2^=M7 -4*m-'  +  2-m, 

=  M7-2^3*'-l). 

Bnt2^-ludimibleby  2'-l  (see  chap,  v.,  g  17),  thatiii  by  7.    Hence 
2»w(2*'-l)=N7. 

Finally,  therefore,  8»-M  +  2-«=  (M  -  N)7. 

which  provee  the  theorem. 

Example  8.  The  product  of  3  snccesmre  iDtegera  is  alw^  divisible  by 
1.2.3. 

Let  the  prodact  ID  qneationbeni(nt  +  l)()n-f  2).  Then,  aince  m  must  have 
one  or  other  of  the  three  forme.  Sir,  3m+l,  Sm-l,  we  have  the  following 
ctaee  to  consider : — 

3m(8«t+l)(Sm+2)  (1); 

|3m+l)(8nH-2)(8in+8)  (2); 

(3Bi-l)3m(3nt+l)  (S). 

Id  (1)  the  propositioii  is  at  once  evident ;  for  Sm  £>  divisible  by  3,  and 
(3m+l)(3ni+2)  by  2.    The  same  is  true  in  (2). 

In  case  (3)  we  have  to  show  that  (3m- l)m(3ni  +  l)  is  dirinble  by  2. 
Now  this  mast  be  so ;  beeanse,  if  m  is  even,  tn  is  diviuble  by  2 ;  and  if  m  be 
odd,  both  3m -I  and  3m +  1  are  even  ;  that  ia,  both  3nt-l  and3tn+l  an 
diriaible  by  2. 

In  oil  casee,  therefore,  the  theorem  holds. 

Example  4.  To  show  that  the  product  of  p  auccesaire  inlegen  ia  always 
diTisiblH  by  1.2.3  .  .  .  p. 

Let  ua  suppose  that  it  has  been  shown,  let,  that  the  product  of  any  p-1 
succosaive  Integra  whatever  is  divisible  by  1.2.3  .  .  .  p-  1  ;  2nd,  that  the 
product  of  j?  aucceselve  integers  begioning  with  any  iategor  up  to  z  is  diTiaible 
by  1.2.3  .  .  .  ~p-\.p. 

Consider  the  prodact  of  71  successire  integera  beginning  with  z  +  1.     We 

(«  +  l){«  +  2)...(j+y-l)(a:+p) 

=p1z+l){i  +  2)...(a+p-l)  +  i(«  +  lK«  +  2)...(i+j.-l)  .  .  .     (1). 

Now,  by  our  first  soppoeition,  (3!  +  l)(z+2).  .  .  (z+;j-l)  isdiviaiblB  by 
1.2  ..  .  J^  ;  audjby  our  second,  x(x-\-l){x+i) .  .  .(a:+j>-l)iB  divisible 
by  1.2.3  .  .  .  p. 

Hence  each  member  on  the  right  of  (1)  is  diriuble  by  1.2.3  .  .  .  p. 

It  followB,  therefore,  that,  if  our  two  suppositiona  be  right,  then  the  pro- 
duct ofpsucceasive  integers  beginning  with  x+1  ia  divisible  by  1.2,3  .  .  .p. 

But  we  have  ahown  in  Example  3  that  the  product  of  3  consecutive  integeie 
ia  always  divisible  by  1.2.3;  and  it  is  self-evident  that  the  product  of  4  con- 
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ncDdve  int«geiG  beginning  with  1  is  divisible  by  1 .2.3.i.  It  follons,  there- 
fore, that  tbs  product  of  4  conaecutife  lategera  begiciiiiig  with  2  ia  divisible 
bj  1.2.3.4.  Uging  Example  3  again,  and  the  result  just  established,  we 
prove  that  1  oonseentivB  integers  beginning  with  3  is  divisible  bj  1.2.8.4 ; 
and  thus  we  Eoallf  establish  that  the  produot  of  anj  4  cousecuttve  integ^ 
whatever  ia  divisible  bj  1.2.3.4. 

Proceeding  io  exactly  the  same  way,  wo  next  show  that  our  theorem  holds 
when}>=6;  and  so  on.     Hence  it  holds  generally. 

This  demoiutTatioa  is  a  good  example  of  "  mathematical  induction." 
Example  S.  If  a,  £,  c  he  three  integers  such  that  a*-«-i*=^,  then  they  are 
represented  in  the  meet  general  way  possible  by  the  forms 

First  of  all,  it  is  obvious,  on  account  of  the  relation  a^+^=i?,  that,  if 
any  two  of  tha  numbers  have  a  common  factor  X,  then  that  factor  most  occur 
in  the  other  also ;  so  that  we  may  write  a=Xa',  b=!\b',  e=yt!,  where  a',  b',  <i 
are  prime  to  each  other,  and  we  have 

o'»+y=e^  (1), 

No  two  of  the  three,  a',  h\  €,  therefore,  can  be  even ;  also  both  a'  and  V 
cannot  be  odd,  for  then  i^-^V*  would  be  of  the  form  4n  +  2,  which  is  an  im- 
possible form  for  the  number  e^. 

It  appears,  then,  that  one  of  the  two,  a',  A',  say  b'(=^),  most  be  even,  and 
that  o'  and  e"  must  be  odd.  Hence  {€  +  o')/2  and  (c"  -  o')/2  must  ba  integers ; 
and  these  integers  most  be  prime  to  each  other ;  for,  if  they  had  a  common 
factor,  it  must  divide  their  sum  which  is  e*  and  their  difference  which  is  a' ; 
but  €  and  a'  have  by  hypothesis  no  common  factor. 

Now  we  have  from  (1) 

whence 


(-■).(-■)., 


Therefore,  since  (e"  +  o')/2  is  prime  to  (■:'  -  o')/2,  each  of  theae  must  be  a 
perfect  square  \  so  that  we  must  have 


and,  from  (6),  y  =  23=2mn. 


(6), 


Betuming,  therefore,  to  onr  original  case,  we  must  have  generally 

a=X(in>-»=),     i  =  2Xm.n,     c^Mm'  +  n'). 
This  is  the  complete   analytical  solution  of  the   famoos   Pythngorean 
problem — to  find  a  right-angled  triangle  whose  udes  shall  be  commensurable. 
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§  4.]  The  following  theorem  may  be  deduced  very  readily 
from  the  principlea  of  §  2.  Let  f{x)  stand  for  p,  +PiX  +p,tif  + 
.  .  .  +Pn3f,  where  p„  p„  ...,;„  are  positive  or  negative 
int^iere,  and  x  any  positive  integer ;  then,  if  z  be  am^ruent  mth 
r  with  nsped  to  the  modidtis  m,  /(x)  will  be  congruaU  wUh  f(r)  tnth 
respect  to  trwd^us  m. 

By  the  binomial  ezpaoBion,  we  have 
{}m  +  r)"  =  (2m)"  +  „C.(?m)"-V+  .  .  .  +„C„.,(5m)r-->  +  r", 
=  (S^"-i  +  „C,3»-'m"-V+.  .  .+„C„.,?i— >  +  T-, 

where  M„  ia  some  integer,  since  all  the  numbere  „C,,  „C„  ,  .  ., 
bC„_,  are,  by  §  3,  Example  4,  or  by  their  law  of  formation  (see 
chap,  iv.,  §14)  necessarily  integers. 
Similarly 


Hence,  iix  =  qm  +  r, 

f(x)=po-i-p,r+py  +  .  .  .+p^  +  ip,U,+p,lli^  +  .  .  .+pJS^7ny 

=  /(r)  +  Mm. 
Hence /{i)  is  congruent  with  /(r)  with  respect  to  modulus  m. 

Cor.  1.  Since  all  integers  are  congruent  (with  respect  to 
modulus  m)  with  one  or  other  of  the  series 

0,  I,  3,  ... ,  m^i, 
it  folbnoB  that  to  test  the  divisibUitg  of  /(x)  by  m  far  all  ir^tegral 
vaives  of  X,  tee  need  only  test  the  divisifnliiy  bym  of  f{0),  /(I),  /(2), 
..  .,/(«.-!). 

Example  I.  Let^zj=z(z+l)(2z  +  I);  and  let  it  be  rwjuired  to  find  when 
>Ii)iBdi™iblBbye.  We  hsTe/l0)  =  O,/ll)  =  5,/12)  =  S0,^3)  =  84,/[4)  =  18O, 
/|[G]=3S0.  Each  of  these  ii  divisible  bj  6  ;  and  every  integer  ia  eongraent 
(mode)  with  one  of  the  six  numben  0,  I,  2,  3,  4,  6;  benc«  six  +  DlTx+l) 
is  aiiBay$  divisihle  by  6. 

Cor.  2.  f{lf{r)  +  T}  is  alvxiys  divisible  by  f(r);  torf[qf{r)  +  T] 
-M/(r)+/(r)-(M+l)/M. 

Hence  an  infinite  nwmbar  of  values  of  x  can  always  be  foand 
which  will  make/(x)  a  ampotite  number. 
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This  result  Ib  sometimes  stated  b^  saying  that  no  integral 
fimdion  of  z  can  fvnUsh  prime  mtmben  oiUy. 

Example  2.  Shaw  tbat  »*  - 1  it  diTisible  bj  5  if  z  b«  prime  to  E,  bat  not 
otherwise. 

With  modulus  G  all  integral  values  of  z  ore  coDgrueat  nith  0,  ±1,  ±2. 
If/(2)  =  z'-l, /(0)=-I,  /(±1)  =  0, /(±2)  =  I6.  Now  0  and  IS  are  each 
divisible  b7  G  ;  but  -1  is  not  divisible  by  5.  Hence  iii*-I  ia  divisible  by  G 
when  X  is  prims  to  5,  but  not  otherwise. 

Example  8.  To  show  that  ii'  +  a  +  IT  is  not  divisible  by  any  number  less 
than  17,  and  that  it  is  divisible  by  17  when  aad  only  when  z  is  of  the  form 
17morl7CT-l. 

/[0)  =  17,  /[  +  1)  =  I9,  /(  +  2)  =  28,  A  +  S)=29,  /l  +  4)  =  37.  yl  +  6)  =  47, 
yt  +  8)-58,  yi  +  7)=73,,/(  +  8)  =  89,  /[-1)=17,  ,rt-2)  =  l».  yi;-8)  =  23, 
A~i)  =  ^,    /l-6)  =  37,    /(-e)  =  47,    /l-7)  =  69.   yi-8)-78. 

These  numbers  are  all  primes,  hence  no  number  less  than  17  will  divide 
a^+i+l7,  whfttever  the  Tolne  of  »  may  be  ;  and  17  will  do  so  only  when 
a:=nil7ora!=ml7-l. 

g  5.]  Meihod  of  Differmces. — There  is  another  method  for 
testing  the  divisibility  of  integral  functions,  which  may  be  given 
here,  although  it  belongs,  strictly  speaking,  to  an  order  of  ideas 
somewhat  diflferent  from  that  which  we  are  now  following. 
Let  /n(x)  denote  an  integral  function  of  the  nth  degree. 
/»("!) -AW -ft +J',(i+l)  +  -  ■  .+p,-,(x+l)"-'+P,(>:+l)" 

—  Pi~P^X-  .    .    ■-pn-i'^'^-'Pn"^      0)- 

Now  on  the  right-hand  side  the  highest  power  of  x,  namely 
a?*,  disappears ;  and  the  whole  becomes  an  integral  function  of 
the  n-  1th  degree,  fn-ii^t  **?-  Thus,  if  m  be  the  divisor, 
we  have 

/.(»ti)-/.W_./.-,W  ,j, 

m  m  '  '' 

It  may  happen  that  the  question  of  divisibility  can  be  at 
once  settled  for  the  simpler  function  /n-i(x).  Suppose,  for 
example,  that  it  turns  out  that  /n-j(x)  ia  always  divisible  by  nt, 
whatever  x  toxj  be ;  then  /,(a;  +  1)  -/„{z)  is  always  divisible  by 
m,  whatever  x  may  be.  Suppose,  further,  that  /„(0)  is  divisible 
by  m;  then,  since  /»(!)  -/n(0)<  ^  we  have  just  seen,  is  divisible 
by  m,  it  follows  that/n(l)  is  divisible  by  m.  Similarly,  it  may 
be  shown  that  /n(2)  is  divisible  by  m ;  and  so  on. 
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If  the  divisibility  or  non-divisibility  of /„.,(x)  be  not  at  onc« 
evident,  we  may  proceed  with  f„-,(x)  as  we  did  before  with 
/a(x),  and  make  the  question  depend  on  a  function  of  still  lower 
degree ;  and  so  on. 

Eiainple  1.  /i(z]  =  x^-z  is  slways  diviuble  b;  6. 

=&B*+10a?+l<te'+6i, 


Now 

/rfi)=o, 

tharefora 

/i(2)-/.(l)  =  MA 

and 

/,(2)-M.B. 

Simikrly, 

/i|8)-/^2)=M,6, 

therefore 

/,f8)  =  (MB  +  M,)fi 

Thus  ws  proTs  that  /t(l),  /i[2],  /b13),  ftc.,  are  all  divisible  by  G ;  in  other 
words,  that  xf-xU  always  divisible  by  B, 


Exercises  XXXV. 

(1.)  The  sum  of  two  odd  squares  cannot  be  a  square. 

(2.)  Every  prime  greater  than  S  is  of  the  farm  6n±l. 

(3.)  Every  prime,  except  2,  has  ooe  or  other  of  the  forms  to±l. 

(i.)  Every  integer  of  the  form  4n-l  which  ii  not  prime  has  ao  odd 
number  of  factors  of  the  form  4«  - 1, 

(6.)  Every  prime  greater  than  5  has  the  form  SOm  +  n,  where  n  =  l,  7,  11, 
13. 17,  19.  23,  or  28. 

(6.)  The  square  of  every  prime  greater  than  3  is  of  the  form  24>n-t-l ;  and 
the  square  of  every  integer  which  is  not  divisible  by  2  or  S  is  of  the  same 

(7.)  If  two  odd  primes  differ  by  a  power  of  2,  their  sam  is  a  multiple  of  3. 

(S.)  The  dilTerence  of  the  squares  of  any  two  odd  primes  is  diviuble  by  24. 

(9.)  None  of  the  forms  (Sm-t-2}n*  +  3,  4mn-m-l,  4mn-Bi~n  can  repre- 
sent a  square  integer.     (Oaldbach  and  Euler.) 

(10.)  The  nth  power  of  an  odd  number  greater  than  unity  can  be  presented 
as  the  diHTerence  of  two  square  numbers  in  n  different  waya. 

(11. )  If  N  differ  from  the  two  successive  squares  between  which  it  lies  by 
Zand  y  respectively,  prove  that  N-sey  is  a  square. 

(12.)  The  cube  of  every  rational  number  is  the  difference  of  the  squares  of 
two  rational  numbers. 

(13.)  Any  uneven  cube,  n>,  is  the  sum  of  n  consecutive  uneven  numbers, 
of  which  n*  is  the  middle  one. 

(14.)  There  can  always  be  fonnd  b  consecutive  integers,  each  of  which  is 
not  a. prime,  however  great  n  may  be. 
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(IG.)  In  the  scale  of  7  ever}'  square  integer  mtiBt  have  0,  1,  2,  or  4  for  iti 
unit  digit, 

(16.)  The  scale  ia  which  S4  denotee  a  sqoare  iot^r  has  a  radii  of  the 
fom  n{Sn  +  4)  or  (n  +  2)(Sn+2). 

(17.)  There  cannot  in  »ay  Bcale  he  round  three  different  digits  each  that 
the  three  integers  formed  h;  placing  each  digit  dilTerently  in  each  integer 
shall  be  in  Arithmetical  Progression,  nnless  the  ladii  of  the  scats  be  of  the 
form  Zp  +  1.  If  this  condition  be  BatisGed,  there  are  2[p-l)  such  eeta  of 
digits ;  and  the  common  difference  of  the  A.  P.  U  the  same  in  all  cases. 

(18.)  lfz>2,  !E'-4a?  +  6K'-2i;  is  divisible  by  12. 

(19.)  !B'/5  +  «'/2  +  a!'/3-z/S0,  and  iifl/6-t-d^l2  +  5x'/12-i?ll2  are  both  in- 
tegral for  all  integral  values  of  x. 

(20.)  If  z,  y,  s  be  three  coneecntive  integers,  (Szj'-SSx*  is  divisible 
by  108. 

(21.)  X*- a:  is  divisible  by  8. 

(22. )  Find  the  form  of  z  in  order  that  a!*  + 1  may  be  divisible  by  1 7. 

(23.)  Examine  how  far  the  forms  si?+x+il,  Ba?  +  29  represent  prime 
numbere. 

(24.)  Find  the  least  value  of  x  for  nhich  S'  - 1  is  divisible  by  47. 

(SG.)  Find  the  least  value  of  z  for  which  2*- 1  is  divisible  by  23. 

(28. )  Find  the  values  of  a  and  y  for  which  7*  -  y  is  divisible  by  22. 

(27.)  Show  that  the  remainder  of  2***'+l  with  respect  to  2»'  +  l  is  8. 

(2S.)  S^-fl^is  divisible  by  6,  if  !£-3/  =  2. 

(29.)  Show  that  2"^'  + 1  is  always  divisible  by  S. 

(30.)  4^±'  +  2»^'  +  I  is  divisible  by  7. 

(31.)  i*"  +  a^  +  l  never  represents  a  prime  unless  x^O  or  x=l. 

(32. )  If  P  be  prime  and  =a^  +  V,  show  that  P»  can  be  resolved  into  the 
sum  of  two  squares  in  }n  ways  or  J()i  +  1)  ways,  according  as  n  is  even  or  odd, 
and  give  one  of  these  resolutions. 

(33.)  t{3?+i^=t^,x,  y,  z  beiug  integers,  then  xyx  =  0  (modflO);  and  if  z 
be  prime  and  >3,  y  =  0(madl2).  Show  also  that  one  of  the  three  nnmbert 
a  0  {mod  6). 

(34.)  The  solution  in  intege™  of  !r'  +  ^=2='  can  be  deduced  from  that 
3^-^^—s'.  Hence,  or  otherwise,  find  the  two  lowest  solutions  in  integers 
the  first  of  these  equ&ticQs. 

(3G.)  If  the  equation  a^  +  y*  — :^  had  an  integral  solution,  show  that  one 
the  three  z,  y,  z  must  be  of  the  form  7m,  Bud  one  of  the  form  Sw. 

(36.)  The  area  of  a  right-angled  triangle  with  commensurable  sides  c«nn 
be  a  square  nnraber. 

(37.)  The  sum  of  two  integral  fourth  powers  cannot  bean  integral  square. 

(38.)  Show  that  C3-H  V5)'+{3-  VE)*  >"  divisible  by  2*. 

(30. )  If  X  be  any  odd  integer,  not  divisible  by  S,  prove  that  the  integral 
part  of  4' - (2+  s/IY  is  a  multiple  of  112. 

(40.)  If  n  be  odd,  show  that  1+„C4-i-,Cb-I-„Ci,  +  .  .  .  is  divisible  by 
2Cn-S)/I 
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ON  THE  DIVISOBS  OF  A  GIVBN   INTEOEE. 

§  6.]  We  have  already  seen  (chap.  iiL,  §  7)  that  every  com- 
poaito  integer  N  can  be  represented  in  the  form  a't^(^. . .,  where 
a,  b,  c,  ...  toe  primes.  If  N  be  a  perfect  square,  all  the 
indices  must  be  even,  and  we  have  "S  =  a^b^<?'' ;  ao  that 

In  this  case  N  is  divisible  by  v'N. 

If  N  be  not  a  perfect  square,  then  one  at  least  of  the  indices 
must  be  odd ;  and  we  have,  say, 

■        N  =  «"■'+' J^c"^. . .  =  a'Y^'. . .  a-'^'lfc''. . ., 
so  that  N  is  divisible  by  i^iF^ .  .  .,  which  is  obviously  less 
than  vN.     Hence 

Every  composiie  wnmiier  has  a  fador  which  is  mii  greater  than-  Us 
sgvaTe  root. 

This  proposition  is  useful  as  a  guide  in  finding  the  least 
factors  of  lai^e  numbers.  This  has  been  done,  once  for  all,  in  a 
systematic,  but  more  or  less  tentative,  manner,  and  the  results 
published  for  the  first  nine  million  integers  in  the  Factor  Tables 
of  Burckhard,  Dase,  and  the  British  Association.* 

§7.]  The  divisors  of  any  given  number  N  =  a"i*e''. ..  are 
all  of  the  form  a'^i/. ..,  where  a,  0',  y',  .  .  .  may  have  any 
values  from  0  up  to  o,  from  0  up  to  /3,  from  0  up  to  y, .  .  . 
respectively.  Hence,  if  we  include  1  and  N  itself  among  the 
divisors,  iht  divisors  0/^  =  a't^i?". ..  are  ike  various  terms  obtained 
by  distHinUing  the  product 

(!+.  +  .■+.  .  .+••) 
x(l  +  4+J"+  .  .  .  *lf) 


(D- 


*  For  aD  intereBting  account  of  the  conatructioii  and  ui 
M  J.  W.  L  GiBisher'i  Keport,  B^.  BriL  Atxx.  (1877). 
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Cor  1. 
Since 


3DM  AND  NDMBKE  OF  FACTORS 


1  +  6  +  6'+  .   . 


and  eo  on, 

li  follows  thai  the  satn  of  the  divisors  of  "S  =  a' J^e*". . .  is 

{a-l)(b-l)... 

If  in  (1)  we  put  o  =  1,  6  =  1,  c  =  1,  .  .  .,  each  divisor,  that  ia, 
each  term  of  the  distributed  product,  becomes  unitf ;  and  the 
sum  of  the  whole  is  sintply  the  number  of  the  different  divisors. 
Hence,  since  there  are  a  +  1  terms  in  the  first  bracket,  ^  +  1  in 
the  second,  and  so  on,  it  follows  that 

Cor,    2.  The    number    of   the    ^visors    of   N  =  a"J*c»'. . .  w 

(a+i)oe+i)(r  +  i)...   . 

Cor.  3.  The  number  of  ways  in  toAtcA  •  N  =  o"i*C ...  can  be 
resolved  irUo  two  factors  is  ^{1  +  (o+  l)(/3  +  l){y  +  1) ...},  or 
i(o  +  1)  {jS  +  1)  (y  +  1) . . .,  according  as  "S  is  or  ia  mt  a  square 
number. 

For  every  factor  has  a  complementary  factor,  that  is  to 
say,  every  factorisation  corresponds  to  tioo  divisors ;  unless  N  be 
a  square  number,  and  then  one  factor,  namely  \^N,  has  itself 
for  complementary  factor,  and  therefore  the  factorisation 
N  =  ^N  X  ^^  corresponds  to  only  one  divisor. 

Cor.  4.  The  numier  of  ways  in  which  N  =  a"i^(?'. , .  can  be 
resolved  into  two  factors  that  are  prime  to  each  dher  is  2""^  n  bang 
the  number  of  prime  factors  a',  b^,  (T,  .  . 

For,  in  this  kind  of  resolution,  no  single  prime  factor,  a'  for 
example,  can  be  split  between  the  two  factors.  The  number 
of  different  divisors  is  therefore  the  same  as  if  a,  ^,  y,  .  .  . 

*  ThiK  Ktolt  U  giren  \>y  W»Ui«  In  his  IHtemiTte  qfC<mibinafUmt,  AUerna- 
tuna,  and  Aliquol  Porta  (1686),  clup.  iiL,  g  IS.  In  the  wme  worh  ue  given 
most  of  tho  re«u1ta  of  S^  S  »nd  7  above. 


D,a,l,zc.bvG00gIe 


were   each  equal .  to  unit^.      Hence   the   number  of  ways   is 

J(l  +  1)  (1  +  1)(1  +  1) . . .  (n  factora)  =  4.2"  =  2"-'. 

Ezunpls  1.  Fmd  the  different  dlTison  of  8S0,  their  amn,  ond  thur 
number. 

Weh»vBS80=2»8'B. 

The  divieora  ore  therefore  the  terms  in  the  diitribated  product 
(I  +  2  +  2'  +  2')(l  +  3  +  8')(l  +  6);  thatUtoMj, 

1,  2,  4,  e,  3,  6,  12,  24,  9,  18,  Sfl,  72,  6,  10,  20,  40,  IB,  30,  60,  120, 
4S,  SO,  ISO,  3S0. 

Their  OTm  is  (3*-l)(3'-l)(6»-l)/(2-l)(3-l)(S-l)=1170. 

Their  number  ii  (1  +  S)  (1  +  2)  (I  + 1)= 24. 

Example  2.  Find  the  least  number  nhidh  has  SO  divisors.  Let  the 
nnmber  be  m  =  t^l^<!''.  There  cannot  be  mora  than  three  prime  &ctora ;  fm 
80=2>i3x6,  which  htts  at  moat  three  betora,  must  =(a+I)(j9+l)(T+l}. 
There  might  of  course  be  onlj  two,  and  then  ice  mnat  hare  SO=(B-t-l)(^-f-l); 
or  there  might  beonljone,  and  then  30=a+l. 

In  the  finit  case  a  =  l,  fi=2,  y=:i.  Taking  the  three  least  primes, 
2,  3,  6,  and  putting  the  larger  indices  to  the  smaller  primea,  we  hare 
N=2<.3'.B=720. 

In  the  second  case  we  shoald  get  2".3,  2°.S^,  or  2*.S>. 

In  the  lost  case,  2". 

It  will  be  found  that  the  least  of  all  these  ia  2*.3*.E:  so  that  720  is  the 
rcqniivd  nnmber. 

Examples.  Show  that,  if  2*- 1  be  a  prime  number,  then  2^'(2--l)ia 
equal  to  the  sum  of  its  divisors  (itself  excluded).* 

Since  2"  - 1  is  anppoaed  to  be  prime,  the  prime  (actois  of  the  given  nnmber 
are  2'~>  and  2"-!.  Hence  the  sum  of  its  divisors,  excluding  itself,  is,  b; 
Cor.  1  above, 

=  (2--I){2*-2«-'J, 
=  2— i(2--l){2-l|, 

=  2»-l(2"-l); 

as  was  to  be  shown. 


ON  THE  NCUBBR  OF  INTEGERS  LESS  THAN  A  GIVEN   INTGOBR 
AND    PRIME  TO   IT. 

§  8.]  If  we  conuder  all  the  integers  Ibsh  than  a  given  one,  N, 
a  certain  number  of  these  have  factors  in  common  with  N,  md 
the  rest  have  none.     The  number  of  the  latter  is  usually  denoted 

*  In  the  language  of  the  ancienta  aneh  a  nnmber  was  called  a  Perfect 
Number.    6,  2S,  40S,  6128  are  perfect  numbers. 
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by  ^N).     Thua  ^N)  is  taken  to  denote  the  numfier  of  integers 
(incivdiitg  1)  which  are  less  than  N  and  prime  to  N. 

We  hare  the  following  important  theorem,  fiist  given  by 
Euler  :— 

^  N  =  a."iOO . . .  a„"-,  then 

The  proof  of  this  theorem  which  we  ehall  give  is  that  which 
follows  most  natarally  from  the  principles  of  §  7. 

Proof. — Let  us  find  the  number  of  all  the  integers,  not 
greater  than  N,  which  have  some  factor  in  common  with  N, 
That  factor  must  be  a  product  of  powers  of  one  or  more  of  the 
primes  a,,  a,,  a,,  .  .  .,  On- 

Now  all  the  multiples  of  a,  which  do  not  exceed  N  are 

la„     2a„     Stti,     .  .  .,     (N/a,)a,,     N/a,  in  number    (3); 
all  the  multiples  of  a,  which  do  not  exceed  N  are 

la,,      2a,,      3a,,     .  .  .,     (N/a,)a,,     N/o,  in  number    (4); 
and  so  on. 

All  the  multiples  of  fliO,  which  do  not  exceed  N  are 
lHjO),     2a,a,,     Sa,a„     .  .  .,     (N/a,a^,a„ 

N/a,(i,  in  number    (6) ; 
and  so  on. 

Similarly,  for  a,a,a,  we  have 
l(t,a,a,,     2a,a,a,,     3a,a,a„     .  .  .,     (N/a, 0,0,) a, 0,0,, 

N/a,o,o,  in  number     (6). 

Let  us  now  consider  the  number 
N  N         N 


0,0, 

ffljO. 

0,0, 

N 

0,0,0, 

N 
0,0,0. 

N 
a,a,a^ 

N 
a,  0,0,0, 

-... 

Doiizc^bv  Google 


512  idler's  THBORBHS  BEQABDINO  ^(K)  chap. 

The  number  of  terms  ia  the  first  line  is  nC,.  The  oomber 
in  the  second  line  is  „G„  since  every  possible  group  of  2  ont  of 
the  n  letters  a,a, . . .  On  occurs  among  the  denomin&tora.  The 
number  in  the  third  line  is  „Ct  for  a  similar  reason.    And  bo  od. 

Now  consider  every  multiple  of  the  r  letters  a,a,a, . . .  a, 
which  does  not  exceed  N ;  in  other  words,  every  number,  not 
exceeding  N,  that  has  in  common  with  it  a  factor  of  the  form 
ffli^'a*"'* . . .  Or" '■  Tl"B  multiple  will  be  enumerated  in  the  first 
line,  once  as  a  multiple  of  a„  once  as.  a  multiple  of  a,,  and  so 
on ;  tJiat  is,  once  for  every  letter  in  it,  that  is,  rC,  times. 
In  the  second  line  the  same  multiple  will  be  enumerated  once 
as  a  multiple  of  0,0,,  once  as  a  multiple  of  a,a„  and  so  on ;  that 
is,  once  for  every  group  of  two  that  can  be  formed  out  of  the  r 
letters  a,a,  -  ■  -  ir>  that  is,  ^C,  times.  And  so  on.  Hence,  paying 
attention  to  the  signs,  the  multiple  in  question  will  in  the  whole 
ezpreaeion  (7)  be  enumerated 

A-rC.  +  rC.-.   .   .±rC,.,TrCr=l-(l-l)' 
times ;  that  is,  just  once.     This  proof  holds,  of  course,  whatever 
the  r  letteiB  in  the  group  may  be,  and  whether  there  be  1,  2,  3, 
or  any  number  up  to  ft  in  the  group. 

It  follows,  therefore,  that  (7)  enumerates,  without  repetition 
or  omission,  every  integer  which  has  a  factor  in  common  with  N. 
But,  from  formula  (1),  chap,  iv.,  §  10,  we  see  that  (7)  is  dmply 

N-N(.-i)  (,-!)...  (.-1)  (S, 

in  the  ntunber  of  integers  less  than  1 
ire  have  merely  to  subtract  (8)  from  N. 

*<.,.K(,-')(:-i)...(,-l). 

which  establishes  Baler's  formula. 

Example.  N  =  100  =  2'.6';  ^100)  =  2'.6*(l-i)(X-i)  =  4(J. 
„     §  9.]  7;f  M  =  PQ,  where  F  andQ  are  prime  to  each  other,  thm 
^M)  =  .KP)*(Q)  (!)■ 
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To  obtain  the  ntunber  of  integers  less  than  N  which  are 
prime  to  N,  we  have  merely  to  subtract  (8)  from  N.  We  tlius 
obtain 


xTiT  ^{PQR . . . )  =  ^(P)^(Q)^(R) ...  5n 

For,  since  P  aQd  Q  are  prime  to  each  other,  we  must  have 

P  =  a,«'o,""..., 

where  none  of  the^prime  factors  are  common ;  and  therefore 

where  a„  a„  ....  J,,  &„  ...  are  all  primes. 
But^  hy  g  8,  we  then  have 

=-0-i)('-i)-0-O('-^)-- 


=«,"«.■■ 


■('-^)('-^)-'^^-('4)(-l.)- 


Cor.  If  PQES . . .  Je  ^ww  to  eaeh  other,  thm 

.^(PQR8...)  =  <MP)*(Q)*{E)'KS)--.  (2). 

For,  since  P  is  prime  to  Q,  £,  8,  .  .  .,  it  followa  that  P  is 
prime  to  the  product  QBS . . .    Hence,  by  the  above  proposition, 
♦(PCJRS. ..)-«P)*((JES...). 
Repeating  the  same  reasoning,  we  have 

♦(QKS...)  =  «(J)*(HS...); 
and  so  on. 

Hence,  finally, 

♦<PQES...)  =  «P)*(Q)#t)*(S)...  .' 
Bemark. — There  is  no  difficulty  in  establishing  the  theorem 
^^Q)  =  ^P)*KQ)  **  priori.  This  may  be  done,  for  example,  by 
means  of  §  13  below  (see  Gross'  Algdira,  §  230).  The  theorem  of 
§  8  above  can  then  be  deduced  from  ./^PQR. ..)  =  </^P)^Q)^(R). .. 
The  course  followed  above,  though  not  so  neat,  is,  we  think, 
more  instructive  for  the  learner. 

Example.  66  =  7x8, 

^58)  =  24, 

*(7)  =  fl, 

*(S)  =  4  ; 
*(68)  =  *(7}x«C8). 
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5U       GAtrSS's  THEOREM  BEOAKDING  THE  DI7I30BS  OF  N    chap. 

§10.]  Ifd,,d,,dj,  .  .  .,  i&c^denoU  ail  the  dinsors  of  the  integer 
N,  (Act* 

^K)  +  M)  +  M)+-  ■  ■=N...  (1). 

<GauBS,  Disq.  Arith.,  §  39.) 

For  the  divisors,  d„  d,,  d,,  .  .  .,  are  the  terms  in  the  dis- 
tribution of  the  product 

(l+ffi,+V+  ■  ■  .  + a."')  (!+«.  +  «.'+  •  •  ■  +a.°')---     ■ 
If  we  take  any  one  of  these  terms,  say  dr  =  a,"'  o,*^  . . . ,  then, 
hy  §  9,  Cor., 

^<f.)  =  ^(a,i'«.«.'...), 

since  a„  a,,  .  .  .  are  primes. 

It  follows  that  the  left-hand  side  of  (1)  is  the  same  as 
(1 +  ■«.,) +  ♦<».■)+•  .  -t^O)) 

>■  {!++(«.) +  •«•.■)+■  ■  .+*(«."•)) 
(2^ 

But  <^a/)  =  a,'(l  -  -)  =  a,'  -  «■''"'■ 

Hence 

l+<Wa,)  +  <MO+--  ■■^*(«^     

=  1  -I-  a,  -  1  +  a  •  -  fl,  +  .  .  .  +  «,"»-  a,•'-^ 

and  BO  on. 

It  appears,  therefore,  that  (3)  is  equal  to  a,"'a,"» . . .,  that  is, 
equal  to  N. 

Example.  K=316=3'.E.7. 

The  divisors  are  1,  S,  6,  7,  9,  15,  21,  35,  45,  63,  106,  315,  and  we  iuTc 

^l)  +  ^(3)  +  #(6)+.  .  .+^815) 

=  l+2  +  4  +  6  +  6  +  8  +  12  +  '24  +  24  +  3e  +  48  +  l«  =  31S. 

•  Here  and  in  what  follows  1  is  included  among  the  divisora,  and,  for  con- 
venience, ^1)  is  taken  to  stand  for  1.    Strictly  speaking,  ^1)  has 
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PRIME  DIVISORS  OF  m! 


PROPERTIES    OF   1 


%  II.]  The  following  theorem  enables  ns  to  prove  some  im- 
portaDt  properties  of  m ! : — 

The  highest  powar  of  the  prime  p  which  divides  m  I  exaclli/  is 

■0)*  <?)*'(?)-••■■ 

where    l(— )i    ^~)'  ■   ■   -  denote    the   itiiegral  parti   of  mjp, 

m/p',  .  .  . ;  and  the  series  is  continued  utUU  the  greatest  poioer  of  p 
is  reached  which  does  m>t  exceed  m. 

To  prove  this,  we  remark  that  the  numbers  in  the  series 
1,  2,  .  .  .,  m 
which  are  divisible  by  p  are  evidently 

Ip,  2p,  Bp,  .  .  .,  hp, 
where  kp  is  the  greatest  multiple  of  pi^m.     In  other  words, 
k  =  I(m/p).     Hence  l{in/p)  is  the  number  of  the  factors  in  m ! 
which  are  divisible  by  p. 

If  to  this  we  add  the  number  of  those  that  are  divisible  by 
p',  namely  ^m/p*),  and  again  the  number  of  those  that  are 
divisible  by  p',  namely  l{mj]/'),  and  so  on,  the  sum  will  be  the 
power  in  which  p  occurs  in  m  I 

Hence,  since  p  ia  a  prime,  the  highest  power  of  p  that  will 
divide  m !  exactly  is 

It  is  convenient  for  practical  purposes  to  remark  that 

if 


<".)-H,-)A}- 


For,  if 

Mll^-'. 

.i*i/p'-- 

'  (t<i^-') 

(1). 

(hen 

-If- 

.i/y +  */!>• 

(2). 

-i^'lr* 

*/f('<f) 

(3). 
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ilp*W>{p-i)lp*if-' 


Hence,  by  (3), 


($. 


~fl 


But,  ainoe  t/p  =j  +  Iff, 


-  D/r. 


bj  (2). 


We  may  therefore  proceed  as  foLowB : — Divide  m  hyp;  take  the 
vaie^al  guolierU  and  divide  again  by  p;  and  soon;  until  the  integral 
qaoHeni  becomes  zero;  th^n  add  ail  the  integrai  gwHents,  and  the 
result  is  the  highest  powtr  ofp  which  will  divide  m !  exacUy. 

Enample  1.  To  find  tlia  higheat  power  of  7  which  diridefl  10001  exactly. 

In  dividing  successively  by  7  the  integral  quotients  are  1*2,  20,  2;  the 
sum  of  these  is  1S4.     Hence  7'"  is  the  power  of  7  required. 

Euunple  2.  To  decompoae  2S 1  into  its  prime  fkctore. 

Write  down  all  the  primes  less  than  26  ;  write  qnder  each  the  aaccsMiva 
quotients ;  and  then  add.     We  thus  obtain 


2 

3 

G 

7 

11 

.8 

17 

IB 

23 

12 
6 
8 

1 

S 
2 

5 

1 

3 

2 

. 

1 

1 

1 

22 

10 

S 

3 

2 

1 

1 

1 

1 

Hence  251  =  2»".3"'.6'.7'.11'.13. 17.19.23. 

Example  3.  Express  39 1/2G  t  in  its  simplest  form  as  a  product  of  ptime 

"  ""■  Result,  2''.3».5'.7'.11.1S'.17. 19.20.31.37. 

Example*.  FindthehighestpowerofG  thatwilldivide27.28.20  ...  100 
exactly. 


Eesult,  6". 
n  the  scale  of;,  in  the  form 

the  highest  power  of;  that  will  divide  m  I  exactly  is  the 


Ex&mple  6.  If  m 


_~y°r,J^-"-^".: 


f^th. 


Example  e.  If  m  =  2'+2*  +  2''  +  .  .  .  (i  terms),  where  a<p<:y< 
the  groatesC  power  of  2  that  will  divide  M I  is  the(m-it)th. 
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§  12.]  If  f  +  ff-i'h+  .  .  .If-m,  (km  m!//!?!A!  ...  m  an 
integer.' 

To  prove  this,  it  will  be  sufficient  to  ebow  that^  if  any  prime 
factor,  p  say,  appear  in  / !  ^ !  A  J  .  .  . ,  it  will  appear  in  at  least 
as  high  a  power  in  ml  In  other  words  (§  11),  we  have  to 
show  that 


+ii 

.,('4' 


Now,  if  ij  be  any  integer  whatever,  we  have 

/id-f+rid  (r>d-i). 

sld  =  g'*fld    (r>d-l), 

hld-h'th'/d     (»>i-l), 

and  we  obtain  by  addition 

/■  +  f  +  h'+.  .  . 
d 
Hence,  if/'  +  /  +  A'+  .  .  .  <rf. 

If,  on  the  other  hand, /"  +  y"  +  A' +  .  ,  .  >d,t  then 

*  Thia  theorem  might,  of  course,  be  mfoired  from  ths  fact  that 
m\l/]g\  A!  .  .  .  representB  the  number  of  permuUtious  of  m  thbgs/  of 
which  are  alike,  g  alike,  h  alike,  Ac. 

t  If  n  be  the  number  of  the  letters  /,  ff,  A,  .  .  .,  the  utmost  valae  of 
/'  +  ff'  +  A*+.  .  .  ian(rf-l).  Hence  the  utmost  difference  between  the  two 
•idegor(2)i«I{n<<l-l}/iit. 


,zc.bvGoogIe 


8  EXERCISES  XXXVI 

It  appears,  therefore,  that,  even  if  m  =/+  p*  +  A  + 


'0O*'(i)*---        <')■ 


A  fortiori  i%  this  soifra>/+i?  +  A+...     . 

If  now  we  give  d  the  successive  values  p,^,  .  .  .,  and  com- 
bine by  addition  the  inequalities  thus  obt^ed  from  (3),  the 
truth  of  (1)  is  at  once  establbhed. 

Cor.  1.  If  f  +  g  +  h+  .  ,-.  >m,  and  none  of  the  wumben 
f,g,h,.  .  .  is  eqwU  torn,  the  integer  ml//I^!A!  .  .  .  is  divisiUe 
by  m  if  m  be  a  prime. 

Cor,  2.  The  product  of  r  successive  integers  is  exactly  divisibte 
byrl 

The  proofs  of  these,  so  far  as  they  require  proof,  we  leave  to 
the  reader.  Cor.  2  has  already  been  established  by  a  totally 
different  kind  of  reasoning  in  §  3,  Example  6. 

EXBECISES  XXXYI, 

(1.)  What  is  the  least  multiplier  that  will  convert  916  into  a  complete 
square  t 

(2.)  Find  th«  nombet  of  thediviaonof  2IS0,  and  their  sum. 
(3.)  Find  the  integral  solutions  of 

iV  =  100a:  +  10y  +  l  (a); 

i^  =  12"  (j9)i 

(4.  ]  No  number  of  the  form  z*  +  4  eicept  G  ie  prime. 

(5.)  No  number  of  the  form  2*^'+ 1  eicspt  G  is  prime. 

(6.)  To  End  a  number  of  the  Form  2*.3.(i  (a  being  prime)  which  shall  be 
equal  to  half  the  sum  of  its  divisoiB  (it«elf  excluded). 

(7.)  To  find  a  number  N  of  the  form  Z'abe..  .{a,  b,  c  being  nne^jual 
primea)  anch  that  N  is  one-third  the  sum  of  its  dlTisots. 

(8.)  Show  how  to  obtain  two  "amicable"  nntubers  of  the  forma  i^pg,  S*r, 
where  p,  g,  r  are  primes.  (Two  numbers  are  amicable  when  each  is  the  sum 
of  the  divisora  of  the  other,  the  number  itself  not  being  reckoned  aa  a 
divisor.) 

(9.)  To  find  a  cube  the  sum  of  whose  divisors  shall  be  a  square. 

(One  of  Fermat'a  challenges  to  Wallis  and  the  English  mathematicians. 
Far.  Op.  Math.,  pp.  188,  IBO.) 

(10.)  If  N  be  any  integer,  n  the  number  of  its  divisors,  and  P  the  product 
of  them  all,  then  N-=  P. 
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(11.)  The  stun  and  the  sum  of  the  sqaues  of  all  the  nnmbera  leas  than 
N  and  prime  to  it  are  iN(<i-l)(i-l)(«-l).. .  and  i'S\l-lla)(l-l/b) 
.  .  . +iN(l-oJ(l-S).  ..reepectively.     (WoUtenholme. ) 

(12.)  \tp,  9,  r,  ...  be  prime  to  each  other,  and  i{(H)  denote  the  aum  of 
the  divisorg  of  N,  ahow  that 

d(p^ . .  ■)=d{p)d{q)d{T) . . .     . 
(13.)  If  N=ai«,  wherea,  b,  care  prime  to  each  other,  then  the  prodnct  of 
all  the  Dombeia  lees  than  N  and  prime  to  N  is 

(ai«-l)ini(o-I)I/(lc-l)Ia<*-iKt-i)i. 

'    (Gonv.  and  Caiiu  ColL,  1SS2.} 
(14.)  The  nnmber  of  integera  leu  than  (t'  +  I)"  which  are  diviBible  byr 
biitnotbyr»ii(r-l){(r»+l)"-l}/H. 
(IS.)  ProTGthat 

(le.)  In  a  given  eet  of  IT  consecutive  integers  beginning  with  A,  find  the 
number  of  terms  not  divisible  by  any  one  of  a  given  set  of  relatively  prime 
integers.     (Cayley.) 

(17.)  If  m-l  be  prime  to  n  +  1,  show  that  _Ch  is  divisible  by  n+1. 

(18.)  (a  +  l)(o  +  2) .  .  .  2axJ(i  +  l).  .  .  2S/(a  +  6)l  ban  integer. 

(19.)  The  product  of  any  r  consecutivfl  terms  of  the  aerios  x-1,  3^~l, 
3?-\,  ,  .  .  ia  exactly  divisible  by  the  product  of  the  Rrst  r  terms. 

(20.)  If  }i  be  prime,  the  highest  power  of  p  which  divides  n!  is  the 
greatest  integer  in  |«-8(m)}/(p-l)'",  where  8(n)  ia  the  sum  of  the  digits  of 
n  when  eipreasad  in  the  scale  dp. 

If  8(m)  have  the  above  meaning  prove  that  S(m-n)*S(m)-S(it)  for  any 
radii.     Hence  show  that  (n-)-l]  (n  +  £)  •  .  .  {n  +  m)  ia  divisible  by  ml. 

{C'amb.  Math.  Jour.  (1839),  vol.  i.,  p.  228.) 

(21.)  Ify(n)  denote  the  sum  of  the  uneven,  and  F[n)  the  sum  of  the  even, 
divisors  of  n,  and  1,  3,  6,  10,  .  ,  .  be  the  "  triangular  numbers,"  then 
yi;»)+/In-l)+/[n-3)+/(™-8}  +  .  .  . 

=F(n)+F(n-l)+F(n-3)+F(n-8)+.  .  ., 
it  being  Dnderstood  that/(7i-»)  =  0,  F(n-n)  =  7i. 


ON  THE  RESIDUES  OF  A   SERIES  OF  INTKOERS   IN 

ARlTEHErriCAL  PROGRiSSION. 

§  1 3.]  Tke  least  posiiive  remainders  of  the  series  of  numiers 

k,     k  +  a,    k  +  2tt,    .  .  .,     k  +  (m-l)a 

with  resped  to  to,  where  m  is  prime  to  a,  are  a  permutation  of  the 

numbers  of  the  series 

0,  1,  2,  .  .  .,{m-\). 
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All  the  remainders  muet  be  difereot;  for,  if  tmj  two 
different  numbers  of  the  series  had  the  same  remainders,  then 
we  should  have 

A  +  ra  =  fiM  +  p,  and  k  +  sa  =  fi'm  +  p, 
whence 

(r  -  s)o  =  (^  -  ii')m,  and  (r  -  s)o/m  =  ix-  f^'. 
Now  this  is  impossible,  since  a  is  prime  to  m,  and  r  and  s  are 
each  <  m,  and  therefore  r  -  s  <  m.     Hence,  since  there  are  only 
m  possible  remainders,  namely,  0, 1,2,..  .,  (m  -  1),  the  proposi- 
tion follows. 

Cor.  1.  If  the  remainders  of  k  and  a  toiih  repeat  tombeH  and 
a',  Ihs  Temainders  will  occur  as  follows : — 

k',     if +  a',     A'  +  2ffi',     .  .  .,     k-  +  ra', 
witil  we  Teach  a  numier  that  equals  or  surpasses  m ;  this  ice  must 
diminish  by  m,  and  then  proceed  to  add  a'  at  each  st^  as  before. 
Thus,  if  i  =  ll,  a=25,  m  =  7,  the  series  ia 

11.  36,  81,  86,  111,  186,  161. 
We  have  jf  =  4  and  a,'=i,  hence  tbe  remainders  are 

4.  4  +  4-7  =  1,     5,  6  +  4-7  =  2,  fcc.  ; 
infsct, 

*,  1,  6,  2,  8,  3,  0. 

Cor.  2.  If  the  progression  of  nv/ftAers  be  coiUinued  beyond  m 
ierms,  the  remainders  will  repeat  in  the  same  order  as  before  ;  and  in 
dtis  periodic  series  the  nur^er  of  remainders  inierveniny  beiween  two 
thai  differ  by  unity  is  always  the  same. 

Cor.  3.  There  are  as  maag  terms  in  the  series 

k,    k  +  a,    i+So,     .  .  .,     A  +  (»i-l)o 
tohidi  are  prime  torn,  as  there  are  in  the  series 
0,  I,  2,  .  .  .  (m-1). 
That  is,  the  number  of  terms  in  the  series  in  question  which  are  prime 
to  mis  4^m).     See  %  8. 

This  follows  from  the  fact  that  two  numbers  which  are 
congruent  with  respect  to  m  are  either  both  prime  or  both  non- 
prime  to  m. 

Cor.  4.  If  out  of  the  smea  ofmtmhers 

0,  1,  2,  .  .  .,  (m-1) 
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we  tekct  those  thai  ore  less  than  m  md  prime  to  it,  say 

n,  *■..  .  ■  •,  »■» 

(the  number  n  being  '/>(m) ),  then  the  numbers 

k  +  r,a,    k-i-r,a,     ,  .  .,     A  +  r„o, 

where  A  =  0  w  ffi  maiiiple  of  m,  and  a  prime  to  m  as  before,  are  all 

prime  torn;  and  iheir  remaitiders  with  respect  torn  aire  a  permviaHon  of 

fi,  T„  .   .  .,  r„. 

For,  as  we  have  seen  already,  all  the  n  remainders  are  unlike, 
and  every  remainder  must  be  prime  to  m;  for,  if  we  had 
k  +  Tta  =  fim  +  p,  where  p  is  not  prime  to  m,  then  rta  =  p.m  +  p-k 
would  hare  a  factor  in  common  with  t»,  which  is  impoeaible, 
riace  rf  and  a  are  both  prime  to  m. 

Hence  the  remainders  must  be  the  numbers  r„  r,,  .  .  .,  r„ 
in  some  order  or  other. 

§  14.]  ^  m  be  not  prime  to  a,btd  have  with  U  the  G.C.M.  g,  so 
thai  a  =  ga',  m  =  gm',  the  remainders  of  the  series 

k,     k  +  a,    i  +  2a,     .  .  .,     k  +  (m-l)a 
with  respect  to  m  will  recner  in  a  shorter  eyde  of  m'. 

Consider  any  two  terms  of  the  series  out  of  the  first  m',  say 
lt  +  ra,k-¥sa.  These  two  must  have  different  remainders,  otherwise 
(r  -  s)a  would  be  exactly  divisible  by  m ;  that  is,  (r  -  s)ga'jgm' 
would  be  an  integer ;  that  is,  (r  -  s)a'jm'  would  be  an  integer ; 
which  is  impossible,  since  a'  is  prime  to  m'  and  r-s-<m'. 

Again,  consider  any  term  beyond  the  m'th,  say  the  {m'  -t-  r)th, 

{i  +  (m'  +  r)a]  -  {i  +  ra}  =  m'a, 

it  follows  that  the  (m'  -f  r)th  term  has  the  same  remainder  with 
respect  to  nt  as  the  rth. 

In  other  words,  the  first  m'  remainders  are  all  different,  and 
after  that  they  recur  periodically,  the  increment  being  ga', 
where  a"  is  the  remainder  of  a'  with  respect  to  m',  subject  to 
diminution  by  m  as  in  last  article. 

Example.  If  1=11,  a=25,  m^lG,  we  have  the  uriea 

11,  86,  ei,  se.  111,  136,  161,  1S6,  211,  236,  261,  .  .  .  ; 
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and  here  g=!5;    a'  =  5;   m.'=3;   o"=2;  e  =  U;   g<^slO.      Hence  the   ro- 
ll, 8,  1.  11,  6,  1, 11,  6,  1,  11,  6 

Cor.  If  the  6.C.M.,  g,  of  a  and  m  divide  k  exatUy,  and,  in 
particular,  ifk  =  0,  Ike  remainders  of  the  series 
k,    k  +  a,    k+2a,    ... 
are  themtmiers 

Og,lg,ig,3g,  .  .  .,  {m'-% 
conftnuotiy  repeated  in  a  certain  order. 

For,  in  thia  case,  eince  k  =  gK,  we  have  (J  +  ra)jm  =  (k  +  ra')}m', 
hence  the  remamders  are  those  of  the  Bories 

K,     K*a',     K  +  2a',    ... 
with  respect  to  m'  which  is  prime  to  a',  each  multiplied  by  g. 
Hence  the  result  follows  by  g  13. 

Ezample.  Let  (=10,  a=2S,  ?n  =  15i  tbea  the  nriea  of  nnmbers  ie 

10,  3S,  eo,  8G,  110,  135,  160,  185 

We  have  g=i',  a'=$;  m'=3;  *=2;  and  the  remaJDden  are 

10,  E,  0,  10,  6,  0,  10,  6,  ...  ; 
that  is  to  say, 

2x5,    1x5,    0x6,    .... 

§  15.]  From  §  13  we  can  at  once  deduce  Ferua.t'S  Thboreu,* 
which  is  one  of  the  comeT-stones  of  the  theory  of  numbers. 

If  m  be  a  prime  numb^,  and  a  be  prime  to  m,  a™~^  - 1  is 
divisible  by  m. 

If  a  be  prime  to  m,  then  we  have 
la  =  ^int  +  pi, 
2a  =  it,m  +  p,. 


(m-\)a  =  ^.,m  +  p„,.^, 
where     the     numbers     p„    p^,  .  .  .,  pm-i    iu^    the    numbers 
1,  2,  .  .  .,  (m  -  1)  written  in  a  certain  order. 

*  Great  bietorical  intcreat  attaches  te  this  theorem.  It  wae,  with  sevenl 
other  striking  leaulta  in  the  theory  of  numbers,  puhlished  without  deiooDUr*. 
Idon  among  Fennat's  notes  to  ao  edition  of  Bachet  de  Medriac's  IHophantus 
(1670).  For  many  years  no  demonstration  wae  found.  Finally,  Euler  (Com- 
tnmi.  Acad.  Pelrop.,  TJii.,  1711,  and  Comment.  Nov.  Acad.  Fttrop.,  vii.,  1761] 
gave  two  proofs.  Another,  due  to  Lagrange  {Nouv.  Mtm.  de  VAc  dt  Berlin, 
1771),  is  reproduced  in  g  18.  The  proof  given  ahove  is  akin  t«  Euler'a  second 
and  to  that  given  by  Gaose,  Diat^.  Arilh.,  g  49. 
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_     =  Mm  +  pip, . . .  p„_„ 
=  Mro  +  1.2.  ..{m-1). 
We  therefore  have 

1.2...(m-l)(a"'-i-l)  =  Mm. 
Now,  m  being  a  prime  number,  all  the  factors  of  1 . 2  ...  (m  -  1) 
are  prime  to  it.     Hence  m  must  divide  a""^  -  1. 

It  ie  very  easy,  by  the  method  of  differences,  explained  in  §  5, 
to  establish  the  following  theorem  : — 

If  m  he  a  prime,  a™  -a  its  exactly  divisible  by  m* 

Since  a"  -  o  =  ffl(a""^  -  1),  if  a  be  prime  to  m,  this  is  simply 
Fermat's  Theorem  in  another  form. 

g  16.]  By  using  Cor.  4  of  §  13  we  arrive  at  the  following 
generalisation  of  Fermat's  Theorem,  due  to  Euler : — 

I/mbe  any  integer,  and  a  be  prime  lo  m,  then  a*<"'  -  1  is  exactly 
divi^ile  bym. 

Here  ^m)  denotes,  as  usual,  the  number  of  integers  which 
are  leas  than  m  and  prime  to  it. 

For,  if  r,,  r„  .  ,  .,  r„  be  the  integers  leas  than  m  and  prime 
to  it,  we  have,  by  the  corollary  in  question, 

r,a  =  iL,m  +  p,, 


T„a  =  fi„m  +  pn, 
where  the  numbers  p,,  p,,  -  .  .,  p„  are  simply  r,,  r„  .   .  .,  r„ 
written  in  a  certain  order. 

We  have  therefore,  just  as  in  last  paragn^h, 
nr,...r„{a''-l)  =  Mm, 

whence,  since  r„  r, r„  are  all  prime  to  m,  it  follows  that 

ffl"  -  1,  that  is,  a**")  _  i_  ig  divisible  by  m. 

§  17.]  The  famous  theorem  of  Wilson  can  also  be  established 
by  means  of  the  principles  of  §  13. 

*  For  suotber  pi«of  of  tbi«  theorem  tee  g  IS  below. 
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Any  two  integers  vhose  product  has  the  remainder  +  1  with 
respect  to  a  given  modulus  m  may  be  called,  after  Eiiler,  AUitd 
Numbers. 

Consider  all  the  integers, 

1,  2,  3,  .  .  .,  (m-l), 
less  than  any  prime  number  m  (the  number  of  them  is  of  course 
even).     We  shall  prove  that,  if  ve  except  the  first  and  last,  they 
can  be  ezhaufltively  arranged  in  allied  pairs. 

For,  take  any  one  of  them,  say  r,  then,  since  r  is  prime  to  m, 
the  remainders  of 

r.l,    r.2,     .  .  .,     r(m-l) 
are  the  numbers 

1,2 (™-l) 

in  some  order.    Hence,  some  one  of  the  series,  say  tr',  must  have 
the  remainder  1 ;  then  rr"  will  be  allies. 

The  same  number  r  cannot  have  two  different  allies,  since  all 
the  remainders  are  different. 

Nor  can  the  two,  r  and  r",  be  equal,  unless  r=l  or  =m-l; 
for,  if  we  have 

r"  =  fim  +  I, 
then  f'  -  1  =  fim ;  that  is,  (r  +  1)  (r  -  1)  must  be  divisible  by  m. 
But,  since  m  is  prime,  this  involves  that  either  r+lorr-I  be 
divisible  by  m,  and,  since  r  cannot  be  greater  than  m,  this  involves 
in  the  one  case  that  r  =  ni-  1,  in  the  other  that  r=  1. 

Excluding,  then,  1  and  m-  1,  we  can  arrange  the  series 

2,  8,  .  .  .,  {m-2) 

in  allied  pairs.     Now  every  product  of  two  allies  is  of  the  form 

^m  +  1 ;   hence   the  product   2 , 3 . . .  (wi  -  2)   is   of  the    form 

(/i,m  +  1)  0<sm  +  1) . . .,  which  reduces  to  the  form  Mm  +  1, 

Hence 

2 . 3 . . .  (m  -  2)  =  Mm  +  1 ; 

and,  multiplying  by  m—  1,  we  get 

1 . 2 . 3  . . .  (m- 2)  (m -  1)  =  Mm(m - 1)  +  m -  1. 
Whence 

1.2.3. ..<m-l)  +  l  =  Nm. 
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That  is,tf  m  be  a  privie,  (nt—  1)!  +  1  is  divis^U  bt/  m,  which  is 
Wilson's  Theorbbl* 

It  should  be  observed  that,  if  m  be  not  a  prime,  (tn—  1)!  +  1 
is  not  dioisiile  by  m. 

For,  if  m  be  not  a  prime,  its  factors  occur  among  the  numbers 
2,  3,  .  .  .,  (m—  1),  each  of  which  divides  (m  - 1)!,  and,  there- 
fore, none  of  which  divide  (m  -  1)1  +  1. 

§   18.]  The  following  Theorem  OF  LaqRANGE  embraces  both 
Fennat'a  Theorem  and  Wilson's  Theorem  as  particular  cases : — 
If(x-.l)(x  +  2)...ix  +  p-l} 

=  3;P->  +  A,a:»'-'  +  .  .  .  +  Ay.,ii;  + Ap„„ 
andp  be  prime,  then  A,,  A,,  .  .  .,  A,,.,  are  all  divisible  by  p. 

We  have 
(ar+j)){iP-i  + A,!C''"*  +  .  .  .  +  Ap_,a:  + Ap_,J 
t  =  (^ +!){(:= +1)*-  +  A,{^  + 1)1--*  +  .  .  .+V^^+1)  +  V.t- 

Hence 
px^-'^-'rpA.,3P-^+ph,3^'^  +  .  .  . +j»Aj,_,3;+yAp., 
=  {{1+ 1)P -jKy}  +  A,{(3; +!)*'-»- 1)^1}  +  A,{((i;  +  1)*^*  -  a^} +  ,. . 
Therefore 

pA,=,C,  +  y.AA., 

;)A,  =  ,C.  +  p..C,A. +p-,C.A„ 

pA,=pC.  +  p_AA.  +  p-,C.A,+p-,C.A.. 


Hence,  since  p-iC,,  p-,C,,  p-,Ci,  .  .  .  are  not  divisible  by  p 
Up  be  prime,  we  get,  by  successive  steps,  the  proof  that  A,,  A,, 
Aa,  .  .  .  are  all  divisible  hyp. 

*  This  theorem  woa  first  published  by  Wuing  in  his  Meditaliontt  Algt- 
braie/B  (1770).  He  there  Bttribntes  it  to  Sir  John  Wilson,  but  gives  no  proof. 
The  first  demonstntion  was  given  by  Lagrange  (Nmtv.  Mini,  de  VAc  de 
Berlin,  1771};  this  is  reproduced  in  g  18.  A  second  proof  was  given  byEuler 
in  his  Opuaada  Ancdytica  (17S3),  ToL  L,  p.  326,  depending  on  the  theory  of 
the  r«Biduet  of  powers. 

The  proof  above  is  that  given  by  Gauss  {Ditq.  ArUh.,  S3  77,  78),  who 
generalises  the  theorem  ss  follows: — "  The  product  of  all  the  numbers  loss 
than  in  and  prime  to  it  ia  congruent  with  -1,  if  m^pf  or  =2f'',  where  p 
ia  any  prime  but  2,  or,  again,  if  m  —  4 ;  but  is  congruent  with  + 1  in  every 
other  case."    This  extension  depends  on  the  theoiy  of  qnsdntic  residues. 
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Cor.  1.  Put  x=  1,.  and  we  got 

2.3...i)  =  l  +  (A,  +  A^  +  .  .  .  +  Ap..)+V"- 

Therefore  Aj,.,  +  1,  that  is,  (p  -  1)!  +  1  is  divisible  by  p. 

Cor.  2.  Multiplying  by  x  and  transposing,  we  get 
xP -x  =  y^x-v\)..  .{x+p-\) 

-{l+Ap-,)iB-{A,irP-»  +  A,a:J'-»  +  .  .  .+Ap_,i=). 

Butz(«+  1). . .  (a+p-  1),  being  the  product  of  p  consecutive 
integers,  must  be  divisible  by  p.  Also,  if  jj  be  prime,  1  +  Aj,.i 
is  divisible  by  p. 

Therefore,  x^-x  is  dimMble  bypifpht  prime.  From  which 
Format's  Theorem  follows  at  once  if  a:  be  prime  to  p. 

ExEBCisBe  XXXTII. 
(1.)  x"  -  3!  is  diviable  by  2780. 

(2.)  Ifz  be  prime  greater  than  13,  z"-l  ia  diviiiible  by  21840. 
(3.)  If  the  nth  power  nf  every  number  end  with  thetame  digit  at  the 
immber  itself,  thea  n=  4^-1-1. 

Give  a  mle  for  determining  by  inspection  the  cube  root  of  every  perfect 
cube  leaa  than  a  million. 

(4.)  IF  the  radii,  r,  of  the  scale  of  notadou  be  prime,  ahov  that  the  rth 
power  of  every  integer  has  the  same  Bnd  digit  aa  the  integer  itself,  and  th«t 
the  (r~  l)th  power  of  every  integer  has  foi  its  final  digit  1. 

(S,)  Ifabeprimo,  and  a!  prime  to  a,  then  either  a^"-^'"-l  or  zf"  ■'*''  + 1   . 
is  divisible  by  n. 

(B.)  If  n  be  prime,  and  a  prime  ton,  then  eithera:"'''-l>'^-lora;"<"-'>'i  +  i 
ia  divisible  by  n'. 

(7. )  If  m.  and  n  be  primes,  then 

m"-'  +  M— t=l(mod.mn). 
(S.)  If  a,  ^,  7,  .  .  .  be  primes,  and  N=a^. .  .,  then 

Z(N/o)— '  =  l(modo(?7.  .  .). 
(S. )  If  ji  be  an  odd  prime,  show  that 

(o  +  ])"-(a"  +  l)=0(mod.2n). 
Hence  show  tbat,  if  n  be  an  odd  prime  and  p  an  integer,  then  any  integer 
eipressed  in  the  bcale  of  2n  will  end  in  the  same  digit  as  its  (pit-j>-i-l}th 
power.     Deduce  Fermat's  Theorem.     (Math.  Trip.,  1878.) 
(10.)  Ifnbe  prime  and  >x,  then 

a?'-'  +  z"-'+.  .  .+ii;  +  l  =  0(mod.n). 
(11.)  If  n  be  an  odd  prime,  then 

l  +  a(n  +  l)  +  2'(ii+l)'  +  .   .  .+2"-^«  +  l)— •=0(mod-«). 
(12.)  Ifnbeodd,  l"  +  2»  +  .  .  . +(»i-l)-=0{mod.  «). 
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(IS.)  tfnbe  prime,  aDdp<n, 

{j>-l)l(n-;.)!-{-l)'>=0<ii.od.«), 
and,  in  particular, 

[fi(«-l)!l]'+(-l)<"-"'»=0(tno<l.«). 

(Waring.) 
(14.)  Fiod  in  what  cases  one  of  the  two  Ji(n-1)i!±l  ia  divisible  by  n. 
What  determJnM  which  of  them  ia  so ! 

(15. )  Up  be  prime,  and  n  not  divisible  bjp-1,  then 

1-  +  2-  +  .  .  .  +  (p-l)"=0(inod.y). 
(16.)  Ifpbe  any  odd  prime',  m  any  number  >1,  then 


lfc.  +  2*-  + 


+  (^)*'  =  0(mod.p). 


(17.)  If  neither  a  nor  b  be  diviaible  by  a  prime  of  die  form  in- 1,  then 
o*""'  -  S*"-*  will  not  be  exactly  divisible  by  a  prime  of  that  form. 

Hence  ehow  that  o**"*  +  &*•<-'  ia  not  divisible  by  any  integer  (prime  or  not) 
of  the  form  4«-l, 

Also  that  a*  •)-  b*  is  not  divisible  by  any  integer  of  the  form  4n  -- 1  which 
does  not  divide  both  a  and  b.  Also,  that  any  divisor  of  the  snm  of  two 
integral  squares,  which  does  not  divide  each  of  them,  is  of  the  form  4n+l. 

(Euler.) 

(18.)  Show,  by  means  of  (17),  that  no  square  integer  can  have  the  form 
imn-m-n',  where  m,  n,  oare  poMtive  integets.    (Euler.) 


PARTinON    OF  NUMBERS. 

Elder's  Theory  of  the  Enumeratum  of  Partitions. 

§  19.]  By  the  partiUon  of  a  given  integer  n  is  meant  the 
division  of^the  integer  into  a  number  of  others  of  which  it  ie  the 
sum.  Thus  1+2  +  2  +  3  +  3,  1+3  +  7,  are  partitions  of  1 1. 
There  are  two  main  clasaea  of  partitions,  namely,  (I.)  those  in 
which  the  parts  may  be  equal  or  unequal;  (IL)  those  in  which 
the  parts  are  alL  unequal  When  the  word  "Partition"  is  used 
without  qualification,  class  (I.)  is  understood. 

AVe  shall  use  a  quadripartite  symbol  to  denote  the  number 
of  partitions  of  a  given  species.  Thus  P(  |  |  )  and  Fu(  [  j  )  are 
used  to  denote  partitions  of  the  classes  (L)  and  (II.)  respectively. 
In  the  first  blank  inside  the  bracket  is  inserted  the  .number  to 
be  partitioned  ;  in  the  second,  an  indication  of  the  number  of  the 
parts ;  in  the  third,  an  indication  of  the  m^nitude  or  nature  of 
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the  parte.  It  is  always  implied,  unless  the  contrary  is  stated, 
tliat  the  least  part  admissible  is  1 ;  so  that  >  m  means  any 
integer  of  the  series  1,  2,  .  .  .,  m.  An  asterisk  is  used  to  mean 
any  integer  of  the  series  1,  2,  .  .  .,  oo,  or  that  no  restrictioD  is 
to  be  put  on  the  number  of  the  parts  other  than  what  arises 
from  the  nature  of  the  partition  othenrise. 

Thus  F(n  \p\q)  means  the  number  of  partitions  of  n  into  p 
parte  the  greatest  of  which  is  g;  P(n|;)|^9)  the  number  of 
partitions  of  n  into  p  parte  no  one  of  which  exceeds  q; 
F(n  I  *  |:^g)  the  number  of  partitions  of  n  into  any  number  of 
parts  DO  one  of  which  is  to  exceed  q;  Pu{n\'^p\*)  the 
number  of  partitions  of  n  into  p  or  any  lees  number  of  unequal 
parte  unrestricted  in  magnitude ;  Pu(n  |  p  \  odd)  the  number  of 
partitions  of  n  into  p  unequal  parte  each  of  which  is  an  odd 
integer;  P(n]  *  1 1,  2,  2',  2*,  .  .  .)  the  number  of  partitions  of 
n  into  any  number  of  parts,  each  part  being  a  number  in  the 
series  1,  2,  2',  2',  .  .  . ;  and  so  on. 

The  theory  of  partitions  has  risen  into  great  importance  of 
late  in  connection  with  the  researches  of  Sylvester  and  his 
followers  on  the  theory  of  invariante.  It  is  also  closely  cou- 
nected  with  the  theory  of  series,  aa  will  be  seen  from  EuWs 
enumeration  of  certain  species  of  partitions,  which  we  shall 
now  briefly  explain. 

§  20.]  If  we  develop  thepn}duct(I  +2a;)(I  +Z3^...  (l+jae*), 
it  is  obvious  that  we  get  the  term  zPif  in  as  many  different  ways 
as  we  can  produce  n  by  adding  together  p  of  tSe  integen 
1,  2,  . '.  .,  q,  each  to  be  taken  only  once.  Hence  we  have  the 
following  equation : — 

{l+zx){l^^')...{l+s:ei)  =  l+-2Pv(ii\p\:i>q)z'-j?*    (I). 

Again,  if  to  the  product  on  the  left  of  (1)  we  adjoin  the 
factor  l+2  +  2f'  +  z'  +  .  .  .  ad  00  (that  is,  1/(1-3)),  we  shall 
evidently  get  z>'z"  as  often  as  we  can  produce  n  by  adding 
together  any  number  not  exceeding  p  of  the  int^ers  1,2,.  .  .,  g. 


=  l+2P«{»|>.i)|>5)2Pa?' 
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In  like  manner,  we  have 

(l+«)(l  +  i^...(l+H)  =  I+2P«<«|.  !>})«"  (3); 

(l+ar){l  +2i')...adao  =1  +2Tit(n\p]»)zrx^  (i); 

(l+i)(l+/)...adoo  .l+2P«<n|.].>j»  (6). 

AJbo,  as  will  be  easily  Been,  va  have 
l/(l-si)(l-»i^...(l-!!«).l+SP(n]y|>{)ji'i»      (6); 

1/(1  -«)(!  -a.)..  .(1  -a«).  1  +  JP(»|>i.|>,)z-i"  (7); 

l/(l-r.)(l-aO.--(l->«)=l+2P(»|.|HK         («): 

lHl-zx)(l-s^)...tdx  =l+2P(»|p|»)2i'«»        (9); 
l/(l-i)(I-a!)(l-rf)...ail«.  .l+2P(m|>i>|«)0i'if    (10); 
l/(l-«)(l-"0--.*i».l+2P(.|.|.)»"        (ll)i 
and  so  on. 

By  means  of  these  equations,  coupled  with  the  theorems 
given  in  chap,  xxx.,  §  2,  and  E^xercisee  XXI,  a  considerable 
number  of  theorems  regarding  the  enumeration  of  partitions 
can  be  deduced  at  once. 

§  21.]  To  find  a  recurrenci-formula  for  enumerating  the  parti- 
Htms  of  n  into  any  wimba-  of  parts  none  of  wkkh  exceeds  q ;  and 
ihustocaiculateatai>leforV{>i\*\:i^q). 

By  (8),  we  have 

1/(1  -iXl  ->?)•  •  ■  (1  -*0-  1  +2P(»I  •  l>iK 
Hence,  mnltdplying  on  both   sides    by   l-scS,  and   replacing 
1/(1  -x)(l  -a^. . .  (1  -aS"^)  by  its  equivalent,  we  derive 
l+2P(«|.|>-!-l>" 

=  1+2{P(»|.|>J)-P(»-}|. !>?)«"    (12). 
where  we  understand  P(0,  |  •  |l^9)  to  be  1. 

Hence,  if  B<t:3, 

P(«|.|>5).P(»|.|>?-i)  +  P(»-5l •!}•!)    (13): 
and,  if  n  <  s, 

p(«i»i>3)=i'(«M>?-i)         a-*)- 

By  means  of  (13)  and  (14)  we  can  readily  calculate  a  table  of 
double  entry  for  P(n  ]  •  |  :^  j),  as  follows : — 

VOL.  n  2  If 
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euu^b's  table  fob  P(n|*|>9) 


_il>_ 


9  10  11  la  13  11  IG  16  17  18  19 


2  2  3  3   4 


11  1  1   1  I   1  1   1 
«|  B  6  8  6  7  7   8 


1   1 


1 


10 1 12  11   16   19   21 
11   16  "TtT]  ??_  27   81  SB     17 

13   18   23   SO""    ■ 

11   20   26  

16   21   28   8S   19   «G 


;0L37  47  67 

16  lll_68_  71 

"    ""    15 1 82 

0  88] 


8  S      9    10  10    11 

27  30    SS    37  10    14 

S4  64    72    81  91  108 

81  101  119  111  164  192 

90  110  136  163  199  235  282 

106  131  161  201  248  300  361 


22  29  10  62  70~8rjm  116  186  230  2S8  352  131 

30  11  61  73  91  123  [  157^  201  252  318  393  188 

12  65  76  97  128  164  {212  267  340  423  630 

.   .  66  76  99  131  169  2igj278^S55  US  600 


Take  a  rectangle  of  sqaared  paper  BAC ;  and  enter  the  valueB 
of  n  at  the  heads  of  the  vertical  columnei,  and  the  values  of  q 
at  the  ends  of  the  horizontal  lines.  We  remark,  first  of  all,  that 
it  follows  from  (14)  that  all  the  values  in  the  part  of  any  vertical 
column  below  the  diagonal  AF  are  the  same.  We  therefore 
leave  all  the  corresponding  spaces  blank,  the  last  entry  in  the 
column  being  understood  to  be  repeated  indefinitely. 

Next,  write  the  values  of  P{1  [•  |>.1X  P(2|' |>1),  .  .  ., 
that  is,  1,  1,  .  .  .,  in  the  row  headed  I. 

To  fill  the  other  rows,  construct  a  piece  of  paper  of  the  form 
aM.  Its  use  will  be  understood  from  the  following  rule,  which 
is  simply  a  translation  of  (13) : — 

To  fill  the  blank  immediately  after  the  end  of  any  Btej^  add 
to  the  entry  above  that  blank  the  number  which  is  found  at  tlie 
left-hand  end  of  the  step. 

Thus,  to  get  the  number  23,  which  stands  at  the  end  of  the 
step  lying  on  the  fourth  horizontal  line,  we  add  to  14  the  number 
9,  which  lies  to  the  immediate  right  of  oi  in  the  same  line  aa 
the  blank.  Again,  in  the  ninth  line  1S7  =  146  +  II;  and 
80  on. 

By  sliding  abed  backwards  and  forwards,  80  that  be  always 
lies  on  AD,  we  can  fill  in  the  table  rapidly  with  little  chance  of 
error.     We  shall  speak  of  the  table  thus  constructed  as  Euler'g 
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Table.     It  will  be  foand  in  &  considerably  extended  form  in  his 
Introdudio,  Lib.  I,  chap.  xvi. 

A  variety  of  problems  in  the  enumeration  of  partitions  can 

be  solved  by  meaoe  of  Euler's  Table,  as  we  shall  now  show, 

§  22.]  To  find  by  mains  of  Euler'a  Table  the  nuit^ter  of  partitions 
of  n  into  p  parts  of  unrestricted  tnagnittide. 

Let  us  first  consider  P(n  l^i  |  *  ).     By  (9)  above,  we  have 
1  +  2P(n  |p  I  •  >»«P  =  1/(1  -  sa)(l  -  aiO  ■  ■ .  ad  » , 

=  1  +  2a;PsP/(l  -x){l-3^...(l-xP), 
by  Exercises  XXL  (18). 
Hence 

2P<n[;»|  .>r-  =  Srr/(l -^)(1 -0-- .{1 -n 
=  2P(»|.i>i')^+'*,  by{8)- 

Therefore, 

P(»ib|»)  =  P(n-i>|.l>P)  (15). 

Again, 

1 +2;Pii(n|p|*>r"zP  =  (l +Kc)(l +20- ■■  ad  00, 

by  chap.  XXX.,  §  2,  Example  2. 
Hence 

2Pw(n  \p\*y>  =  zWp+1)/(1  -  j)  (1  -  a:*)  ...  (1  -  xP), 

=  2P(n|.|:t>i')^+*'<''+".         by{8)- 
Therefore 

P«(»|^|.)  =  P(n-ipO'  +  l)|*|>p)  (16). 

Bsamplel.  P<20|B|.)  =  P(16[.lt-6)  =  84. 

Si«mple2,  P«(20|E|.)  =  P(S|.|t-6)  =  7. 

g  23.]  If  we  take  any  partition  of  n  into  p  parts  in  which 
the  ki^est  part  is  q,  and  remove  that  part,  we  shall  leave  a  parti- 
tion of  n  —  J  into p-1  parts  no  one  of  which  exceeds  q.  Hence 
we  have  the  identity 

P(n|y|!,).P(»-«|f-l|}.5)  (17); 

and,  if  we  make  p  infinite,  as  a  particular  case,  we  have 

P(»|.|  j).P(»-,|.|>j)  (18), 

It  will  be  observed  that  (16)  makes  the  solution  of  a  certain 
class  of  problems  depend  on  Euler's  Table. 
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By  comparing  (15)  and  (18),  we  have  the  theorem 
P(.|.|?)  =  P(»l!l'), 
which,  however,  is  only  a  particular  case  of  a  theorem  regarding 
conjugacy,  to  be  proved  presently. 
§  24.]  Theorems  regarding  conjugacy. 
(L)  P(»|}-i.|>}).P(»|}.}|4-rt  (19). 

(II.)      P(»-y|5-l|5.j,).P(n-5|p-l|>,)        (20). 
(III.)  P(»b|«)-P(»ls|?)  (21). 

To  prove  (I.)  we  observe  that^  by  (7),  we  have 
l  +  2P(«|J.y|  J.  j)2W=  1/(1 -«)(!-=)...  (I -j«), 

. ,  ^  ,.„(l-''^')(l-^^').-(l-^") 

(i-«Ki-«0...(i-^'')    ■ 

^Ftn\i,-i,-W     ('-''^')(l-'<^')--.(l -"-"") 

(l-z)(l-a^)...(l-a^+P) 

"(l-»)(I-I^...(l-»>)(l-:.)(r-/)...(l-H')- 
Since  the  function  last  written  is  symmetrical  as  regards  p 

and  q,  it  must  also  be  the   equivalent  of  SP(n|:^^|;^j>)j^. 

Hence  Theorem  (I.). 

Theorem  (IL)  follows  from  (6)  in  the  same  way. 

Since,  by  (17X  we  have 

n«\p\q)  =  -p(^-q\p-l\>q), 
P{'^\q\p)  =  n^-p\q-l\>p); 
therefore,  by  (IL), 

P(»|p|5)-P(»|j|y), 
which  eBtablishes  Theorem  (III-)- 


The  following  particular  ca 

ses  are  obtained  by  making  p  or 

infinite : — 

p(»|j-j>i' 

=  P(«|.|>p)                    (22); 

P(»|r|. 

.P(i.|.|p)                      (23). 
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§  26.]  The  following  theorems  enable  us  to  solve  a  number 
of  additional  problems  by  means  of  Euler's  Table : — 
P(«|ii|>?)  =  P(»-3,|.l>y)-2P(»-ft-y|.|>j) 
+  2P(»-^-j,|.|1>J>) 
-IP(»-ft-p|.|J.})) 

(24). 

Here  the  BummationB  are  with  respect  to  /ti,  /i,,  .  .  .;  and 
fti  is  any  one  of  the  numbers  q,  q-t-\,  .  .  .,  g+p-  1,  ih  the  sum 
of  any  two  of  tliem,  ft,  the  sum  of  any  three,  and  so  on.  The 
series  of  sums  is  to  be  continued  so  long  as  n-  fi^-p  -^0,  If 
P(n|pj:^(;)  come  out  0  or  negative,  this  indicates  that  the 
partition  in  question  is  impossible. 

P(«  I  }■?  1 1>  8>  -  P('' I  •  I  > ?)  -  2P(«  -  •■.  I  •  I  J- ?) 
+  2P(«-.,|.|l-i') 
-SP(»-..|.|>!.) 
.         .         .         .  (26> 

Here  v,,  f,,  .  .  ,  have  the  same  meanings  with  regard  to 
y+1,  5-h2,  .  .  .,S+P  Bs  formerly  n„  /i^  .  .  .  with  regard  to 
5,?+I,.  .  .,q  +  p-\. 

P(n|H-) 

^P(«-l|.l>l)-t-P(»-2|M>2)  +  ...+P(0|.|>n)    (26). 
The  demonstrations  will  present  no  difficulty  after  what  has 
already  been  given  above. 

CONSTRUCnVK  THEORY  OF  PARTITIONS. 
§  26.]  Instead  of  making  the  theory  of  partitions  depend  on 
series,  we  might  contemplate  the  various  partitions  directly,  and 
develop  their  properties  from  their  inherent  character.  Sylvester 
has  recently  considered  the  subject  from  this  point  of  view,  and 
has  given  what  he  calls  a  Corutmdive  Theory  of  Partitions,  which 
throws  a  new  light  on  many  parts  of  the  subject,  and  greatly 
simplifies  some  of  the  fundamental  demonstrations.*     Into  this 

■  AmtT.  JmiT.  MatK  (1882). 
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theory  we  cannot  within  our  present  limits  enter ;  but  we  desire, 
before  leaving  the  eubject,  to  call  the  attention  of  our  readers  to 
the  graphic  method  of  dealing  with  partitions,  which  is  one  of 
the  chief  weapons  of  the  new  theory. 

By  the  ^aph  of  a  jwrlUum  is  meant  a  series  of  rows  of 
asterisks,  each  row  containing  as  many  asterisks  as  there  are 
units  in  a  corresponding  part  of  the  partition.     Thita 


la  the  graph  of  the  partition  3  +  6  +  3  of  the  number  1 1, 

For  many  purposes  it  is  convenient  to  arrange  the  graph  so 
that  the  parts  come  in  order  of  magnitude,  and  all  the  initial 
asterisks  are  in  one  column.     Thus  the  above  may  be  written — 
The  graph  is  then  said  to  be  regular. 
The  direct  contemplation  of  the  graph  at  once 
gives  us  intuitive  demonstrations  of  some  of  the 
foregoing  theoremB. 
For  example,  if  we  turn  the  columns   of  the  graph   last 
written  into  rows,  we  have 

where  there  are  as  many  asterisks  as  before.  The  new 
graph,  therefore,  represents  a  new  partition  of  11,  which 
may  be  said  to  he  conjugate  to  the  former  partition. 
Thus  to  every  parlUion  of  n  irtio  p  parts  the  greater  of 
which  is  q,  there  is  a  conjugate  partiAm  into  q  parts  the 
greated  of  which  is  p.    Hence 

p(»ijpi,).p(»i«ij,), 

an  old  result 

Again,  to  every  partition  of  n  into  p  parts  no  one  of  which  eaceeds 
q,  there  tciU  be  a  conjugate  partition  into  q  or  fewer  parts  the  greatest 
of  which  is  p.     Hence 

P(«|j'IJ-!)-P(»IHlp)  <2»), 

a  new  result ;  and  so  on.* 

*  According  to  Sjlveiter  (I.e.),  this  wajr  of  proving  ths  theorems  of  con- 
jugacj  originated  vith  Ferrer*. 
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§  27.]  The  following  proof,  given  by  Franklin,  of  Euler's 
famoua  theorem  that 

(l-!E)(l-^{l-a^)...ad  «  =  2(-)''a^=^>    (28),* 
p-o 
is  an  excellent  illuslration  of  the  peculiar  power  of  the  graphic 
method. 

The  coefficient  of  x"  in  the  expansion  in  question  is  obviously 

PM(fi  I  even  |  •  )  -  Fu{n |  odd  |  •  )  (29). 

Let  UB  arrange  the  graphs  of  the  partitions  (into  unequal 
parts)  regularly  in  descending  order.  Then  the  right-hand  edge 
of  the  graph  will  form  a  series  of  terraces  all  having  slopes  of 
the  same  angle  (this  slope  may,  however,  consist  of  a  single 
asterisk),  thus — 

A  B 


We  can  transform  the  graph  A  by  removing  the  top  row  and 
placing  it  along  the  slope  of  the  last  terrace,  thus — 

We    then    have  a  regular   graph   A' 
^  ^  ^  representing  a  partition  into  unequal  parts. 

^  ^        ^  ^  This  process  may  be  called  ayntTodion. 

>■•>•#•  ^®  cannot  transform  B  in  this  way ; 

•  «•*«#•«     '"'*'  ^®  "^"y  exUmd  B   by  removing   the 

slops    of  its  last  terrace,  and  placing  it 
above  the  top  row,  thus — 

We  then  have  a  regular  graph  B'  repre- 
^  ^  senting  a  partition  into  unequal  parts. 

^  ^  ^  Every  graph  can  be  transformed  by  con- 

^  ^  ^  ^  traction  or  by  extension,  except  when  the  top 

•  •  #  #  •         "^^  meets  the  slope  of  the  last  terrace ;  and  in 

•  •>#*«     ''''^  '^^^  *^'  provided  it  does  not  happen  that 

the  number  of  asterisks  in  the  top  row  is  equal 

*  Guler  originall;  dUcoverod  thU  theorem  by  induction  from  particular 
esses,  and  was  for  long  unable  to  prove  it  For  other  demonatratiolis,  see 
Legendre,  ThiorU  <k»  Nombra,  t.  ii.,  §  15,  and  Sylvester  {I.e.). 
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to  the  nnmber  in  the  lut  slope  or  ezceedB  it  only  by  one, 
as,  for  example,  in 


Contraction  or  extension  in  the  first  of  these  would  produce 
an  irregular  graph  ;  contraction  in  the  aecond  would  produce  an 
insular  graph ;  and  extension  would  produce  a  graph  which 
corresponds  to  a  partition  having  two  parts  equal  These  two 
cases  may  be  spoken  of  as  unconjugate ;  they  can  only  arise  when 
the  p  parts  of  the  partition  are 

P,    P+h    ^  +  2,     .  .  .,     2p- 1, 
and  the  number 

n  =  p  +  (p  +  l)+.  .  .+{2p-l)  =  J(3/-i.); 
or  when  the  p  parts  are 

p+1,    p  +  2,    p  +  3,     .  .  .,     2p, 
and 

Since  contraction  or  extension  always  converts  a  partition 
having  an  even  or  an  odd  number  of  parts  into  one  having 
an  odd  or  an  even  number  of  parts  respectively,  we  see 
that,  unless  ji  be  a  number  of  the  form  J(3/i'  ±p), 
Pa(«  I  even  |  *  )  =  P«(n  |  odd  |  •  ). 

When  n  has  one  or  other  of  the  forms  i(3p'±p),  there  will 
be  one   unconjugate   partition   which   will   be    even    or    odd 
according  as  y  is  even  or  odd ;  all  the  othera  will  occur  in  pairs 
which  are  conjugate  in  Franklin's  transformation.      Hence 
P«{J(3/ ±p)\ even ]  *  )  -  P«(i(3p' ± f) ( odd]  #  )  =  (  -  I)^  (30). 

Euler's  Theorem  follows  at  once. 

EXESCIBBS   XXXVIII. 

(1.)  Show  how  to  BvaluBtB  Fu(b  |  *-p  |  .  )  by  means  of  Baler's  Table. 

EvalDste 

(2.)  P(13|6|J.B).  (S.)  P(18|t.6[i.S). 

(4.)P(I0|,|.).  (5.)P(20|fl|1.3). 
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Establish  the  following: — 

(«.}  P"(»l-N)  =  P(n-i}((r+l)M>j).  "heraisCs  +  Djiutt-T.. 

(7.)P«(n|p[.)  =  P(»-iP(p-l)|p|-). 

C8.)P(™|y|.)  =  P"("  +  ij>(j>-lHp|-)- 

i9.)Pu[nlp\>q)=Pin-ip{p-l)lp\>q-p+l). 

(10.)  Is   the    theorem    P(«-J>|g-l|  •)  =  P(»-(li>-l|  •)    unWereally 

(11.)  Show  how  to  form  a  table  for  the  Tduei  of  P(n  1  ■  I  2,  S,  .  .  „  q), 
(See  Pros.  Ediab.  Hath.  Soc.,  1888-4.) 
(12.)  Show  how  to  form  a  table  for  the  number  of  putitione  of  n  into  an 
indefiiiite  number  of  odd  parte. 

Efltabliflh  the  following ; — 

(13.)  P(n|.ll,  2,2',2*,  .  .  .  )  =  1. 

(14.)  Pu(nlj<|l,  8 iq-l)  =  ?ii,-p'+p]p\l,  3,  .  .  .,  27-1). 

(15.)  ?{n\p\2,i 2?)  =  P(»-y|y|l,3 Sj-l). 

(18.)P(«|,|odd)  =  PH(»|.|.). 

{17,)P(n|j.j,|2,4 2s')  =  P(«|>j|a,4,  .  .  .,  2p). 

(18.)  P(.i+p|pll,  3,  .  .  .,  2j-H)  =  P(n  +  5|j|l,  3,  .  .  .,  2p-H). 

(IB.)  P«{n+y=|y|i,  3,  .  .  .,  2q+l)=?u{n+f\q\i,S 2p+l). 

(20.)  Pln+2p\p\2,  i,  .  .  .,  2j  +  2)  =  P(n  +  2j|j|2,4 2p  +  2). 

(21.)  ShowthatP(n|;<|»)  =  P(n-l|y-l|«)  +  P(>i-plj>|»);  andhenoe 
coDBtract  a  table  for  P(n  If  1  ■  ]>     [See  Whitworth,  Cluiee  and  Cluaue,  ohap. 


Doiizc^bv  Google 


CHAPTER   XXXVI. 
Probability,  or  the  Theory  of  Averages. 

%  1.]  An  elemenUiy  account  of  the  Theory  of  Probability, 
or,  as  ve  should  prefer  to  call  it,  the  Theory  of  Averagee,  has 
usually  found  a  place  in  English  t^xt-books  on  algebra.  This 
custom  is  justified  by  seyeral  considerations.  The  theory  in 
quesUon  affords  an  excellent  illustration  of  the  application  of  the 
theory  of  permutations  and  combinations  which  is  the  funda- 
mental part  of  the  algebra  of  discrete  quantity  ;  it  forms  in  its 
elementary  parts  an  excellent  logical  exercise  in  the  accurate  uu 
of  terms  and  in  the  nice  discrimination  of  shades  of  meaning ; 
and,  above  all,  it  enters,  as  we  shall  see,  into  the  regulation  of 
some  of  the  most  important  practical  concerns  of  modem  lif& 

The  student  is  probably  aware  that  there  are  certain  occur- 
rences, or  classes  of  events,  of  such  a  nature  that,  although  we 
cannot  with  the  smallest  d^ree  of  certainty  assert  a  particular 
proposition  regarding  any  one  of  them  taken  singly,  yet  we  can 
assert  the  same  proposition  regarding  a  large  number  N  of  them 
with  a  degree  of  certainty  which  increases  {with  or  without  limit, 
as  the  case  may  be)  as  the  number  N  increases. 

For  example,  if  we  take  any  particular  man  of  20  years  of  age, 
nothing  could  be  more  uncertain  than  the  statement  that  he  will 
live  to  be  25  ;  but,  if  we  consider  1000  such  men,  we  may  assert 
with  considerable  confidence  that  96  per  cent  of  them  will  live  to 
be  25 ;  and,  if  we  take  a  million,  we  might  with  much  greater  con- 
fidence assign  the  proportion  with  even  closer  accuracy.  In  so 
doing,  however,  it  would  be  necessary  to  state  the  limits  both  of 
habitat  and  epoch  within  which  the  men  are  to  be  taken ;  and, 
even  with  a  million  cases,  we  must  not  expect  to  be  able  to  assign 
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the  proportion  of  thoae  who  survive  for  5  years  vith  absolute 
accuracy,  but  ba  prepared,  when  we  take  one  million  with 
another,  to  find  occasional  small  fluctuations  about  the  indicated 
percentage. 

We  may,  for  illustration,  indicate  the  limits  just  spoken  of 
by  saying  that  "mui  of  20  "  is  to  mean  a  healthy  man  or 
woman  living  in  England  in  the  18th  century.  The  "event," 
as  it  is  technically  called,  here  in  question  is  the  lirii^  for  5 
years  more  of  a  man  of  20 ;  the  alternative  to  this  event  is  not 
living  for  5  years  more.  The  whole,  made  up  of  an  event  and 
its  alternative  or  altamatives,  we  call  its  universe.  The  alternative 
or  alternatives  to  an  event  taken  collectively  we  often  call  the 
Complementary  Eveni.  The  living  or  not  living  of  all  the  men  of 
20  in  England  during  the  18th  century  we  may,  following  Mr. 
Venn,*  call  the  taies  of  tiie  event  It  will  be  observed  that  on 
every  occasion  embraced  by  the  series  the  event  we  are  consider- 
ing is  in  question ;  and  we  express  the  above  result  of  ebserva- 
tion  by  saying  that  the  probability  that  a  man  of  20  living 
under  the  assigned  conditions  reached  the  age  of  25  is  '96. 

We  are  thus  led  to  the  following  abstract  definition  of  the 
ProbahUity  or  Chance  of  an  Event : — 

If  on  taking  any  very  large  number  N  oat  of  a  series  of  cases 
in  which  an  etait  A  is  in  ^aestum,  A  happens  on  pS  occasions,  the 
pnAabilUy  of  the  event  A  is  said  to  be  p. 

In  the  framing  of  this  definition  we  have,  as  is  often  done  in 
mathematical  theories,  substituted  an  ideal  for  the  actual  state 
of  matters  usually  observed  in  nature.  In  practice  the  number 
p,  which  for  the  purposes  of  calculation  we  suppose  a  definite 
quantity,  would  fluctuate  to  an  extent  depending  on  the  nature 
of  the  series  of  cases  considered  and  on  the  number  N  of  specimen 
cases  selectedf  Moreover,  the  mathematical  deflnition  contains 
no  indication  of  the  extent  or  character  of  the  series  of  cases. 

*  Logic  ofChaivx. 

f  We  might  take  mora  explicit  notice  of  this  point  hj  wording  tlie 
daGoition  thn«:— "  If,  on  li^avtragt,  in  N  out  of  aseriea  of  oases,  &c"  Bnt, 
from  the  point  of  view  of  the  ideal  or  nuLthemotical  theory,  nothing  would 
thus  ba  gained. 


D,a,l,zc.bvG00gIe 


640  REMARKS  ON  THE  DEPmmON  chap. 

Hovr  f&r  the  posBible  fluctuations  of  p,  the  extent  of  the  aeries, 
and  the  magnitude  of  N  will  affect  the  bearing  of  any  con- 
clusion on  practice  must  be  judged  by  the  light  of  circumstances. 
It  is  obvious,  for  instance,  that'  it  would  be  unwise  to  apply  to 
the  14th  century  the  probability  of  the  duration  of  human  life 
deduced  from  statistics  taken  in  the  18th.  This  leads  us  also  to 
remark  that  the  application  of  the  theory  of  probability  is  not 
merely  historical,  ae  the  definition  might  suggest.  Into  most  of 
the  important  practical  applications  there  enters  an  element  of 
indudim.*  Thus  we  do  in  fact  apply  in  the  19th  century  a 
table  of  mortality  statistics  deduced  from  observations  in  the 
18th  century.  The  warranty  for  this  extension  of  the  series  of 
cases  by  induction  must  be  sought  in  experience,  and  cannot  in 
moat  cases  be  obtained  a  priori 

There  are,  however,  some  cases  where  the  circumstances  are 
BO  simple  that  the  probability  of  the  event  can  be  dedaced, 
without  elaborate  collecting  and  sifting  of  observations,  merely 
from  our  definition  of  the  circumstances  under  which  the  event 
is  to  take  place.  The  best  examples  of  such  cases  are  games  of 
hazard  played  with  cards,  dice,  &c  If,  for  example,  we  assert 
regarding  the  tossing  of  a  halfpenny  that  out  of  a  lai^  number 
of  trials  heads  will  come  up  nearly  as  often  as  tails — in  Other 
words,  that  the  probability  of  heads  is  J,  what  we  mean  thereby 
is  that  all  the  causes  which  tend  to  bring  up  heads  are  to 
neutralise  the  causes  that  tend  to  bring  up  tails.  In  every 
series  of  cases  in  question,  the  assumption,  well  or  ill  justified, 
is  made  that  this  counterbalancing  of  causes  takes  place.  That 
this  is  really  the  right  point  of  view  will  be  best  broi^ht  home 
to  us  if  we  reflect  that  undoubtedly  a  machine  could  be  con- 
structed which  would  infallibly  toss  a  halfpenny  so  as  always 
to  land  it  head-up  on  a  thickly  sanded  floor,  provided  the  coin 
were  always  placed  the  same  way  into  the  machine;  also,  that  the 
coin  might  have  two  heads  or  two  tails  ;  and  so  on. 

In  cases  where  the  statement  of  probability  rests  on  grounds 
so  simple  as  this,  the  difficulty  regarding  the  extension  of  the 

*  In  the  proper,  logical  sense  of  the  word. 
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series  by  induction  is  less  prominent.  The  ideal  theory  in  such 
cases  approidmates  more  closely  than  usual  to  the  actuaj  circum- 
stances. It  is  for  this  reason  that  the  illustrations  of  the 
elementary  rules  of  probability  are  usually  drawn  from  games  of 
hazard.  The  reader  must  not  on  that  account  suppose  that  the 
main  importance  of  the  theory  lies  in  its  application  to  such 
cases ;  nor  must  be  forget  that  its  other  applications,  however 
important,  are  subject  to  restrictions  and  limitations  which  are 
not  apparent  in  such  physically  simple  cases  as  the  theory  of 
cards  and  dice. 

Before  closing  this  discussion  of  the  definition  of  probability 
as  a  mathematical  quantity,  it  will  be  well  to  warn  the  learner 
that  probability  is  not  an  attribute  of  any  particular  event 
happening  on  any  particular  occasion.  It  can  only  be  predicated 
of  an  event  happening  or  conceived  to  happen  on  a  very  large 
number  of  "  occaBions,"  or,  in  popular  language,  of  an  event  "  on 
the  average"  or  in  the  "long run."  Unless  an  event  can  happen, 
or  be  conceived  to  happen,  a  great  many  times,  there  is  do  sense 
in  speaking  of  its  probability,  or  at  least  no  sense  that  appears  to 
us  to  be  admissible  in  the  following  theory.  The  idea  conveyed 
by  the  definition  here  adopted  would  be  better  expressed  by 
substituting  the  word  fre^icnty  for  the  word  probabilitt/;  but, 
ailer  the  above  caution,  we  sh^l  adhere  to  the  accepted  term. 

§3.]  The  following  corollaries  and  extensions  may  be  added 
to  the  definition. 

Cor.  1.  If  the  probability  of  am,  event  be  p,  then  outefN  coiss  in 
which  it  is  in  question  it  leUl  happen  p'HS  times,  N  beinff  any  verp 
large  numier. 

This  is  merely  a  transposition  of  the  words  of  the  definition. 

As  ta  example,  let  it  be  required  to  flLd  the  Dumber  out  of  5000  men  of  20 

yean  of  tge  wbo  will  on  the  average  live  to  be  25.    The  probability  of  a  man 

of  20  living  to  be  26  maj  be  taken  to  be  '9S  ;  hence  the  number  required  is 

-96x6000  =  4800. 

Cor.  2.  If  the  probability  of  an  event  be  p,  the  probainltty  of  Us 
failing  is  I  -p. 

For  out  of  a  large  number  N  of  cases  the  event  will  happen 
on  jiN  occasions ;    hence   it  will  fail   to   happen   on   N  -j)N 


D,a,l,zc.bvG00gIe 


542  C0K0LLARIE3  ON  THE  DEFINITION  ohap. 

=  (1  -^)N  occasions.     Hence,  by  the  definition,  the  probability 
of  the  failing  of  the  event  is  1  -p. 

Cor.  3.  If  the  wmverse  of  an  event  be  made  up  of  n  aliemalives, 
or,  in  other  words,  if  an  event  must  happen  and  thai  in  one  out  of  n 
ways,  and  if  the  respectUie  prc^xMUies  of  its  happening  in  these  ways 

bep„  p, Pn,  thenp,  +p,+  ■  ■  .  +Pn=  1- 

For  on  every  one  of  N  occasions  the  event  will  happen ;  and 
it  will  happen  in  the  first  way  on  p,  N  occasions,  in  the  second  on 
p,N  occasions,  and  so  on.  Hence  N  =  piN+ji,N+  .  .  .  +j'nN; 
that  is,  l=Pi+p,+  .  .  .  +j)„. 

Cor.  4.  If  an  event  is  certain  to  happeiu,  its  priAoMity  isi;  if  U 
is  certain  not  to  happen,  its  probahiiUf/  is  0. 

Tor  in  the  former  case  the  event  happens  on  1 .  N'  cases  out 
of  N  cases  j  in  the  latter  on  O.N  cases  out  of  N. 

The  probability  of  every  event  is  thus  a  positive  number 
lying  between  0  and  1. 

Cor.  5.  If  an  event  must  happen  in  one  out  of  n  ways  all  equaliy 
pTobabk,  or  if  one  out  of  n  events  must  happen  and  ail  are  equalli/ 
prdbabie,  then  the  probabiliiy  of  each  toay  of  happening  in  the  first 
COM,  or  of  each  evmt  hastening  in  the  second,  is  1/n. 

This  follows  at  once  from  Cor.  3  by  m^ing^,  =p,  =  .  .  ,  =  p^. 
As  a  particular  case,  it  follows  that,  if  an  event  be  equally 
likely  to  happen  or  to  fail,  its  probability  is  i. 

Definition. — The  ratio  of  the  probability  of  the  happening  of  an 
event  to  the  probabiliiy  of  its  failing  to  happen  is  called  the  odds  in 
favowr  of  the  metU,  and  the  reciprocal  of  this  raOo  is  called  the  odds 
against  it 

Thus,  if  the  probability  of  an  event  be  p,  the  odds  in  favour 
are  ;  :  1  -p;  the  odds  against  1  -p;p.  Also,  if  the  odds  in 
favour  be  m :  n,  the  probability  of  the  event  is  mj(m  +  n).  If  the 
probability  of  the  event  be  ^,  that  is,  if  it  be  equally  likely  to 
happen  or  to  fail,  the  odds  in  favour  are  1:1,  and  are  said  to 
be  even. 

Cor.  6.  If  the  universe  of  an  event  can  be  analysed  into  m  +  n 
cases  each  of  which  in  the  long  run  will  occur  equally  often,*  and  if 

*  This  is  unially  eiprassed  by  Mying  that  all  the  caaea  are  eqwllj  likely. 
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in  m  of  these  cases  the  event  will  Jiappen  aiid  in  the  remaimng  n  fail 
to  happen,  the  probabUily  of  the  eeent  is  mj(m  +  n). 
After  what  has  been  said  thia  will  be  obvious. 


DIRECT  CALCULATION   OF  FROBABILTrlES. 

§  3.]  The  following  ezampleB  of  the  calculation  of  proba- 
bilities require  no  special  knowledge  beyond  the  definition  of 
probability  and  the  principles  of  chap,  xxiii. 

Example  1.  Thers  are  6  men  in  s  company  of  20  soldiers  wbo  have  made 
np  their  minds  to  desart  to  the  enemy  whenever  thej  are  put  on  ontpost  duty. 
If  3  man  be  taken  from  the  company  and  sent  on  outpost  duty,  what  ia  the 
probability  that  all  of  them  desert! 

The  3  man  may  be  chosen  from  among  the  SO  in  yCt  ways,  all  of  which 
are  equally  likel;.  Three  deserters  may  be  chosen  &om  among  the  G  in  gC) 
ways,  all  equally  likely.     Tba  probability  of  the  event  in  question  is  therefore 

Example  2.  If  n  people  seat  themBelvea  at  a  round  table,  what  ia  the 
chance  that  two  named  individuals  be  neighboiusi 

There  are  (see  chap,  xxiii.,  g  4)  ("  - 1)  I  different  ways,  all  equally  likely,  in 
which  the  people  may  seat  themselves.  Among  these  we  may  have  A  and  B 
or  B  and  A  together  along  with  the  (n  -  2) !  different  arrangements  of  the 
rest ;  tiiat  ia,  we  have  2(7i  ~  2) !  cases  favourable  to  the  event  and  all  equally 
likely.    The  required  chance  is  therefore  2[n -  2) !/(»- 1) !=2/(n - 1). 

When  n  =  3,  this  gives  chance  =  1,  as  it  ought  to  do.  The  odds  against 
the  event  are  in  general  n  -  S  to  2 ;  the  odds  will  therefore  be  even  when  the 
number  of  people  is  S. 

Example  S.  If  a  be  a  prime  int^er,  and  n=a',  and  if  any  integer  I>-7i  be 
taken  at  random,  find  the  chance  that  I  containa  a  as  a  factor  i  times  and  no 

The  integer  I  must  be  of  the  form  M',  where  X  is  any  integer  lees  than 
or-'  and  prime  to  a'-'.  Now,  by  chap,  xxzv.,  g  8,  the  number  of  integers 
leas  than  o^'  and  prime  to  it  is  a^'(l  -  1/a),  Also  the  number  of  integers 
>n  is  ft*".  Hence  the  required  chance  ia  o""^!  -  l/a)/a'=tt-'(l- l/a)  =  l/a' 
-  l/a^>. 

Example  4.  Find  the  probability  that  two  men  A  and  B  of  in  and  »  years 
of  age  respectively  both  enrvire  for  p  years. 

The  mortality  tables  (see  %  15  below)  give  na  the  numbers  out  of  100,000 
individuals  of  10  yeara  of  age  who  complete  their  mth,  nth,  m-i-jith,  n-f  jith 
years.  Let  these  numbers  be  l^.  In,  W*i  htif-  T^b  probabilities  that  k 
and  B  live  to  be  m+p  and  n+p  years  of  age  respectively  are  Imijlm,  ^m^/Ai 
respectively.  Consider  now  two  large  groups  of  men  numbering  H  and  N 
reapeetively.    We  suppose  A  to  be  always  selected  &om  the  first  and  B  always 
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from  the  second.  In  this  vay  we  could  s«l«ot  tltogeUier  MN  pain  of  men 
nho  may  be  alive  or  dead  sflcr  p  years  have  elapsed.  The  number  oat  of 
the  U  men  living  after  p  years  U  UlmtiJlmj  b;  S  %  Cof-  !■  Similarly  the 
number  living  oat  of  ^e  N  men  is  Vl^U-  Ont  of  these  we  coold 
form  iiSlmt^iK*r/^K  paira.  This  Uit  namber  will  be  the  number  of  pain 
of  survivors  ont  of  the  MN  pairs  with  which  we  started.  Hence  the 
probability  required  is  lm^l,niJlmln  =  llmtJlm){lwtrlQi  in  other  words,  itta 
the  prodnct  of  the  probabilities  that  the  two  men  singly  each  Borvive  for  ji 
years.  The  student  should  stndy  this  example  carefoUy,  as  it  fdnushea  s 
direct  proof  of  a  result  which  would  usoally  be  deduced  from  the  law  for 
the  multiplication  of  probabilities.     See  below,  %  6. 

Example  5.  A  number  of  balls  is  to  be  drawn  from  au  um,  1,  2,  .  .  .,  n 
being  all  equaUj  likely.     Wbst  is  the  probability  that  the  number  dnwn 

We  can  draw  1,  2,  .  ,  ,,  »  respectirety  in  ,Ci,  ,Ci,  .  .  .,  ,C,  ways 
respectively.  Hence  we  ms;  consider  the  universe  of  the  event  s£  consisting 
of,Ci  +  ,Ci+.  .  .+„C„  =  {l  +  I)"-l  =  2"-leqDallylikelyeaBes.  Thennmber 
of  these  in  which  the  drawing  is  even  is  .C  +  ,Ci  +  .  .  ,  =  i{(l  +  l)"+H-l)--a} 
=  i(ir-2)=2^'-  I.  The  number  of  ways  in  which  an  odd  drawing  can  be 
madeiB,Ci  +  .Ci+.  .  .  =l{(I  +  l)"-(I-]}-}^i2*^2-'.  Henoe  the  chance 
that  the  drawing  be  even  is  {2^'-l)/(2"-l),  that  it  be  odd  2"-V(2"-l). 
The  sum  of  these  is  unity,  ss  it  ought  to  be  ;  since.  If  the  drawing  ie  not  odd, 
it  must  be  even.  In  general,  an  odd  dnwing  ie  more  likely  than  an  eren 
drawing,  the  odds  in  its  favour  being  2"-' :  2"-'  -  ]  ;  but  the  odds  become 
more  nearly  even  as  n  increases. 

Example  6.  A  white  rook  and  two  black  pawns  are  placed  at  random  on 
a  chess-board  in  any  of  the  positions  which  they  might  ocenpy  in  an  actual 
game.  Find  the  ratio  of  the  chance  that  the  rook  can  take  one  or  both  of  the 
pawns  to  the  chance  that  either  or  both  of  the  pawns  can  take  the  rook. 

Let  ns  look  at  the  board  ttom  the  dda  of  white ;  and  calculate  in  the  fint 
place  the  whole  number  of  posaible  arrangements  of  the  pieces.  No  black 
pawn  can  lie  on  any  of  the  &ont  squares ;  henoe  we  may  have  the  rook  on 
any  of  these  S  and  the  two  pawns  on  any  two  of  the  remaining  GS  ;  in  all, 
8  X  2ggC|  =  8  xG6x  GG  arrangements.  Again,  we  may  have  the  rook  on  any  one 
of  the  G6  squares  and  the  two  pawns  on  any  two  of  the  remaining  SS  squares ; 
in  all,  S6k  6G  xS4  arrangements.  The  universe  may  therefore  be  supposed  to 
contain  62  x  G6  x  GG  equ^y  likely  cases. 

Instead  of  calculating  the  chance  that  the  rook  can  take  either  or  both  of 
the  pawns,  it  is  simpler,  as  often  happens,  to  calculate  the  chance  of  the 
complementary  event,  namely,  that  the  rook  con  take  neither  of  the  pawns. 
If  the  rook  lie  on  one  of  thefrontrowofsquarea,  neither  of  the  pawns  can  lie 
on  the  corresponding  column,  that  is,  the  pawns  may  occupy  any  two  ont  of 
40  squares ;  this  gives  S  x  49  x  4S  arrangeraenta.  If  the  rook  lies  in  an;  one 
of  the  remaining  Gfl  squarea,  neither  of  the  pawns  mnst  lie  in  the  tow  or 
column  belonging  to  that  squat« ;  hence  there  are  for  the  two  pawns  43  x  41 
positions.    We  thus  have  GSx  42x41  arrsngemsnla.    Altogether  we  hare 
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8x49x43-f5ex42x41=&Sx49x42  arrangemente  in  which  the  rook  um 
take  neither  pawn.  Hence  the  cbBncethat  the  rool:  can  take  neither  pawn  is 
66  X  4e  X  42/62  x  66  x  65  ^1029/1705.  The  chance  that  the  rook  can  take  one 
or  both  of  the  pawns  U  therefore  1  - 1029/1706=876/1706. 

CoDsider  now  the  attack  on  the  rook.  If  he  is  on  a  Bide  square,  he  can 
only  be  attacked  by  either  of  the  two  pawns  iioin  one  square.  For  the  side 
squares  we  have  therefore  only  24  x  64  arrangements  in  which  the  rook  can 
he  taken.  There  remain  30  squares  on  each  of  which  the  rook  can  be  taken 
from  two  squares,  that  is,  in  6  ways.  For  the  30  squares  we  therefore  have 
3Sx2-i-36x4x63arrsngements  in  which  the  rook  can  be  taken  by  one  or  by 
both  the  pawns.  Altogether  there  ore  9000  arrange  me  nts  in  which  the  rook 
may  be  taken.  Hence  the  chance  tliat  he  be  in  danger  is  9000/02  x  60  x  65  = 
226/1774.     The  ratio  of  the  two  chances  is  9404  :  1125. 

§  i.]  A  considerable  Dumber  of  intereEting  examples  can  be 
solved  by  the  method  of  chap,  xxiii.,  §  15.  Let  there  be  r  hage, 
the  first  of  which  contains  a,,  b,,  c„  .  .  .,  &i  counters,  marked 
with  the  numbers  a,,  j8,,  y,,  .  .  .,  «, ;  the  second,  a,,  fi„  c^  .  .  .  i^ 
marked  a,,  /3„  y,,  .  .  .,  k,  ;  and  so  on.  If  a  counter  be  drawn 
from  each  bag,  wliat  is  the  chance  that  the  sum  of  the  numbers 
drawn  is  ji  1 

By  chap,  xxiii.,  §  15,  the  number  of  ways  in  which  the  sum 
of  the  drawings  cau  amount  to  n  ia  the  coefficient,  A„  say,  of  z" 
in  the  distribution  of  the  product 


X  {a,3f^  +  6,3^  +  .    .    .  +  Icr3fr), 

Again,  the  whole  number  of  drawings  possible  is  the  sum  of 
all  the  coefficients ;  that  is  to  say, 

x{a.  +  6,  +  .  .   .  +  k,) 

X  (a,  +  br  +  -  ■  .  +  kr)  =  D,  say. 
Hence  the  required  chance  is  A^D. 

Example  1.  A  throw  has  been  made  with  three  dice.  The  sum  is  known 
to  be  12 ;  reqoired  the  probability  that  the  throw  was  4,  4,  4. 

The  number  of  ways  in  which  12  can  be  thrown  with  three  dice  is  the  co- 
efficient of  aJ>  in 

VOL.  n  2  N 
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that  IB  to  UT,  of  ^  in 

Now  the  coefficients  in  (1  +  3:  +  .  .  .+aff  np  to  the  term  in  ai*  an  (tee 
chap,  iv.,  §15)  1+2  +  3  +  4  +  6  +  8  +  5  +  4  +  3  +  2.  Hence  the  coefficient  of  a* 
in  the  cube  of  tbo  multinoraial  U  6  +  6  +  6  +  4  +  5  +  2  =  26.»  The  reqniied 
probability  is  therefore  1/2G. 

Example  2.  One  die  has  S  faces  marked  1,  2  matked  2,  and  1  marked  3 ; 
another  has  1  face  marked  1,  2  marked  2,  and  3  marked  3.     What  is  the    ' 
most  probable  throw  with  the  two  dice,  and  what  the  chance  of  that  throw  t 

,  The  aumbers  of  ways  in  which  the  same  2,  3,  i,  S,  6  can  be  made  are  the 
coefficients  of  k",!",  a:*,  I?,  a*  in  the  expansion  of  (&r  +  2a' +  a^)  (a:  +  in*  +  3afl. 
Now  this  product  is  eqoal  to 

Sa'  +  ajJ  +  lia'  +  Sa'+Si*. 
The  sum  that  will  occnr  oftenest  in   the  long  run  is  therafbre  4.      The 
whole  number  of  different  ways  in  which  the  different  throws  ma^  turn  oat 
is  (3  +  2  +  l)(l+2  +  3)  =  36.     Hence  the  probability  of  the  sum  4  is  I4/H 
=  7/18. 

Example  3.  An  nm  contains  m  counters  marked  with  the  nambers  1,  2, 
.  .  .,  m.  A  counter  is  drawn  and  replaced  r  times ;  what  is  the  chance  that 
the  sum  of  the  numbers  drawn  is  n  1 1 

The  whole  nnmber  of  possible  different  drawings  is  nt'. 

The  number  of  those  which  gife  the  sum  n  is  the  coefGdent  of  a^  in 
{x  +  3?  +  .  .  ,+af")',  that  is  to  say,  of  ir"-'  in  (1  +  1!+.  .  .+j?*-')'.  How 
l+iB  +  .  .  ,+3f^'  =  {l-af')l{\-x).     Wb  have  therefore  to  find  the  coefficient 

(l-!C-)^l-a)-'-={l-,C,j-'  +  ,Cs!i!^-rC»a:*"+ .  .  .} 

"V^l*^    1.2-^^        1.2.3       '^*-  '  -f 
The  coefficient  in  qucBldon  is 
_r(r  +  l). ..(«-!)    ?<r+l)...(H-m-l)r 
*--'-  («-r)l  (»-r-m)!ll 

.Hr  +  l)...(«-gw-lMr-l) 

(n-r-2m)!2!  "   "  '      " 

The  required  probability  is  A^-rjm'. 

Example  4.  If  m  odd  and  n  even  integers  (n-lm-l)  be  written  down  at 
random,  show  that  the  chance  that  no  two  odd  integera  are  adjacent  is 
n!(-.  +  l)l/(™  +  n)l(»-m  +  l)I. 

In  order  to  find  in  how  many  difTerent  ways  we  can  write  down  the  integ»n 
so  that  no  two  odd  onee  come  together,  we  may  suppose  the  m  odd  int^en 
written  down  in  any  one  of  the  in  1  possible  ways,  and  consider  the  m  - 1 
spaces  between  them  together  with  the  two  spaces  to  the  right  and  left  of  the 
row.     The  problem  now  is  to  find  in  how  many  ways  we  can  fill  the  n  oren 

*  We  might  also  have  found  the  coefficient  of  z'  hy  expanding 
(1  -  iif^il  -  *)-*,  as  in  Example  4  below. 

t  This  is  generally  called  Demoine's  Problem.  For  an  interesting  account 
of  its  history  «ee  Todbnnter,  SiO.  Prob.,  pp.  GG,  8fi. 
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iDtegeis  iato  the  spaces  so  that  there  shall  always  be  one  at  least  in  every  one 
of  the  m  - 1  spaces.  A  little  conaids  ration  will  ehoir  tb&t  the  number  of  ways, 
irreapective  of  order,  ia  the  coefficient  of  z"  in 


that  is,  of  z—«  in 

{l  +  x+^ 

thatia,ofaf— +^in 

This  coefficient  ia 

(m- 

fl)(m  +  S) 

.(.-H)  (n-H)! 

(»-»  +  !)!  m!(n-m  +  l)!- 

If  we  remember  that  every  distribntion  of  the  n  integers  among  tbe  m  -t- 1 
spaces  can  be  permntated  in  n  '.  vnye,  we  now  see  that  the  number  of  ways  in 
which  the  m  +  n  integers  can  be  arranged  aa  required  is 

«l»l(7.  +  l)!/«!(,.-m+l)l  =  ni(»  +  l)!/(«-m  +  l)!. 
The  whole  nnmber  of  ways  in  which  tbe  m  +  n  integers  dan  be  arranged  is 
(m  +  n)!,  hence  the  probability  reqnirfldism!(n  +  l)!/(n-m  +  l)l(m  +  ii)!. 


ADDITION   AND  MULTIPUCATION  OF  PBOBABILITIES. 

g  5.]  In  many  cases  we  hare  to  consider  the  probabilities  of 
a  set  of  events  which  are  of  such  a  nature  that  the  happening  of 
any  one  of  them  upon  any  occasion  excludes  the  happening  of 
any  other  upon  that  particular  occasion,  A  set  of  events  so 
related  are  said  to  be  mvtually  exdiiMve.  The  set  of  events  con- 
sidered may  be  merely  different  ways  of  happening  of  the 
same  event,  provided  these  ways  of  happening  are  mutually 
exclusive. 

In  auch  cases  the  following  rale,  which  we  may  call  the 
Addition  Rule,  applies : — 

If  the  probabitities  of  n  nuiiually  exclusive  events  be  p„  p,,  .  .  ., 
p„,  the  chance  that  one  out  of  these  n  events  happms  on  any  pa/iUcular 
occasion  on  tekich  all  of  them  are  in  question  is  pi  +  p,  + .  .  .+p^ 

To  prove  this  rule,  consider  any  large  number  N  of  occasions 
where  all  the  events  are  in  question.  Out  of  these  N  occasions  the 
n  events  will  happen  on  ji,N,  ^,N,  .  .  .,  ^„N  occasions  respect- 
ively. There  is  no  cross  classification  here,  since  no  more  than 
one  of  the  events  can  happen  on  any  one  occasion.  Out  of  N 
occasions,  therefore,  one  or  other  of  the  n  events  will  happen  on 
p,N  +i',N  + .  .  .  +i>„N  =  (j),  +  p.  + .  .  .  +  p„)N  occasions.  Hence 
the  probability  that  one  out  of  the  n  events  happens  on  any  one 
occasion  is  p,  +pt  +  ■  ■  -+pn- 
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It  should  be  observed  that  the  reasoning  vould  lose  all  force 
if  the  events  were  not  mutually  exclusive,  for  then  it  might  be 
that  on  the  p,N  occasions  on  which  the  first  event  happens  one 
or  more  of  the  others  happen.    We  shall  give  the  proper  formula 

in  this  case  presently. 

As  sn  illustmtiou  of  the  applicBtinn  of  this  rule,  let  us  aappose  that  a 
throw  U  made  with  two  ordinary  dice,  uid  calculate  the  probability  that  the 
throw  does  not  exceed  8.  There  are  7  ways  in  which  the  event  in  question 
may  happen,  namely,  the  throw  may  he  2,  8,  i,  5,  6,  7,  or  8  ;  and  these  ways 
are  of  CDQiBe  mutually  eiclusiro.  Now  (bog  g  4,  Example  I )  the  probabilities 
of  these  7  throws  are  1/36.  2/36,  3/38,  4/38.  6/3B,  6/38,  5/36  respectively. 
Hence  the  probability  tliat  *  throw  with  two  dice  does  not  exceed  8  is 
(l  +  2  +  3  +  4  +  S  +  B  +  5)/86  =  2e/36  =  lS/18. 

g  6.]  When  a  set  of  events  is  such  that  the  happening  of 
any  one  of  them  in  no  way  affects  the  happening  of  any  other, 
we  say  that  the  events  are  mviually  independejti.  For  such  a  set 
of  events  we  have  the  following  Multiplication  Rule  : — 

If  the  respective  prohahHities  of  n  independent  events  be  p,,  Pt, 
.  .  .,  p„,  the  probability  that  ihey  all  happen  on  any  occasion  in  which 
all  of  them  are  in  giteslian  is  p,p, .  . .  p„. 

In  proof  of  this  rule  we  may  reason  as  follows : — Out  of 
any  large  number  N  of  cases  where  all  the  events  are  in  question, 
the  first  event  will  happen  on  ji,N  occasions.  Out  of  these  ;>,N 
occasions  the  second  event  will  also  happen  on  p,(p,Ji)  =  PiPiN 
occasions ;  so  that  out  of  N  there  are  pj>,  N  occasions  on 
which  both  the  first  and  second  events  happen.  Continuing 
in  this  way,  we  show  that  out  of  If  occasions  there  are 
PiP,. .  -i>nN  occasions  on  which  all  the  n  events  happen.  The 
probability  that  all  the  n  events  happen  on  any  occasion  ie  there- 
fore PiP,  . . .  Pn- 

It  should  be  noticed  that  the  above  reasoning  would  stand 
if  the  events  were  not  independent,  provided  p,  denote  the 
probability  that  event  2  happen  after  event  1  haa  happened,  p, 
the  probability  that  3  happen  after  1  and  2  have  happened,  and 
so  on. 

It  must  be  observed,  however,  that  the  probability  calculated 
is  then  that  the  events  happen  in  the  order  1,  2,  3,  ....  n. 
Hence  the  following  conclusion  ; — 


D,a,l,zc.bvG00gIe 


XXKVI         EXAMPLES  OF  ADDITION  AND  MULTJPUCATION  549 

Cor.  If  the  events  1,2,.  .  .,  n  be  inlerdependeiit  and  p,  denole 
ilie  probability  of  1,  p,  th«  prohabUity  that  2  happen  after  1  has 
happoKd,  Pi  lite  probahility  that  3  happen  after  1  and  2  Iiave 
happened,  and  so  on,  then  the  probability  that  the  events  1,2,.  .  .,  n 
happen  in  the  order  indicated  is p,p, . .  .p„. 

As  an  illuBtrBtion  of  the  maltiplication  rule,  let  oa  suppoae  that  a  die  la 
thrown  twice,  ind  calcnUte  the  probabilitj'  that  the  result  is  sach  that  tho 
first  throw  doea  not  exceed  3  and  the  second  does  not  exceed  5. 

The  probability  that  the  Sr^t  throw  does  not  exceed  S  is,  by  tlie  addition 
rule,  3/6  ;  the  probability  that  the  second  does  not  exceed  5  is  5/6.  The  result 
of  the  first  throw  in  no  way  affects  the  result  of  the  second ;  hence  the 
probability  that  the  result  of  the  two  throws  is  as  indicated  is,  by  the 
nmltiplicatioD  rule,  (3/8)  x  (5/e)  =  5/:2. 

As  an  example  of  the  effect  of  a  slight  alteration  in  the  wording  of  the 
question,  consider  the  following  :^A  die  has  been  thrown  twice ;  what  is  the 
protiability  that  one  of  the  throws  does  not  exceed  3  and  the  other  doe«  not 
exceed  6  7 

Since  the  particular  throws  are  now  not  specified,  the  event  in  question 
happens — 1st,  if  the  firat  throw  doss  not  exceed  3  and  the  second  does  not 
exceed  5  ;  2nd,  if  the  first  throw  is  4  or  6  and  the  second  does  not  exceed  3. 
These  cases  are  mutually  exclusive,  and  tho  respective  prohabilitiea  ore  6/12 
and  1/6.  Hence,  by  the  addition  rnie,  the  probability  of  the  erent  in  question 
is  7/12. 

g  7.]  The  following  examples  will  illustrate  the  application 
of  the  addition  and  multiplication  of  probabilities. 

Example  1.  One  urn.  A,  contains  m  balls,  ^mv  lieing  white,  [l-y)m black; 
another,  B,  contains  n  halls,  yn  white,  (I  ~  q)n  black.  A  peraon  selects  one  of 
the  two  urns  st  random,  and  drawe  a  ball  ;  calculate  the  chance  that  it  be 
white  ;   and  compare  with  the  chance  of  drawing  a  white  lull  when  all  the 

Tliere  are  two  ways,  mutually  exclusive,  in  which  a  white  ball  may  be 
drawD,  namely,  from  A  or  from  B. 

Tlie  chance  that  the  drawer  selects  the  nm  A  is  1/2,  and  if  he  selects  that 
urn  the  chance  of  a  white  ball  \ip.  Hence  the  chance  that  a  white  ball  is 
drawn  from  A  is  (g  6,  Cor.)  \p.  SimOarly  the  chanco  that  a  white  ball 
is  drawn  from  K  is  ^q.  The  whole  chsnce  of  drawing  a  white  ball  is  there- 
fore (p4-?)/2. 

If  all  the  balls  be  in  one  urn,  the  chance  is  {pm  +  qn)l{m  +  n). 

Now  {pm  + j7i)/{m  +  «)=.  =  <(p+j}/2, 

according  as  2[pm  +  gn)>  =  <(ji  +  j)(nn-n), 

according  as  (m - n) (;) -  j) >  =  <0. 

Hence  the  chnni^  of  drawing  a  white  ball  wilt  be  unaltered  by  mixing  if 
either  the  numbers  of  balls  in  A  and  B  be  equal,  or  the  proportion  of  white 
balls  in  each  be  the  same. 
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If  ths  nomber  of  balls  be  unequal,  and  the  proportions  of  white  be  un- 
equal, then  the  mixiDg  of  tbe  balls  will  increase  the  chance  of  drawing  s 
white  if  the  urn  which  contains  most  baits  have  also  the  larger  proportion  of 
white  ;  and  will  diminish  the  chance  of  drawing  a  white  if  the  nm  which 
coutaine  most  balls  have  the  smaller  proportion  of  white. 

De  Morgan*  has  used  a  particular  cose  of  this  example  to  point  out  the 
danger  of  a  foUacions  use  of  the  addition  rule.  Let  ai  sappose  the  two  nms 
to  be  as  follows  :  A  (3  wh.,  4  hi.) ;  B  (*  *li.,  3  bl.).  We  might  then  with 
some  plausibility  reason  thus ;— The  drawer  must  select  either  A  or  B.  If  he 
select  A,  the  chance  of  white  is  3/7  ;  if  he  select  B,  the  chance  of  white  is 
4/7.  Hence,  by  the  addition  rule,  the  whole  chance  of  white  is  3/7  +  4/7  =  1. 
In  other  words,  white  is  certain  to  be  drawn,  which  is  absurd.  The  mistake 
consists  in  not  taking  account  of  the  fact  that  the  drawer  has  a  choice  of  orna 
and  that  the  chaoce  of  his  selecting  A  must  therefore  be  maltiplied  into  hi* 
chance  of  drawing  white  alter  he  has  selected  A.  The  chance  should  there- 
fore be  3/14+4/14=1/11. 

The  necessity  for  introducing  the  factor  1/2  will  be  best  seen  by  reasoning 
directly  from  the  fundamental  definition.  Let  us  suppose  the  draver  to  make 
the  experiment  any  large  number  N  of  times.  In  the  long  run  the  one  nm 
wilt  be  selected  as  often  ob  the  other.  Hence  out  of  N  times  A  will  bo  seleclod 
N/3  times.  Out  of  these  N/2  times  white  will  be  drawn  from  A  (3/7)  (N/!) 
=  N(3/14)  times.  Similarly,  we  sec  that  white  will  be  drawn  from  B  N(4/14) 
times.  Hence,  on  the  whole,  out  of  N  trials  white  will  be  drawn 
(8/14  +  4/14)N  times.     The  chance  is  therefore  3/14  +  4/14. 

Example  2.  Four  cards  are  drawn  from  an  ordinary  pack  of  52  ;  what  is 
the  chance  that  they  be  all  o£  different  suits  T 

We  may  treat  this  as  an  example  of  9  6,  Cor.  The  chance  that  the 
first  card  drawn  be  of  one  of  the  4  suits  is,  of  course,  1.  The  chance,  after  one 
suit  is  thus  represented,  that  the  next  card  drawn  be  of  a  different  suit  is, 
sines  there  are  now  only  3  suits  allowable  and  only  51  cards  ta  choose 
from,  3.1S/G1.  Alter  two  cards  of  different  suits  are  drawn,  the  chance  that 
the  next  is  of  a  different  suit  is  2.13/50.  Finally,  the  chance  that  the  last 
card  ia  of  a  different  suit  from  the  first  three  is  13/49.  By  the  principle  just 
mentioned  the  whole  chance  is  therefore  3.18.2.13.18/61.60.49  =  13V17.26. 48 
=  1/10  roughly. 

Example  3.  How  many  times  must  a  man  be  allowed  to  toss  a  penny  in 
order  that  the  odde  may  be  100  to  1  that  he  gets  at  least  one  head  I 

Let  IE  be  the  number  of  tosses.  The  complementary  event  to  "  one  head 
at  least"  is  "  all  tails."  Since  the  chance  of  a  tail  each  time  is  1/2,  end  the 
result  of  each  toss  ia  independent  of  the  result  of  every  other,  the  chance  of 
"  all  tails"  in  x  tosses  is  (1/2)'.  The  chance  of  one  head  at  least  is  therefore 
1  -  (t/2)*.  By  the  conditions  of  the  question,  we  must  therefore  have 
1-(1/2)'  =  100/I01; 

•  Art,  "  Theory  of  Probability,"  Eneg.  UHrop.     Bepnblished  Ency.  Ptat 

ifaiK  (18*7),  p.  see. 
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I=logl01/log2, 
=  2 -0043/ -8010, 
=  8-6  .... 
It  appears,  tberefore,  that  in  6  toasoa  the  odds  are  lees  tbui  100  to  1,  end  in 

Example  4.  A  man  tosses  10  pennies,  remores  all  that  fall  head  up  ; 
tosses  the  remainiler,  aud  again  removea  alt  that  fall  head  up  ;  and  so  on. 
How  many  timea  ought  he  to  be  allowed  to  repeat  this  operatioD  in  order 
that  there  may  be  sn  even  chance  that  before  be  is  done  all  the  pennies  have 
been  temoyed  t 

Let  X  be  the  nnmber  of  times,  then  it  is  clearly  necessary  and  snfficient 
for  his  success  that  each  of  the  10  pennies  shall  hare  turned  up  head  at  least 
once.  The  chance  that  each  penny  come  up  head  at  least  once  in  x  trials  is 
1  -  (1/2)'.  Hence  the  chance  Chat  each  of  the  10  has  turned  up  heads  at  least 
once  is  {l-(l/2}'j'*.     By  the  conditions  of  the  problem  we  must  tberefore 

{l-(l/2)-)"  =  l/2i 

(1/2)'=  1  -  (1/2)""  =  -08887  J 

i=-log-06697/log2, 

=  3  'B  very  nearly. 

Hence  he  most  have  4  trials  to  secure  on  even  chance. 

Example  5.  A  iurd  is  to  gain  a  shilling  on  the  following  conditiona.  Ue 
drawB  twice  (replacing  each  time)  out  of  ao  urn  containing  one  white  and  one 
black  ball.  If  he  draws  white  twice  he  winn.  If  lie  fails  a  block  boll  is  added, 
he  tries  twice  again,  and  wins  if  he  draws  white  twice.  If  he  fails  another 
black  ball  is  added ;  and  so  on,  ad  infinitum.  What  is  his  chance  of  gaining 
the  shilling  T     (Laurent,  Calcul  da  FrobabiliUa  (:873),  p.  69.) 

The  chances  of  drawing  white  in  the  various  trials  are  1/2*,  1/3',  .  .  . 
l/»',  ...      The   chances    of   failing    in    the    various    trials    are  1-1/2", 
1-1/3',  .  .  .,  l-l/»',  .  .  .     Henuc  the  chance  of  failing  in  all  the  trials  is 
{l-l/2")(l-l/3')...(l-l/«'}.,.ad». 
Now 

^         |1.3H2.4|...{[«-3)(»-l|H(«-2)«H<--lK»-H)i 


.i.K'-^)4- 


The  chance  of  failing  to  gain  the  ahilling  is  therefore  1/2.     Hence  the  chance 
of  gaining  the  shilling  is  1/2. 

We  might  have  calonlated  the  chance  of  gaining  the  shilling  directly,  by 
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obaerring  that  it  is  the  mm  of  the  chances  of  the  roUowing  eventB :  1°, 
gsining  in  the  first  tml ;  2°,  fuUng  in  let  utd  gaining  in  2ud  ;  3°,  failing 
in  Ist  and  2nd  and  gaining  in  the  Srd ;  and  ho  on.  In  thia  way  the  chance 
presante  itself  u  the  follooing  infinite  Bcriea  : — 

The  sum  of  this  eeriee  to  infinitj  muat  therefore  }>e  1/2.  That  thia  ia  so  m^j 
be  eaail;  verified.  The  present  is  one  example  among  many  in  which  the 
theorf  of  probability  saggests  intereeting  algebraical  tdentitiea. 

Example  6.  A  and  B  csat  alternately  with  a  pair  of  ordinary  dice.  A 
irins  if  be  throvs  S  before  6  throws  7,  and  B  if  he  throws  7  before  A  throws 
S.  If  A  begin,  show  that  his  chance  of  winning  :  B'a  =  30  :  31.  (Huyghena, 
De  Ealiodmit  in  Lvdo  Alea,  1S57.) 

Let  p  and  q  be  the  chances  of  throwing  and  of  failing  to  throw  0  at  a 
single  cast  with  two  dice  ;  r  and  »  the  corresponding  cbancea  for  7. 

A  may  win  in  the  following  ways  :  1°,  A  succeed  at  Ist  throw ;  tj",  A  foil 
at  lat,  B  fail  at  2nd,  A  anccced  at  Srd  ;  and  so  on.  Hb  chance  is  therefore 
represented  by  the  followlog  infinite  series ; — 

p  +  qsp  +  q>qap+.    .    .  =Jl{l +(j»)  +  (2»)'+ .    .    .}, 
=pl{l-q»). 
B  may  win  in  the  following  ways :— 1°,  A  fWl  at  lat,  B  anooeed  at  2nd  ; 
2°,  A  fail  at  1st,  B  fail  at  2Dd,  A  fail  at  Srd,  B  sncceed  at  4th ;  and  so  on. 
His  chance  is  therefore 

qr  +  qiqT  +  qaqtgr+  .  .  .  =jr{l +(j*)  +  (5s)>+ .  .  .[, 

Hence  As  chance :  B a  =p :  gr. 

Now  (see  M,  £iamplcl)p=6/36,  ^^Sl/SS,  r=e/as;  hence 
A's  chance :  B's  =  6/88 :6.81/Se', 
=  80;  31. 

For  Hayghena'  own  solution  see  Todhunter,  Sitf.  Ptob.,  p.  24. 

Example  7.  A  coin  is  tossed  m-t-n  times  (ift>«).  Prove  that  the  chance 
of  at  least  m  conaecntiva  heads  appearing  is  (ji  +  S)/2"+'. 

The  event  in  i^uestion  happens  if  there  appear — Ist,  exactly  m ;  2nd, 
exactly  m  +  I  ;  .  .  .;  (n-f- l)th,  exactly  TD  +  n  consecntive  heada 

Now  a  nin  of  exactly  m  coQse<:utive  heads  may  commence  with  the  1st, 
2nd,  3rd,  n-lth,  nth,  n-flth  throw.  Since  m>n,  then  cannot  be  more 
than  one  run  of  ui  or  more  consecutiTe  heads,  so  that  the  complication  due  to 
repetition  of  runs  does  not  occur  in  the  present  problem.  The  chances  of  the 
first  and  lost  of  these  cases  are  each  l/a"*',  the  chances  of  the  others  1/2"+'. 
Hence  the  chance  of  a  run  of  exactly  m  consecuUve  heada  is  2/2~+' 
+  («-l)/2-+'=(n  +  8)/2-+'. 

In  like  manner,  we  see  that  the  chance  of  a  ran  of  m  +  l  consecutive 
heads  ia(n  +  2)/2*M;  and  so  on,  np  to  m  +  n- 2.  Also  the  chances  of  a  run 
of  exactly  m  +  n  ~  1  and  of  exactly  nn-  n  consecutive  heads  are  1/2'*"'-'  (md 
1/2***"  respectively. 
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H«Dce  the  chanc«p  of  a  run  of  at  leut  m  heads  ii^ren  by 
_n  +  3    m  +  2  .  J_  .  _*_     +  J_ 

P     2'^n+yn+a''"'  •  ■ +2""+"    2"-*^'    2"+"' 
The  rainiDatioD  of  the  series  on  the  left-hand  sids  is  effected  (set 
1.,  g  IS)  by  multiplying  by  (1-1/2)'=]/*-     We  thuB  find 


"^  2~+*  +  -   ■   ■  +    2i»+irtl  ■''  2~+»-Ki     2"+^     2"+^ '  ' 

tP~~2r^~  2ii»« " jim-hi+» ■'' 2"+"+* "*" 2'"+'"-'' 
_»  +  2 

Hence  p={tt  +  2)/2~*^'. 

GENERAL  THEOREMS  REGARDING  THE  PROBABILITY  OF 
COMPOUND   EVENTS. 

§  8.]  The  probaUlili/  that  an  event,  wlioae  prohahUUy  is  p,  happen 
on  exadli/  t  out  of  n  oecasvms  in  which  il  is  in  question  is  n^^rl^q'*'^, 
where  g  =  1  -p  is  the  probabUiiy  that  the  event  fail. 

The  probability  that  the  event  happen  on  r  specified  occMions 
and  fail  on  the  remaining  n-r  is  by  the  multiplication  inile 
ppqpqq . .  .  where  there  are  r  p'&  and  n-r  q'%,  that  is,  p^^'^. 
Now  the  occaaiona  are  not  specified ;  in  other  words,  the  happen- 
ing, and  failing,  may  occur  in  any  order.  There  are  as  many 
ways  of  arranging  the  r  happenings  and  n~r  failings  as  there 
are  permutations  of  n  things  r of  which  are  alike  and  n-r  alike, 
that  is  t«  aay,  nl/r!(n-r)!  =  „C,.  There  are  therefore  „C, 
mutually  exclusive  ways  in  which  the  event  with  which  we  are 
concerned  may  happen  ;  and  the  probability  of  each  of  these  is 
jfq"""-    Hence,  by  the  addition  rule,  the  probability  in  question 

i^  nCrP^S"-'- 

It  will  be  observed  that  the  probabilities  that  the  event 
happen  exactly  n,  »  -  1,  .  .  .,  2,  1,  0  times  respectively,  are  the 
1st,  2nd,  3rd, .  .  .,  {n+  l)th  terms  of  the  expansion  of  (p  +  q)". 

Since,  if  we  make  n  trials,  the  event  must  happen  either  0, 
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or  1,  or  2, .  .  .,  or  n  times,  the  sum  of  all  these  probabilities 
ought  to  be  unity.    This  is  so ;  for,  since p  +  q=l,  (^  +  ?)"*=  1- 

It  will  be  Been  without  further  demonstration  that  the  pro- 
position just  established  is  merely  a  particular  case  of  the 
following  general  theorem  ; — 

1/  there  be  tn  eeenls  A,  B,  0,  .  .  .  me  but  not  more  of  lekith 
mrtst  happen  on  every  occasion,  and  if  their  probaiililies  be  p,  g,  r, 
.  .  .  respectively,  ths  probainlity  that  on  ti  oecasi<ms  A  happen  exactly 
a  Hmes,  B  exactly  fi  times,  C  exactly  y  limes, .  .  .  is 

n<.p'q^T'-.../-x<p<.yl..., 
where  a  +  /3  +  y+.  .  .=«. 

It  should  be  observed  that  the  expression  just  written  is 
the  general  term  in  the  expansion  of  the  multinomial 
(j.  +  j  +  r+.  .  .)". 

Example  1.  The  [sees  of  a  cnbical  die  are  marked  1,  2,  S,  1,  1,  6; 
required  the  probability  that  in  S  throws  1,  2,  4  tarn  np  exactly  8,  2,  S  times 
reapectirely. 

By  the  general  theorem  juat  atated  the  probability  ia 


8  1      /nYl\YlY_7.5.g 


=  gjapprorim»tely. 

Example  2.  Out  of  n  occasiona  in  which  an  erent  of  probability  ji  ia  in 
queation,  on  what  number  of  occasions  is  it  most  likely  to  happen  I 

Wo  have  here  to  detannina  i-  ho  that  ,C,p'5"-'  may  be  a  roaiimnm. 

Now  .CrP'q'-'UC-iP'-'  !"-^'  =  (n  -  r  + 1  Jp/ry. 

Hence  the  probability  will  increase  as  t  iacreaxea,  so  long  as 

{n-r  +  l)p^Tq, 
that  is,  {^+i)P='ri.p  +  q), 

thatis  r<(n  +  l)p. 

If  (n  +  l)y  bo  an  integer,  =9  «ay,  then  the  event  will  be  equally  likely  to 
happen  on  s  - 1  or  on  s  occasions,  and  more  likely  to  happen  i  - 1  or  » timea 
than  any  other  number  of  times. 

If  (n  +  l)}i  be  not  an  integer,  and  i  be  the  f^reatest  intef^r  iu[n  +  l];>,  then 
the  event  is  most  likely  to  happen  on  i  occasions." 

*  When  n  is  very  lai^  (B  +  i)p  differs  inappreciably  from  np.  Hence 
out  of  a  very  large  number  n  of  occasions  an  event  is  most  likely  to  happen 
on^  oocBsions.  This,  of  course,  ia  simply  the  fundamental  principle  of  |  2, 
Cor.  1,  arrived  at  by  a  circuitous   route  starting  from  itself  in  the   first 


D,a,l,zc.bvG00gIe 


Jtiivi  pascal's  problem  555 

Ab  a  nnmerical  instance,  soppose  an  ordinar;  die  ie  thrown  20  timeB,  what 
is  tlie  number  of  aces  moat  likaty  to  appe&r  t 

Hera  tt=20;    11=1/8;    (»  +  l)y  =  3i. 

The  moat  likel;  number  ofacoa  is  therefore  S. 

g  9.]  Tlu  probabilUt/  that  an  event  happen  on  at  least  t  out  of  n 
occasums  where  Utsm  question  is 
„Cri^3"-'  +  „Cr+,y'"+>?''-'->  +  .  .  ■+„C„..p''-V  +  P"-  •  ■  (1)- 

For  an  event  happens  at  least  r  limes  if  it  happen  either 
exactly  r ;  or  ejcactly  r  +  1 ;  .  .  . ;  or  exactly  n  times.  Hence 
the  probability  that  it  happens  at  least  r  times  is  the  sum  of 
the  probahilitios  that  it  happens  exactly  r,  exactly  r+  1,  .  .  ., 
exactly  n  times ;  and  this,  by  g  S,  gives  the  expression  (1). 

Another  expression  for  the  probabihty  just  found  may  be 
deduced  as  follows :— Suppose  we  watch  the  sequence  of  the 
happenings  and  failings  in  a  series  of  different  cases.  After  we 
have  observed  the  event  to  have  happened  just  r  times,  we  may 
withdraw  our  attention  and  proceed  to  consider  another  case ; 
and  so  on.  Looking  at  the  matter  in  this  way,  we  see  that  the 
r  happenings  may  be  just  made  up  on  the  rth,  or  on  the  r  +  1th, 
.  .  .,  or  on  the  nth  occasion. 

If  the  T  happenings  have  been  made  up  in  just  s  occasionB, 
then  the  event  must  have  happened  on  the  sth  occasion  and  on 
any  r  -  1  of  the  preceding  s  -  1  occasions.  The  probability  of 
this  contingency  is 

Hence  the  probability  that  the  event  happen  at  least  r  times  in 
n  trials  is 

p' +  rC,p'-q  +  r+.O^p"-^  +  .    .    .  +n-iC„-fJ''5"''' 

=i''[l+rC,?  +  r+,C,j'+.    .    .+„-,C„-r?""'}       (2). 

As  the  two  eipresiioilB  (1)  and  (2)  are  outwardly  very  different,  it  may  bs 
well  to  show  that  they  are  really  identical.  To  do  this,  we  have  to  prove  that 
l+As  +  ,s-iCt?'+.  .  .  +.-iC-,j"-' 

.r-{...o,g)..c(|)V.....c„(|)"}, 
.a-,)-.{».o.(,4-,)..c(,-^,)V.  --^M^)"} 
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The  ezpreadon  last  vritUn  is,  up  to  the(n-r')thpo«erof  9,  identical  with 

<i-g)-'{i+?/(i-j)t"=(i-?)^Ai-?)-=(i-9)-'. 

Now,  aa  ma;  lie  readily  verifled, 

(l-5)-'=l  +  Agtr+.Cs*+.  .  .+»_ia,^g— ■+.  .  .    . 
The  required  identitf  is  therefore  eatabllshed. 

Exsmple.  A  and  B  play  a  game  which  mnat  he  either  lost  or  vou  ;  the 
probability  that  A  gains  an;  game  is  }t,  that  B  gains  it  l-p  =  q;  what  is  the 
clisnce  that  A  gains  m  gomes  before  B  gains  n )    (Pascal's  Problem.)* 

The  iasae  in  question  must  be  decided  innt  +  n-l  games  at  the  utmost. 
The  chance  required  ia  in  fact  the  chance  that  A  gsilia  711  ^moa  at  least  out 
of  OT +71-1,  that  is,  by  (1)  above,  ■ 

P**""'  +  -»--iCip"***-'3+.  .  -  +  »,4*-iC„p"S^'  (I')- 

We  might  adopt  tlie  second  way  of  looking  at  the  qaestion  given  above, 
and  thus  arrive  at  the  eipreaaion 

for  the  required  chance. 

g  1 0.]  The  results  just  arrived  at  may  be  considerably  general- 
ised. Let  us  consider  n  independent  events  A,,  A,,  .  .  .,  Ah, 
whose  respective  probabilities  are  j>,,^„  .  .  .,  p^. 

In  the  first  place,  in  contrast  to  §§  8,  if,  let  us  calculate  thx 
chance  that  om  ai  least  of  then  etenU  happen. 

The  complementary  event  is  that  none  of  the  n  events  happen. 
The  probability  of  this  is  (1  -^i)(l  ~pi)  ■  •  ■  (1  'Pn)-     Hence  the 
probability  that  one  at  least  happen  is 
\-(\-p,){\-p,)...{\-p„) 

=  -2p,-lp,p,  +  I.p,p,p,-  .  .  .  {-)"~^p,p,...p„     (1). 

Next  let  us  find  the  probabUiii/  that  one  and  no  mere  of  the  n 
eveiUs  happen. 

The  probability  that  any  particular  event,  say  A,,  and  none 
of  the  others  happen  is  p,{l  - p,)  (I  - pj) . , .  (I  - p„).  Hence 
the  required  probability  is 

*(i-j',)(i-ft).-.(i-p.) 

-S;.,-.C,Sy,p,t.C,Zp,f.y,-.  .  .  (-)-'.C._,f,r....y.  (2). 

*  Famous  in  the  history  of  mathematics.  It  v/ae  lirst  solved  for  the 
particnlar  case  p=q  by  Pascal  (1654).  The  more  general  result  |1')  above 
was  given  by  John  Bonioulli  (1710).  Tlic  other  formula  (2')  seems  to  be  due 
to  Hontmort  (1714).     See  Todhunter,  I/iaL  Prob.,  p.  D8. 
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For  the  products  two  and  two  arise  from  -  2pi(pi  ■+Pi  +  .  .  . 
+p„),  and  each  pair  will  come  in  once  for  every  letter  in  it  Again, 
the  products  three  and  three  arise  from  Sj),(p,y,  +  p,Pt  +  .  .  . ) ; 
hence  each  triad  will  come  in  once  for  every  pair  of  letters  that 
can  be  selected  from  it;  and  ao  on. 

By  precisely  similar  reasoning,  we  can  show  that  the  probabtiily 
that  T  and  no  more  of  lite  n  evenls  happen  is 

^p,p..  .  .pr{l-pr+,){i  -Pr+.)  ■  ■  ■  (1  "^n) 

=  ^p,p,  .  .  .pr-  r-i-|Ci2pi^,  . 


{-Y-\C^.rPyP.. 


Pr+$ 


■Pn 


(3> 


We  can  now  calculate  the  probability  thai  r  at  least  out  of  then 
events  happen. 

To  do  so  we  have  merely  to  sum  all  the  values  of  (3)  obtained 
by  giving  r  the  values  r,  r+ 1,  r  + 2,  .  .  .,  n  successively. 

In  this  summation  the  coefficient  of  "Zpip, . .  .pr+,  is 
(~)-{,+.C,-,+.C,.,+,+.C.-.-.  .  .  (-)•-• ,+.C,+(-l)-}. 

Now  the  expression  within  the  brackets  is  the  coefficient  of 
xf  in  (1  +x)'"+*  x  (1  +  j;)-',  that  is  to  say,  iu  (1  +xy+'-\  This 
coefficient  is  ,+,.,0,,     Hence  the  coefficient  of  ^p,p,. .  ■  Jfr+t  is 

(-n+..,c.. 

The  probability  that  r  at  least  out  of  the  n  events  happen  is 
therefore 

■S.p,p,...pr-rO,^p,p»...pr+, 
+  r^fit'S.p.p,  .  .  .  Pr+t 


(-)V+...C,2i',i>....A+. 

{~Y-'n-S^n-rP,P,---P% 


Since  the  happening  of  the  same  event  on  n  different  occasions 
may  be  r^;arded  as  the  happening  of  n  different  events  whose 
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probabilities  are  all  equal,  the  formulte  (3)  and  (4)  above  ought, 
whenpi=j),  =  .  .  .  —pa  each  =^,  to  reduce  to  «C,^g""'and 
the  ezpregsion  (1)  or  (2)  of  g  9  respectively. 

If  the  reader  obfiBtve  that,  when  p^=  p^=  ,  .  ,  =p^  =  p, 
IpiP,. .  ■pr  =  tS^T^>  &C.1  he  will  have  no  difficulty  id  Bhowing 
that  (3)  is  actually  identical  with  nC^^g""'  in  the  particular 
case  in  question. 

The  particular  result  derived  from  (4)  is  more  interesting. 
We  find  for  the  probability,  that  an  event  of  prol»bi]ity  p  will 
happen  r  times  at  least  out  of  n  occasions,  the  expression 

,c,p'-,c,,c,+,f'«+.  .  .  (-)-,+..,c,„c;+,j.'+'... 

(-)"-'.-,C..,f"     (5). 
Here  we  have  yet  another  expression  equivalent  to  (1)  ^d 
(2)  of  §  9.     It  is  not  very  difScult  to  transform  either  of  tiie  two 
expressions  of  g  9  into  the  one  now  found ;  the  details  may  be 
left  to  the  reader. 

Example.  Tha  probabilitjea  of  three  iDdependent  events  are  p,  ?,  r;  re- 
quired the  probibllity  of  happening— 

let  Of  one  of  the  events  bat  not  more ; 
2nd.  Of  two  bat  not  mora  ; 
Srd.  Of  one  at  leaat ; 
4th.  OftwoatlesBti 
5th.  Of  one  at  most ; 
8th.  Of  two  at  most 
The  lerilts  are  aa  follows  :— 

Irt.  p-\-q  +  r-i{pq+pr+qT)-i-Zpp; 
and.  J>J+pr  +  yr-3p?r; 
3rd^  p  +  j  +  r-lyg+pr  +  PJ+J^i 
*th.  pq+pr  +  qr-Zpir; 
Bth.  '\.-{pq+pr  +  qT)  +  2p(jr; 
ath.  1  -pqr. 
The  firet  four  are  particular  ctuea  of  preceding  formuls  ;  G  is  comple- 
mentary to  *  ;  and  8  U  complementaiT  to  "of  all  three." 

g  11.]  The  Beoirrence  or  Finite  Difference  Method  for  solving 
problems  in  the  theory  of  probability  possesses  great  historical  and 
practical  interest,  on  account  of  the  use  that  has  been  made  of 
it  in  the  solution  of  some  of  the  most  difficult  questions  in  the 
subject.     The   spirit  of  the   method  may  be   explained  thus. 
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Suppose,  for  simplicity,  that  the  required  probability  is  a  fuoction 
of  one  variable  x ;  and  let  us  denote  it  by  u^.  Eeaaoniiig  from 
the  data  of  the  problem,  ve  deduce  a  relation  connecting  the 
values  of  u,  for  a  number  of  successive  values  of  x ;  say  the 
relation 

A%+«.  w«+i.  ««)  =  0  (A). 

We  then  discuss  the  analytical  problem  of  finding  a  function 
Ux  which  will  satisfy  the  equation  (A). 

It  is  not  by  any  means  necessary  to  solve  the  equation  (A) 
completely.  Since  we  know  that  our  problem  is  definite,  all 
that  we  require  is  a  form  for  u,  which  will  satisfy  (A)  and  at  the 
same  time  agree  with  the  conditions  of  the  problem  in  certain 
particular  cases.  The  following  examples  will  anfBciently  illus- 
trate the  method  from  an  elementary  point  of  view. 

Example  1.  A  uul  B  play  a  game  in  wliich  the  probabilities  that  A  and  B 
idn  ara  a  and  ^  respectirely,  and  the  probabiltt;  that  the  game  be  drawn  ia  -y. 
To  start  with,  A  haa  m  and  B  has  n  counters.  Each  time  the  game  U  von 
the  winner  takes  a  counter  from  the  loser.  If  A  asd  B  agree  to  pla;  until 
oQs  of  them  loses  all  hia  counters,  find  their  respective  chances  of  winning  in 
the  end.* 

Let  Ui  and  v^  denote  the  chances  that  A  and  B  win  in  the  end  when  each 
has  2  counteta.  If  we  put  m4-n=7,  the  reapectiTe  chances  at  any  stage  of 
the  game  are  v-x  and  c^p 

Conaider  A'l  chance  when  he  has  x  +  l  countera.  The  next  roondhemay, 
lat,  win ;  2nd,  lose ;  Srd,  draw  ths  game.  The  chances  of  Mb  ultimately 
winning  on  these  hypothases  are  au^fi ;  ^Ui ;  y^m-i  respectively.  Hence,  by 
the  addition  mle, 

liM-i  =  oUth  +  3u,  +  TU^i . 

If  we  notice  that  a-¥^-\-f=\  (for  the  game  must  be  either  won,  lost,  or 
drawn),  we  deduce  from  the  equation  just  written 

<iu^-{i.  +  P)»^,  +  (Su,=  0  (1), 

It  is  obvious  tliat  u.  — AA',  where  A  and  \  are  conatanta,  will  be  a  aalatioQ 
of  (1),  provided 

aJ.'-(a  +  ^)X  +  ^  =  0  (2), 

that  is,  provided  \-\  or  \-Pla.  Hence  «,=A  and  «,=B{3/a)'  are  both 
solutions  of  (1) ;  and  it  is  further  obvious  that  u,=A-l-B(|9/a)*  is  a  solation 
of(l). 

We  have  now  the  means  of  solving  onr  problem,  for  it  is  dear  from  (1) 
that,  if  we  knew  two  particniar  values  of  tf,,  say  u«  and  uj,  then  all  other 

*  First  proposed  by  Enyghena  in  a  particnlar  cose ;  and  solved  by  James 
BenionllL     See  Todbunter,  Hist.  Preb.,  p.  ai. 
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values  mold  be  calculated  by  the  recurrence  formula  (I)  itself.  The  aolatioa 
u,  =  A  f  Bl^/a)*,  containing  two  undotermined  constants  A  and  B,  ia  thererote 
■afficiently  general  for  our  purpose.*  We  may  in  bet  determine  A  and  B 
most  simply  by  remarking  that  vhen  A  has  none  of  the  connten  hia  chance 
is  0,  and  when  he  hs«  all  the  conntera  bU  chance  is  l.     We  thus  have 

A  +  B  =  0,     A  +  B(j9/a)'  =  ], 
whence  A=o»'/(a'-^''),     B=  -  n'lia"  -  pp). 

We  therefore  have 

and,  in  like  manner, 

The  chances  at  the  beginning  of  the  gome  are  given  by 

Cor.  1.  I/a=P,  Am  (see  chap,  iiv.,  §  12) 
u^^m/p,     u.=nlp. 
The  odds  on  A  in  thii  particular  case  are  m  ton. 

It  might  be  supposed  that  when  the  skill  of  the  players  is  nueqnal  this 
could  be  compensated  by  a  disparity  of  coanter«.  There  is,  however,  a  limit, 
as  the  following  proposition  wilt  show  :— 

Cor.  2.  The  utmost  di^arity  of  atunUra  cannot  rtdwx  the  odds  in  A's 
favour  to  less  than  a-p  to  p. 

For,  if  we  give  A  1  counter,  and  B  n  counters,  the  odds  in  A's  bvour  an 
a-(a-(3)/fl(a--^)ai  that  is.  {o-j3)/p(l  -  (^/=)"t :  I.  Now,  if  a>ft  this 
can  be  diminished  by  increasing  n ;  but,  since  L  ()9/a)"  =  0,  it  cannot  become 
less  than  (a  -  {9)/jS :  1,  that  is,  a  -  ^  :  ^. 

Hence  we  see  that,  if  A  be  twice  as  skilful  as  B(a  =  2/3),  we  cannot  by  any 
disparity  of  coontere  (so  long  as  we  give  him  any  at  all)  make  the  odds  in  bis 
favour  lees  than  even. 

Example  2.  A  pack  of  n  different  cards  is  laid  face  downwards.  A  person 
names  a  card  ;  and  that  card  and  all  above  it  are  removed  and  shown  to  Vitn, 
He  then  names  another ;  and  so  on,  until  none  are  left  Kequired  the  chanoe 
that  during  the  operation  be  names  the  top  card  once  at  leostt 

Let  Ua  be  the  chance  of  succeeding  when  there  are  n  cHrds  ;  so  that  u._]  is 
the  chance  of  succeeding  when  there  are  n  - 1  ;  and  so  on.     At  the  first  trial 

the  player  may  name  the  1st,  2nd,  3td or  the  nth  card,  the  chance 

of  each  of  these  events  being  1/n.  Now  his  chances  of  ultimately  succeeding 
in  the  n  coses  just  mentioned  are  1,  u,_i,  te.-],  .  .  .,  Ui,  0  respectively. 

We  have  therefore 

«u,  =  l+»i  +  u,+  .  .  .+«._!  (1). 

*  This  piece  of  reasoning  may  be  replaced  by  the  conuderationa  of 
ohap.  xzxL,  gS. 

t  Jleprint  i^  Problems  from  the  Ed.  Times,  voL  ilii.,  p.  69. 
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From  (1)  WB  dsdace 

(7l-l)«»-l  =  l+Ul+Ul+  .    .    .  +U,r-I  (2). 

Froa{l)and(2) 

ni/«-(n-l)!i:^]=«_s, 
thatU, 

«{«■  -U,^l)=  -  {««_l  -  Uns)  (3). 

(n-l)(a,_i-«^)=-(u^-u,_,), 
(n  -  2)  (if,-,  -  u_))  =  -  (i*„_j  -  a,,^), 

3(u, -%)=-(«,-«!). 

Hence,  canltiplying  together  the  last  n~2  eqastiona,  we  deduce 

in  M«,-u^,)  =  ( -])->(«,-»,). 
Since  Wi=l,  Ui  =  i,  this  gives 

Hence,  igain, 

«>.-i  -  ii,-a=  ( - 1  )"-'/(n  -  J) ! , 

«i-«i  =  (-l)'/2l, 
Ui-0  =  1. 
From  the  last  n  equations  we  derive,  b;  addition, 

H,  =  l-l/2!  +  l/3l-  .   .  .  +{-l)"-Vnl  (6). 

Introducing  the  sub- facto  rial  notation  of  chap,  zxiii.,  9  18,  we  may  write 
the  result  obtained  in  (S]  in  the  form  i(a  =  l-ni/nl. 

From  Whitworth's  Table*  we  see  that  the  chance  when  n=8  is  'G321ie. 
When  n-m  the  chance  is  1  -  l/e= -6S2121  ;  so  that  the  chance  docs  not 
diminish  greatl;  after  the  number  of  cards  reaches  8. 


EVALUATION    OF   PROBABILTTIES    WHERE   FACTORULS   OF   LARGE 
NUMBERS  ARE   INVOLVED. 

§  12.]  In  many  cases,  as  has  been  seen,  the  calculation  of 
probabilities  depends  on  the  evaluation  of  factorial  functions. 
When  the  numbers  involved  are  large,  this  evaluation,  if  pursued 
directly,  would  lead  to  calculations  of  enormous  length,!  and  the 
greater  part  of  this  labour  would  be  utterly  wasted,  since  all 
that  is  required  is  usually  the  first  few  significant  figures  of  the 
probability.  The  difficulty  which  thus  arises  is  evaded  by  the 
use  of  Stirling's  Theorem  regarding  the  approximate  value  of  x  I 

*  Choice  and  Chaiux,  chap.  iv. 

f  In  some  coses  the  process  of  chsp.  xixv.,  %  11,  Examples  2  and  3  is 

VOL.  II  2  6 
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when  a;  is  large.      In  ita  modem  form   this  theorem  may  be 
Etated  thus — 

.!=VP«)«-.-(.*,l..,4,-...) 
(see  chap,  zxx.,  g  17). 

From  this  it  appears  that,  if  x  be  &  lai^e  number,  x  \  may 
be  replaced  by  \/{2iTx):>^e~^,  the  error  thereby  conmiitted  being 

of  the  order  l,i'12zth  of  the  value  of  x\. 

As  on  example  of  tbe  uae  of  Stirling'e  Theoreni,  let  as  coiudder  tbe  follow- 
ing problem  r— A  pack  of  in  cards  consists  of  *  anits,  each  consisting  of  n 
cards.  Tlie  pack  ia  ahuflled  and  dealt  oat  to  four  pUyen ;  required  tbe 
chance  that  the  whole  of  a  particnlar  suit  falls  to  one  particular  player.  The 
chance  in  question  is  easily  found  to  be  given  by 

j>  =  (8;i)l7.!/(ln)l. 
llence,  by  Stirling's  Theorem,  we  haTe 

_  V(2T3n)  (S>i)^t-^V(2>7.)n-r- 
^  V'(2ir4«)(i«)'"<!-*> 

the  error  being  comparable  with  1/llnth  of  p.     Hence,  approximately, 

Eiaiupte.  Let  <lii=62,  n=13,  then 

p=  V(3  X  3'1416  X  13/2)  (27/256)". 
This  can  he  readily  evaluated  by  means  of  a  Ubie  of  logarithms.     V« 
find 

y=16e/10". 
The  event  in  question  is  therefore  not  one  that  would  occur  often  in  the 
experience  of  one  individual. 

EXBBCIBES  XXXIX. 

(1.)  A  starts  at  balf-psst  one  to  walk  up  Princes  Street;  what  is  tbe 
probability  that  be  meet  B,  who  may  have  started  to  walk  down  any  time 
between  one  and  two  o'clock  T  Given  that  it  takes  A  12  minutes  to  walk  up, 
and  B  10  minutes  to  walk  down. 

(2.)  A  bag  contains  3  white,  i  red,  and  6  black  balls.  Three  halls  are 
drawn  ;  rer;uired  the  probahillty — 1st,  that  all  three  colours  ;  Sod,  that  only 
two  colours  ;  3rd,  that  only  one  colour,  may  bs  represented. 

(3. )  A  bsg  contsina  m  white  and  n  block  balls.  One  is  drawn  and  then  a 
second  \  w}ist  is  the  chance  of  drawing  at  least  one  white — Ist^  when  the  firrt 
ball  is  replaced  ;  2nd,  when  it  is  not  replaced  ! 

(4.)  If  n  persons  meet  by  chance,  what  is  the  probability  that  Ihey  all 
have  the  same  birthday,  supposing  every  fourth  year  to  be  a  leap  year  I 

(5. )  If  a  queen  and  a  knight  be  placed  at  random  on  a  chess-board,  what 
ii  the  chance  tlint  one  of  the  two  may  be  able  to  take  the  other! 
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(6. )  Three  dice  are  throWQ  ;  show  that  the  cast  is  most  likelj'  to  be  10  or 
11,  the  prolMbility  of  each  being  i- 

(7.)  There  are  three  bogs,  the  first  of  which  contains  1,  2,  1  connters, 
marked  1,  2,  3  respectively ;  the  second  1,  4,  6,  4,  I,  marked  1,  2,  3,  4,  S  re- 
apactiveiy  ;  the  third  1,  6,  15,  20,  marked  1,  2,  3,  4  respectirelj.  A  counter 
is  drawn  from  each  bag ;  what  is  the  probability  of  drawing  fl  exactly,  and  of 
drawing  some  number  not  exceeding  G  I 

(8.)  Six  men  ore  brarketed  in  an  examination,  the  extreme  difference  of 
their  marks  being  6.     Find  the  chance  that  their  marks  are  all  difTerant 

(S.)  From  2n  tickets  marked  0,  1,  2,  .  .  .,  (2n-l),  2  are  drawn  ;  find  the 
probability  that  the  sum  of  the  numbers  is  2«. 

(10.)  A  pack  of  4  suits  of  13  cards  each  is  dealt  to  4  playera.  Find  the 
chance — let,  that  a  particular  player  has  no  card  of  a  named  suit ;  2nd,  that 
there  is  one  suit  of  which  he  has  no  card.  Show  that  the  odds  sgaiust  the 
dealer  having  all  the  13  trumps  is  1SS,7E3, 389,699  to  1. 

(11.)  in  set  down  any  r-permiitation  of  n  tetters,  what  is  the  chance  that 
two  osaigDed  letters  be  adjacent  I 

(12.)  There  are  3  tickets  in  a  bag,  marked  1,  2,  3.  A  ticket  is  drawn 
and  replaced  four  times  in  succession  ;  show  that  it  is  41  to  40  that  the  sum 
of  the  numbers  drawn  is  even. 

(13.)  What  is  the  most  likely  throw  with  n  dice,  when«>61 

(14.)  Out  of  a  pack  of  n  cards  a  card  ia  drawn  and  replaced.  The  opera- 
tion is  repeated  until  a  card  has  been  drawn  twice.  On  an  average  bow  many 
drawing  will  there  be  t 

(15.)  Ten  diOerent  numbers,  each  >100,  are  selected  at  random  and  multi- 
plied together  ;  find  the  chance  that  the  product  is  divisible  by  2,  3,  1,  6,  S, 
7,  8,  B,  10  respectively. 

(16.)  A  nndertakes  to  throw  at  least  one  six  in  a  single  threw  with  six 
dice  ;  B  in  the  same  way  to  throw  at  least  two  sixes  with  twelve  dice  ;  and  C 
to  throw  at  least  three  siies  with  eighteen  dice.  Which  has  the  best  chance 
of  succeeding  I  (Solved  by  Newton  ;  see  Fepys'  Diary  and  Com^totuUiux, 
od.  by  Mynora  Bright,  vol.  vi.,  p,  17S.) 

(17. )  A  pitcher  is  to  be  taken  to  the  well  every  day  for  4  years.  If  tlie 
odds  be  1000  ;  1  against  its  being  broken  on  any  particular  day,  show  that  the 
chance  of  its  ultimately  surviving  is  rather  less  than  J. 

(18.)  Five  men  tosa  a  coin  in  order  till  one  wins  by  tossing  head ;  calculate 
their  respective  chances  of  winning. 

(le.)  A  and  B,  of  equal  skill,  agree  to  play  till  one  is  6  games  ahead. 
Calculate  their  respective  chances  of  winning  at  any  stage,  supposing  that 
the  game  cannot  be  drawn.     (Pascal  and  Fenuat.) 

(20.)  What  are  the  odds  against  throwing  7  twice  at  least  in  3  throws 
with  2  dice  t 

(21.)  Show  that  the  chance  of  throwing  doublets  with  2  dice,  1  of  which 
is  loaded  and  the  other  true,  is  the  same  as  if  both  were  true. 
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(22.)  A  and  B  throw  for  a  stais;;  A's  dis  U  mirked  10, 13,  18,  SO,  21,  25, 
and  B'b  5,  10,  15,  20,  25,  SO.  The  highest  throw  U  to  niii  aad  eqaal  throws 
to  go  for  nothing ;  show  that  A'a  chance  of  winning  ia  17/33. 

(23.)  A  pack  of  2n  canla,  n  red,  n  black,  ia  divided  at  randoni  into  2  equal 
parts  and  a  card  is  drawn  from  each  ;  find  the  chance  that  Che  2  drawn  are 
of  the  same  colour,  and  compare  with  the  chance  of  drawing  2  of  the  same 
colour  from  the  uiidiTid»d  pack. 

(24.)  Im  cards,  nnmbered  ia  4  sets  of  m,  are  distributed  into  m  stacks  of 
i  each,  face  up ;  find  the  cbanc«  that  in  no  stack  is  a  higher  oite  of  any  set 
above  one  with  a  lower  number  in  the  same  set. 

(2G.)  Out  of  m  men  in  a  ring  3  are  selected  at  random ;  show  that  the 
chance  that  no  2  of  them  are  neighbours  is 

(m-4)(m-6)/Cm-l)(m-2). 

(26.)  If  m  things  be  given  to  a  men  and  b  women,  prove  tliat  the  chance 
that  the  nnmber  received  by  the  group  of  men  is  odd  is 

{l(*+»)~-i(6-o)-!AS+»)-- 

[Math.  Trip.,  1881.) 

(27.)  A  and  B  each  take  12  connters  and  play  with  3  dice  on  this  condi- 
tion, that  if  11  is  thrown  A  gives  a  counter  to  B,  and  if  14  is  thrown  B  gives 
a  counter  to  A  ;  and  he  wins  the  game  who  first  obtains  all  the  uianten. 
Show  that  A'b  chance  is  t«  B's  as 

244,140,625  :  282,429,638,481. 

(Hnyghens.     See  Todh.,  Bat.  Prob.,  p.  25.) 

(28.)  A  and  B  play  with  2  dice ;  if  7  is  thrown  A  wins,  if  10  B  wins, 
if  any  other  number  the  game  is  drawn.  Show  that  A's  chance  of  winning  ia 
to  B'fl  as  13  1 11.     (HuygliODs.     See  Todh..  But.  Prab.,  p.  23.) 

(29.)  In  a  game  at  mingled  chance  aod  skill,  which  cannot  be  drann,  the 
odds  are  3  to  1  that  any  game  is  decided  by  skill  and  not  by  luck.  If  A 
beats  B  3  games  outof  2,  show  that  the  odds  are  3  to  1  that  he  is  the  better 
player.  If  B  beats  C  2  games  out  of  3,  show  that  the  chance  of  A'*  winning 
3  games  running  from  C  is  10S/3G2. 

(SO.)  There  are  m  posts  in  a  straight  line  at  equal  distances  of  a  yard 
apart  A  man  atarts  from  sny  one  and  walks  to  any  other  ;  prove  that  the 
average  distance  which  he  will  travel  after  doing  this  at  random  a  great  many 
times  is  |(m-l-l)  yards. 

(31.)  The  chance  of  throwing/  named  faces  in  n  casta  with  t  p+  I-faced 

{(P+i)"-{y"+-^^4r^p-i)--. .  .}/(P+l^ 

(Demoivre,  DoetHni:  of  Chatwes.) 
(32.)  If  n  cords  be  thrown  into  a  bag  and  drawn  out  successively,  the 
chance  that  one  card  at  least  is  drawn  in  the  order  that  its  namber  indicates 

]-l/2!  +  l/3!-  .  .  .  (-1)-- Vn!. 
(This  is  known  as  the  Trtiat  Problem.     It  was  originally  solved  by  Mont- 
mort  and  Bemonlli.) 
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(33.)  A  and  B  play  a  game  in  which  their  r««pective  chances  of  irinuing 
are  a  and  |9.  Tbey  start  with  a  given  number  of  coaDtera  p  divided  between 
them  ;  each  gives  up  one  to  the  other  when  he  loses  ;  and  they  play  till  one 
is  ruined.  Show  that  inequality  of  counters  can  bo  made  to  compensate  for 
inequality  of  skill,  provided  a/^  is  less  than  the  positive  root  of  the  equation 
xi'-2x'~^  +  l=(i.     If  p  be  large,  show  that,  to  a  second  approiimatioa,  this 

root  is  2-2^^-0,. 


HATHKHATICAL  MEASURE  07  THE  VALUE  OF  AN  EZFECTATION. 

g  13.j  If  a  man  were  asked  what  he  would  pay  for  the  privi- 
lege of  tossing  a  halfpenny  once  and  no  more,  with  the  under- 
standing that  he  is  to  receive  £50  if  the  coin  turn  up  head,  and 
nothing  if  it  turn  up  tail,  he  might  give  various  estimates,  accord- 
ing as  his  nature  were  more  or  less  sanguine,  of  what  is  some- 
times called  the  value  of  hia  expectation  of  the  sum  of  £50. 

It  is  obvious,  however,  that  in  the  case  where  only  one  trial 
ia  to  be  allowed  the  expectation  has  in  reality  no  definite  value 
■whatever— the  player  may  get  £50  or  he  may  get  nothing; 
and  no  more  can  be  said. 

If,  hoicever,  the  player  he  allowed  to  repeat  the  game  a  large 
number  of  times  on  eondilum  of  paying  the  same  sum  each  time 
for  his  privilege,  then  it  will  be  seen  that  £25  is  an  equitable 
payment  to  request  from  the  player;  for  it  is  assumed 
that  the  game  is  to  be  so  conducted  that,  in  the  long  run,  the 
coin  will  turn  up  heads  and  tails  equally  often ;  that  is  to  say, 
that  in  a  very  large  number  of  games  the  player  will  win  about 
aa  often  as  he  loses.  With  the  above  understanding,  we  may 
speak  of  £35  as  the  value  of  the  player's  expectation  of  £50  ; 
and  it  will  be  observed  that  the  value  of  the  expectation  is  the 
sum  expected  multiplied  by  'the  probability  of  getting  it. 

This  idea  of  the  value  of  an  expectation  may  be  more  fully 
illustrated  by  the  case  of  a  lottery.  Let  ue  suppose  that  there 
are  prizes  of  the  value  of  £a,  £6,  £c,  ,  .  .,  the  respective  prob- 
abilities of  obtaining  which  by  means  of  a  single  ticket  are 
p,  J,  r,  .  .  .  If  the  lottery  were  held  a  lai^  number  N  of 
times,  the  holder  of  a  single  ticket  would  get  £a  on  pS  occar 
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sions,  £b  on  ^N  occasions,  £c  on  rN  occasions,  .  .  .  Hence  the 
holder  of  a  single  ticket  in  each  of  the  N  lotteries  would  get 
£(pNa  +  qNb  +  rNc  +  ...).  If,  therefore,  he  is  to  pay  the  same 
price  £t  for  hia  ticket  each  time,  we  ought  to  have,  for  equity, 

N(  -  plSa  +  q'Sb  +  rNc  + .  .  ., 
that  is, 

f=pa  +  qb-i-rc-¥.  .  .  . 
Hence  the  price  of  his  ticket  13  made  up  of  parts  correspond- 
ing to  the  various  prizes,  namely,  pa,  qb,  re,  .  .  .  These  parts 
are  called  the  ralfies  of  the  expectations  of  the  respective  prizes;  and 
we  have  the  rule  that  Ihe  value  of  Hie  e^tectaiitm  of  a  sum  of  money 
is  thai  sum  multiplied  by  the  chance  of  getting  it. 

The  student  must,  however,  remember  the  understanding 
upon  which  this  definition  has  been  based.  It  would  have  no 
meaning  if  the  lottery  were  to  be  held  once  for  alL 

Example.  A  player  throws  a  aix-f>ced  die,  and  ia  to  receive  203.  ir  h« 
tbroira  ace  the  first  throw ;  half  that  aum  if  he  throws  ace  the  second  throw  ; 
qoarter  that  buid  if  he  throws  ace  the  third  throw ;  and  bo  on.  Required  the 
value  of  his  eipectatiou. 

The  player  may  get  20,  20/2,  20/2',  20/2",  .  .  .  abillinge.  Hia  chances  of 
getting  these  anniB  are  1/6,  5/8',  5'/8',  5*/8',  .  .  .  Hence  the  reapecdTe 
valuea  of  the  correBponding  parte  of  his  expectation  are  20/6,  20.5/S'.2, 
20.5'/6'.2',  20.6'/6*.2',  .  .  .  shillings.  The  whole  valne  of  hia  expectation 
is  theTefore 

that  is,  6s.  S^d. 

§  14.]  It  is  important  to  notice  that  the  rule  which  directs  us 
to  add  the  component  parts  of  an  expectation  applies  whether 
the  separate  contingencies  be  mutually  exclusive  or  not  Tkvs, 
if  pi,  Pn,  p,,  .  .  .  be  the  whole  probabilities  of  obtaining  the 
separate  sums  a,,  a,,  a„  .  .  .,  then  the  value  of  the  expectation  is 
p,a,  +  p,a,  +  p,a,  + .  .  .,  even  if  ihe  erpeclaTii  may  get  more  than  one 
of  the  sums  in  question.  Observe,  however,  that  py  must  be  the 
whole  probability  of  getting  it,,  that  is,  the  probability  of  getting 
the  sum  a,  irrespective  of  getting  or  failing  to  get  the  other 

If  the  expectant  may  get  any  number  of  the  sums  a,,  a,, 
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,   .  .,  (i„,  we  might  calculate  his  expectation  by  dividing  it  into 

the  following  mutually  exclusive  contingencies : — a„  a^,  .  .  .,o„; 
a,  +  fl,,  a,  +  a,,  &c. ;  a,  +  a,  +  a,,  &c. ;  .  .  . ;  a,  +  a,  + .  .  .  +  a„. 
Hence  the  value  of  his  expectation  is 

2«,p,(i-J^)(i-p.)---0-i'«) 

+  2{a,  +  a,  +  a,)p,p,p,{l  -p.) . . .  (1  -;)„) 


+  (a,  +  a,  +  .  .  .  +  OPiPi?!  ■■■?». 
By  the  general  principle   above   enunciated   the  value   in 
question  is  also  ^,p,.     The  comparison  of  the  values  gives  a 
■  curious  algebraic  identity,  which  the  student  may  verify  either 
in  general  or  in  particular  cases. 

Ex&mple.  A  nun  ma;  get  one  or  other  or  botb  of  the  mnis  a  and  b. 
The  chuice  ofgettiog  a  iap,  and  ot  getting  b  ia  q.  Required  the  value  of  liie 
oipectation. 

He  may  get  a  alone,  or  b  alone,  or  a  +  b;  and  the  respective  chances  are 
pCl-9).9(i-P).  PI-  Hence  the  value  of  hia  eipectatioo  wap<,l-q)  +  bq{l-p) 
+  {a  +  b)pq,   which   reUacei  to  ap  +  bg,   u  it  ought  to  do  b;  the  general 

J^.^.~If  the  man  were  to  get  one  or  other,  but  cot  botb  of  the  mima  a 
and  b,  uid  hie  respective  chancea  were  p  and  },  the  value  of  his  cipectation 
would  still  be  op  -f  b; ;  but  p  and  q  would  no  longer  have  the  same  meanings 

LIFE   C0NTINGENCIE3, 

§  15.]  The  beet  example  of  the  mathematical  theory  of  the 
value  of  expectations  is  to  be  found  in  the  valuation  of  benefits 
which  are  contingent  upon  the  duration  or  termination  of  one  or 
more  human  lives.  The  data  required  for  such  calculations  are 
mainly  of  two  kinds— let,  knowledge,  or  forecast  a^  accurate  as 
may  be,  of  the  interest  likely  to  be  yielded  by  investment  of 
capital  on  good  and  easily  convertible  security  ;  2nd,  statistics 
regarding  the  average  duration  of  human  life,  usually  embodied 
in  what  are  called  Mortality  Tables. 

The  table  printed  below  illustrates  the  arrangement  of 
mortality  statistics  most  commonly  used  in  the  calculation  of 
life  contingencies : — 
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TU  H"  TahU  oflM  InatOuU  ofAdtta 

Tia. 

Age. 

Number 

DecR- 

w. 

Kumber 

Deore- 

Age. 

Niunlm 

D«P6- 

Living. 

LWng. 

Living. 

mmt. 

X 

U 

d. 

t. 

d. 

X 

h 

d. 

10 

100,000 

490 

40 

82,284 

848 

70 

88,124 

2371 

11 

90,610 

397 

41 

81,436 

864 

71 

85,763 

2433 

12 

09,118 

329 

42 

80,582 

865 

72 

33,320 

2497 

13 

98,78* 

43 

79,717 

887 

73 

30,828 

2GE4 

14 

98,496 

272 

44 

78,830 

911 

74 

28,289 

2678 

16 

98,224 

282 

45 

77,919 

960 

76 

26,691 

2627 

16 

97,942 

318 

46 

76,969 

996 

76 

23,164 

2464 

17 

97,624 

379 

47 

75,973 

1041 

77 

20,700 

2374 

IS 

97,245 

466 

48 

74,932 

1082 

78 

18,326 

22S8 

19 

96,779 

556 

49 

73,850 

1124 

79 

16,068 

2188 

20 

90,223 

609 

60 

72,726 

1180 

80 

13,930 

2016 

21 

95,614 

643 

51 

71,566 

1193 

81 

11,915 

1883 

23 

94,971 

650 

52 

70.373 

1235 

82 

10.032 

1719 

23 

94,321 

633 

63 

69,138 

1286 

83 

8,313 

1545 

24 

93,683 

622 

54 

67,SS2 

1339 

84 

6,768 

134S 

2G 

93,081 

617 

55 

66,613 

13Se 

86 

6.422 

1138 

92,444 

618 

56 

65,114 

1462 

86 

4,284 

941 

27 

91,826 

634 

57 

63,662 

1627 

87 

3,848 

77S 

91,102 

654 

68 

62,126 

1592 

88 

2,570 

616 

29 

90,538 

673 

69 

60,533 

1667 

89 

1,956 

49S 

80 

694 

60 

58,866 

1747 

90 

1,460 

408 

31 

89,171 

706 

61 

57,119 

1830 

91 

1,052 

329 

32 

88,485 

■  717 

65,289 

1915 

92 

728 

254 

33 

87,748 

63 

63,374 

2001 

93 

469 

196 

34 

87,021 

740 

64 

51,373 

2076 

94 

274 

139 

35 

86,281 

757 

65 

49,297 

2141 

95 

135 

86 

36 

85,524 

779 

66 

47,156 

2196 

96 

49 

40 

87 

84,745 

802 

67 

44,960 

2243 

97 

9 

9 

38 

83,943 

621 

68 

42,717 

2274 

98 

0 

39 

83,122 

838 

69 

40,443 

2319 

L 

In  the  first  colomn  are  entered  the  ag^  10,  11,  12,  .  .  . 
Opposite  10  K  entered  an  arbitrary  number  100,000  of  children 
tlw.t  reach  their  tenth  birthday ;  opposite  11  the  number  of  these 
that  reach  their  eleventh  birthday ;  opposite  13  the  number  that 
reach  their  twelfth  birthday ;  and  30  on.  We  shall  denote  these 
numbers  by  la,  l^,  l,„  ■  ■  •  In  a  third  column  are  entered  the 
differences,  or  "decrements,"  of  the  numbers  in  the  second  column ; 
these  we  shall  denote  by  rf.j,  rf,,,  d^,  ...  It  is  obvious  that 
(4  gives  the  number  out  of  the  100,000  that  die  between 
their  irth  and  k  +  1th  birthdays.  It  is  impossible  here  to  discusa 
the  methods  employed  in  constructing  a  table  of  mortality,  or 
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to  indicate  the  limits  of  its  ase ;  we  merely  remark  that  in 
applying  it  in  any  calculation  the  asBumption  made  is  that  the 
lives  dealt  with  will  fall  according  to  the  law  indicated  by  the 
numbers  in  the  table.  This  law,  which  we  may  call  the  Law  of 
Mortality,  is  of  course  only  imperfectly  indicated  by  the  table 
itself  ;  for  although  we  are  told  that  d^  die  between  the  ages  of 
X  and  X  +  1,  we  are  not  told  how  these  deaths  are  distributed 
throughout  the  intervening  year.  For  rough  purposes  it  is 
sufficient  to  assume  that  the  distribution  of  deaths  throughout 
each  year  is  uniform ;  although  the  variation  of  the  decremente 
from  one  part  of  the  table  to  another  shows  that  uniform 
decrease  *  is  by  no  means  the  general  law  of  mortality. 

g  16.]  By  means  of  a  Mortality  Table  a  great  many -interesting 
problems  regarding  the  duration  of  life  may  be  solved  which  do 
not  involve  the  consideration  of  money.  The  following  are 
examples. 

Example  1.  By  tlie  probftble  dnistioii  n  of  tliB  life  of  a  man  of  m  years  of 
age  U  meant  the  number  of  years  which  he  has  an  even  chaoce  of  adding  to 
his  life.     To  find  thia  nnmlier. 

By  hypothesis  ws  have  l,^lm=lft-  Hence  Z»+,  =  I,i/2.  Zh/2  will  in 
general  tie  between  two  numbers  in  the  table,  say  If  and  l^\.  Hence  m+n 
must  lie  between  p  andji  +  l.  We  can  get  a  closer  approximation  by  the  rule 
of  proportional  parts  (see  chap,  xxi.,  §  13). 

Example  2.  To  find  the  "  mean  duiation  "  or  "  expectancy  of  life  "  for  a 
man  of  m  years  of  age. 

By  this  is  meant  the  average  N  (arithmetical  mean)  of  the  number  of 
additional  years  of  life  enjoyed  by  all  men  of  m  years  of  age. 

Let  ns  take  as  specimen  lives  the  I«  men  of  the  table  who  pass  their  mth 
birthday  ;  suppose  them  all  living  at  a  particular  epoch  ;  and  trace  their  lives 
till  they  all  die. 

In  the  first  year  2_  -  I„rM  die.  If  we  suppose  these  deaths  to  be  equally 
distributed  through  the  year,  as  many  of  the  l^-  l,^i  idll  live  any  assigned 
amount  over  half  a  year  as  wiU  live  by  the  same  amount  under  half  a  year. 
Hence  the  t,  -  Z„+i  lives  that  have  failed  will  contribute  i(i„  -  ^.^n)  years  to 
the  united  life  of  the  I„  specimen  lives.  Again,  each  of  the  I.^]  who  live 
tbroogh  the  year  wLl  contribute  one  year  to  the  nnited  life.  Hence  the 
whole  contribation  to  the  united  life  during  the  fii'styear  is  i(iM~iM+i)  +  I»+i 
=  i{'«  +  ''»+i)'  SittilMly,  the  contribution  during  the  second  year  is 
i(Wi  **"  '■»i^)  >  "'^  '°  °°-     Hence  the  nnited  life  is 

t(i..  +  ^-n)  +  i(Wi  +  U^)+  ■   -  .=Vm  +  l^^  +  l^i+  .   .  .  (1), 

*  Demoivre's  hypothesis. 
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the  serieB  uontinuing  so  long  ait  the  nnmben  in  the  table  have  anj  Bigniflcant 

If  we  DOW  divide  the  united  life  by  the  number  of  original  liTes,  we  End 
for  the  me&D  ilnnlion 

N=i+(Wi+u,+  -  ■  -yi.  in 

Owing  to  our  assumption  regsidiDg  the  uniform  distribution  of  deaths  over 
the  intervale  between  the  tabular  epochs,  thia  exprossion  is  of  cnurao  merely 
an  approximation. 

Example  3.  A  and  B,  whose  ages  are  a  and  b  respectively,  are  both  living 
at  a  particular  epoch  ;  lind  the  chance  that  A  aurvive  B. 

The  compound  event  whose  chance  'a  required  may  be  divided  into 
mutnally  oxclueive  contingencies  as  follows : — 

1st.  B  may  die  in  the  first  year,  and  A  aurvive  ; 
2Dd.  „  second  „  ; 

The  1st  contingency  may  be  again  divided  into  two  : — 

(a)  A  and  B  may  both  die  within  tho  year,  B  dying  firat ; 
(j9)  B  may  die  within  the  year,  and  A  live  t>eyond  the  year. 

The  chance  that  A  and  B  both  die  within  the  first  year  is  (Ii-Im-i) 
ih- li+ii/laU-  Since  the  deaths  aro  equally  distributed  through  the  year,  if 
A  and  B  both  die  dnring  the  year,  one  is  as  likely  to  survive  as  the  other  ; 
henca  the  chance  of  A  enrviving  B  on  the  present  hypothesis  is  J.  The  chance 
of  the  contingency  (b)  is  therefore  {U-i<n-iHh~C4-i)ftial^  The  chance  of 
C9)  ie  obviously  UiCi  -  'm-i V.  '»■ 

Hence  the  whole  chance  of  the  1st  contingency,  being  the  snm  of  tha 
chances  of  {a)  and  (0),  is  (i.  +  /«-,](it-iM-i)/2'.'>- 

In  lilce  manner,  we  can  show  that  tbe  chance  of  the  2nd  contiogenoy  is 

^Ul+w.)^'^f^-v.)/2i.^• 

Hence  the  whole  chance  that  A  mrvive  B  is  given  by 

a^»={(;,.+W){'.-W.)+('«i+'«^}(Wi-'*t5)+-  ■  ■  l/2A.i.  (!)■ 

The  reader  will  bare  no  difficulty  in  seeing  that  (1)  may  be  written  in  the 
following  form,  which  ia  more  convenient  for  arithmetical  computation  : — 

where  w  etande  for  the  greatest  age  in  the  table  for  which  a  ugniflcant  value 
of  I,  is  given. 

If  we  denote  by  S|^  the  chance  that  B  survive  A,  we  have,  of  conne, 

Ifa=i,  it  will  befonnd  that  (2)  gives  S^t^  1/2;  as  it  ought  to  do. 
§  17.]  Let  us  now  consider  the  following  money  problem  in 
life  contingencies: — IVhat  sltmld  an  Insurance  Office  ask /or  wider- 
laHag  to  pay  an  annuity  of  £1  to  a  man  of  m  years  o/  age,  the  first 
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payment  to  be  made  n  +  I  years  hence,*  the  second  n  +  2  yean  hence  ; 
and  so  on,  for  t  years,  if  the  anrtuUaiU  live  so  long. 

We  suppose  that  the  office  makes  no  charges  for  the  use  of 
the  shareholders'  capital,  for  management,  and  for  "margin"  to 
cover  tlie  uncertainty  of  the  data  of  even  the  best  tables  of 
mortality.  Allowances  on  this  head  are  not  matters  of  pure 
calculation,  and  differ  in  different  offices,  as  is  well  known.  We 
suppose  also  that  the  rate  of  interest  on  the  invested  funds  of 
the  office  is£i  per  £1,  ho  that  the  present  value,  n,  of  £1  due  one 
year  hence  is  £1/(1  +  ')■  The  solution  of  the  problem  is  then  a 
mere  matter  of  average  accoimting. 

Let  n|itn>  denote  the  present  value  of  the  annuity ;  and  let 
us  suppose  that  the  office  sells  an  annuity  of  the  kind  in 
question  +  to  every  one  of  /„  men  of  m  years  of  age  supposed  to 
be  all  living  at  the  present  date. 

The  office  receives  at  once  nKa^^m  pounds.  On  the  other  hand, 
it  will  be  called  upon  to  pay 

£/„+„+„     £/„+„+. £(„+„+„ 

ji+ 1,  n  +  2,     .  .  .,        n+( 

years  hence  respectively.  Reducing  all  these  sums  to  present 
value,  and  balancing  outgoings  and  incomings  on  account  of  the 
i,„  lives,  we  have,  by  chap,  xxii.,  g  3, 

Hence 

=  yi\^„^r^ll^  (1). 

The  same  result  might  be  arrived  at  by  using  the  theory  of 
expectation. 

*  ThU  U  what  is  meant  by  Mjlng  that  the  annuity  ba0iia  to  ran  *  yean 

t  The  annuity  need  not  necesMrily  be  sold  to  the  person  ("  nominee  ") 
on  whose  life  it  is  to  depend.  The  life  of  the  nominee  merely  concerns  the 
definition  of  the  "  status"  oX  tha  annuity,  that  il,  the  conditions  under  which 
it  is  to  last. 
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The  annuity  whose  value  we  have  juat  calculated  would  be 
technically  described  as  a  defeired  tempOTory  annuity. 

If  the  annuity  be  an  immediate  temporary  annuity,  that  is,  if 
it  commence  to  run  at  once,  and  continue  for  t  years  provided 
the  nominee  live  so  long,  we  must  put  n  =  0.  Then,  using  the 
actuarial  notation,  we  have 

ttC^  =  yU^r^lL  (2). 

If  the  annuity  be  complete,  that  is,  if  it  is  to  run  during  the 
whole  life  of  the  nominee,  the  summation  must  be  continued  as 
long  as  the  terms  of  the  series  have  any  aignilicant  value;  this  we 
may  indicate  by  putting  t=  ao.  Then,  according  as  the  annuity 
is  or  is  not  deferred,  we  bave 

„,a,»  =  /i"/„+„+,t^//„  (3). 

g  18.]  The  function  a^  which  gives  the  value  of  an  im- 
mediate complete  annuity  on  a  life  of  m  years,  is  of  fundamental 
importance  in  the  calculation  of  coutingencies  which  depend  on 
a  single  life.  ItA  values  have  been  deduced  from  various  tables 
of  mortality,  and  tabulated.  By  means  of  such  tables  we  can 
readily  solve  a  variety  of  problems.  Thus,  for  example,  „ja„,, 
\tOm>  nit'hn  <^<^  ^  he  found  from  the  annuity  tables;  for  we 
have 

1(0™  =  Om  ~^ln>+t  Om+lltm  (6)  ; 

as  the  reader  may  easily  verify  by  means  of  fonnulee  (1)  to  (4). 

These  results  may  also  be  readily  eatahlished  a  priori  by 
means  of  the  theory  of  expectatioa 

g  19.]  Let  US  next  find  a^.m  Ihe  present  value  of  an  immediate 
complete  annuity  of  £1  on  the  joint  lives  of  two  nominees  of  k  and 
m  years  of  age  respectively. 

The  understanding  here  is  that  the  annuity  is  to  be  paid  so 
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long  as  both  nomiDeeB  are  living  and  to  cease  when  either  of 
them  dies. 

The  present  values  of  the  expectations  of  the  1st,  3nd,  3rd, 
.  .  .  instalments  are 

»^i+,'«+i/4U      »''t+.'«W*'m>      ^h-hJm+tlhlm  &^;    ■    ■    ■       • 

Hence  we  have 

=Twi+w™w4c  (1). 

Just  as  in  §  18,  we  obviously  have 

and  it  will  now  be  obvious  that  all  these  formuhe  can  be  easily 
extended  to  the  case  df  au  annuity  on  the  joint  lives  of  any 
number  of  nominees. 

Tables  for  at^m  have  been  calculated;  and,  by  combining 
them  with  tables  for  a„,  a  large  number  of  problems  can  be  solved. 

Example  1.  To  find  the  present  value  of  an  immediate  aunait;  on  the  last 
snrrivor  of  two  livse  m  and  n,  nauoHy  denoted  by  aa;^ 

Let  pr,  Qr  ^  the  probabilitiea  that  the  nomiaeea  are  living  r  jean  after 
the  present  date  ;  then  the  probability  that  one  at  letut  is  living  r  yearn  hen- 
after  is  p,  +  j^ -j,jr. 

=  SiTp,  +  Zo^J,  -  ZtfJJ,  J,., 

=  am  +  a„-am.n- 

Thia  ia  also  obvious  from  the  consideration  that,  if  we  paid  an  annni^  on 
each  of  the  lives,  we  should  pay  £1  t«o  much  for  every  year  that  both  livea 
were  iu  eiistence. 

Eiample  2.  Find  the  present  value  gi.M.'W  of  an  annuity  to  be  paid  so 
long  as  any  one  of  three  nominees  shell  be  alive,  the  respective  ages  being 

l^Pii  9i<  ft  ^  the  chances  that  the  respective  nominees  be  alive  arter* 
yean,  then 

nF:^  =  2V{l-(l-y.}(l-g,)(l-r,)[, 

=  2i>'(p,+J,  +  r,-j,r,-rji,-;>,j,+j),5^,), 
=  at+o«  +  o„-ow.n -fill.* -"*.»  + a»,-,»- 
The  nnmerical  solution  of  this  problem  would  require  a  table  of  annnities 
on  three  joint  lives,  or  some  other  mesne  of  calcnlating  ai.^.H. 
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g  20.]  A  contract  of  life  ioBurance  is  of  the  following 
nature : — A  man  A  agrees  to  make  certain  payments  to  an 
insurance  office,  on  condition  that  the  office  pay  at  some  stated 
time  after  his  death  a  certain  sum  to  his  heirs,  Ab  regards  A, 
he  enters  into  the  contract  knowing  that  he  may  pay  less  or 
more  than  the  value  of  what  his  heirs  ultimately  receive  accord- 
ing as  he  lives  less  or  more  than  the  average  of  human  life ;  his 
advantage  is  that  he  makes  the  provision  for  his  heirs  a  certamly, 
so  far  as  his  life  is  concerned,  instead  of  a  contingency.  As 
regards  the  office,  it  is  their  business  to  see  that  the  charge  made 
for  A's  insurance  is  such  that  they  shall  not  ultimately  lose  if 
they  enter  into  a  large  number  of  contracts  of  the  kind  made 
with  A ;  hut,  on  the  contrary,  earn  a  certain  percentage  to  cover 
expenses  of  management,  interest  on  shareholders'  coital,  &c 

The  usual  form  of  problem  is  as  follows  : — 

iFhti  annual  premium  P„  must  a  man  of  m  years  of  age  pay  (in 
advance)  during  all  the  yean  of  kis  life,  on  condition  thai  the  office 
shall  pay  the  sum  of  £1  to  his  lieirs  at  the  end  of  the  year  in  lohich 
he  diest 

Pm  is  to  be  the  "net  premium,"  that  is,  we  suppose  no 
allowance  made  for  profit,  &C.,  to  the  office.  Suppose  that  the 
office  insures  l^  lives  of  m  years,  and  let  us  trace  the  incomings 
and  outgoings  on  account  of  these  lives  alone.  The  office 
receives  in  premiums  £P,„/„,  £F„,/„^^,  ...  at  the  beginning 
of  the  1st,  2nd,  .  .  .  years  respectively.  It  pays  out  on  lives 
failed  £{;„-;„+,),  £{i„+,  - /,„+,),  ...  at  the  end  of  the  1st, 
2nd,  .  .  .  years  respectively.  Hcuce,  to  balance  the  account, 
we  must  have,  when  all  these  sums  are  reduced  to  present 
value, 
P„(i„  +  /„+,p  +  /„+y  +  .  .  .) 

=  (im  -  U,)«  +  (^™+.  -  W.K  +  ('«+.  -  U.)«^  +  ■    ■   ■      (1), 
the  summation  to  be  continued  as  long  as  the  table  gives  signi- 
ficant values  of  Ix- 

Since  dn  =  lm~lm+u  ^6  deduce  from  (1) 

d„v  +  d„+y  ■-.  d„+,rr  ^  .  .  .  ,  , 
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Dividing  by  i„,  we  deduce  from  (1) 

PJi +  ('-+," +  '»+■■'  +  '»+.•'  +  ■  ■  -VU 

..  +  .<(„+,■'<■  !„+.''  +  ■  ■  ■)/'» 
-  (',.+,»  +  '»+.''+•  ■  .)/',.. 
Hence 

I'»(I+am)  =  »  +  i^am-««. 

P«  =  «'-a™/(l+a«)  (3). 

The  last  equation  bIiows  that  the  premium  for  a  given  life 
can  be  deduced  from  the  present  value  of  an  immediate  com- 
plete annuitjr  on  the  same  life.  In  other  words,  life  insurance 
premiums  can  be  calculated  by  means  of  a  table  of  life  annuities. 
g  21.]  It  is  not  necessary  to  enter  further  here  into  the 
details  of  actuarial  calculations ;  but  the  mathematical  student 
wiU  find  it  useful  to  take  a  glance  at  two  methods  which  are  in 
use  for  calulating  annuities  and  life  insurances.  They  are  good 
specimens  of  methods  for  dealing  with  a  mass  of  statistical 
informatioa 

Recurrence  Method  for  CtdadiUing  Life  Annuities. 
The  reader  will  have  no  difficulty  in  showing,  by  means  of 
the  formulie  of  §  17,  that 

From  this  it  follows  that  we  can  calculate  the  present  value 
of  an  annuity  on  a  life  of  m  years  from  the  present  value  on  a  life 
of  m  4- 1  years.  We  might  therefore  begin  at  the  bottom  of  the 
table  of  mortality,  calculate  backwards  step  by  step,  and  thus 
gradually  construct  a  life  annuity  table,  without  using  the  com- 
plicated formula  (i)  of  g  17  for  each  step. 

A  similar  process  could  be  employed  to  calculate  a  table  for 
two  joint  lives  diffenng  by  a  given  amount. 

Columnar  or  Commutation  Metliod. 
Let  us  construct  a  table  as  follows : — 
In  the  1st  column  tabulate  l^; 
„       2nd  „  rf,; 

„       3rd  „  ^l,  =  D„  say ; 

4th  „  e«+'4  =  C„  say. 
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Next  form  the  5th  column  by  adding  the  numbers  in  the 
3rd  column  from  the  bottom  upwards.  In  other  words,  tabulate 
in  the  5th  column  the  values  of 

In  like  manner,  in  the  6th  column  tabulate 

M,  =  C,  +  C,+,  +  C.+.+  .... 
All  this  can  be  done  syBtematically,  the  main  part  of  the 
labour  being  the  multiplications  in  calculating  D,  and  Cp 

From  a  table  of  this  kind  we  can  calculate  annuities  and 
life  premiums  with  great  ease.  Keferring  to  the  fonnulse  above, 
the  reader  will  see  that  we  have 

a„  =  N„/D„  (2); 

„,a„  =  N„+„/D„  (3); 

na«  =  (N„-N„+,)/D„  (4); 

»i«an.  =  (N™+„-N„+„+,)/D„  (5); 

Pm  =  M„/N„_,  (6). 

§  22.]  In  the  foregoing  chapter  the  object  has  been  to 
illustrate  aa  many  as  possible  of  the  elementary  mathematical 
methods  that  have  been  used  in  the  Calculus  of  Probabilities ; 
and  at  the  same  time  to  indicate  practical  applications  of  the  theory. 
All  matter  of  debatable  character  or  of  doubtful  utility  has 
been  excluded.  Under  this  head  fall,  in  our  opinion,  the 
theory  of  a  priori  or  inverse  probability,  and  the  applications  hi 
the  theory  of  evidence.  The  very  meaning  of  some  of  the  pro- 
positions usually  stated  in  parts  of  these  theories  seems  to  us 
to  be  doubtful.  Notwithstanding  the  weighty  support  of  La 
Place,  Poisson,  De  Morgan,  and  others,  we  think  that  many  of 
the  criticisms  of  Mr.  Venn  on  this  part  of  the  doctrine  of  chances 
are  unanswerable.  The  mildest  judgment  we  could  pronounce 
would  be  the  following  words  of  De  Morgan  himself,  who  seems, 
after  all,  to  have  "doubted"; — "My  own  impression,  derived 
from  this  [a  point- in  the  theory  of  errors]  and  many  other  cir- 
cumstances connected  with  the  analysis  of  probabilities,  is,  that 
mathematical  results  have  outrun  their  interpretation."' 

•  "All  Essay  on  Probabilities  and  on  their  Application  to  Ufe  Contin- 
gencies and   Insurance  Offices"  (De   Morgan),   Cofrind   CycU^padia,   App., 
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The  reader  who  wisheB  for  further  information  should 
consult  the  elementary  works  of  De  Morgan  (just  quoted)  and 
of  Whitworth  (Choice  and  Chaiux);  also  the  following,  of  a 
more  advanced  character : — Laurent,  TraiU  dv,  Calnd  des  Pro- 
baMUis,  (Paris,  1873);  Meyer,  Vorlesungen  iiber  WahracheiiUich- 
keitsrecknung  (Le'iT^zig,  1879);  Articles,  "Annuities,"  "Insurance," 
"  Probahilities,"  ETxydopcedia  Bnianiuca,  9th  edition. 

The  classical  works  on  the  subject  are  Montmort's  Sssai 
^Analyse  sur  Us  Jetix  de  Hazards,  1708, 1714  ;  James  Bernoulli's 
j4rs  Conjedandi,  1713;  Demoivre's  Doctrine  of  Chances,  1718, 
1738,  1766;  Laplace's  ThAfru  Amlytiqw  des  ProhahiliUt,  1812, 
1820;  and  Todbunter's  ifisfffry  0/ ife  rA«t»ry  0/ iVoftdWWy,  1865. 
The  work  last  mentioned  is  a  mine  of  information  on  all  parts  of 
the  subject ;  a  perusal  of  the  preface  alone  will  give  the  reader 
a  bettor  idea  of  the  historical  development  of  the  subject  than 
any  note  that  could  be  inserted  here.  Suffice  it  to  say  that  few 
branches  of  mathematics  have  engaged  the  attention  of  so  many 
distinguished  cultivators,  and  few  have  been  ao  fruitful  of  novel 
analytical  processes,  as  the  theory  of  probability. 


EzB&oiau  XL. 

(1.)  A  bag  eonttina  4  shillings  «ud  4  Mvsreigna.  Tbree  coins  are  diawn ; 
fiod  the  value  of  the  expectation. 

(2.)  Abagcoutaina  3  sovereigna  and  9  shillings.  A  man  has  the  option, 
1st,  of  drawing  2  coins  at  once,  or,  2nd,  of  drawing  fint  one  coin  and  after- 
wards another,  provided  the  first  be  a  sbilling.     Which  had  he  better  do  ? 

(3.)  One  bag  contains  10  sovereigns,  another  10  shiUiuga.  One  is  taken 
ont  of  each  and  placed  in  the  other.  This  is  done  twice  ;  Hiid  the  probable 
value  of  the  contents  of  each  bag  thereafter. 

(4.)  A  plajer  throws  n  coins  and  takes  all  that  turn  np  bead ;  all  that 
do  not  turn  up  bead  bo  throws  up  again,  and  takes  all  the  heads  m  befbre ; 
and  BO  on  r  times.  Find  the  valoe  of  his  expectation ;  and  tbe  chance  that 
all  will  have  turned  up  bead  in  r  throwa  at  moaL  (St  John's  ColL,  Ciunb., 
1870.) 

(G.)  Two  men  throw  for  a  guinea,  equal  throws  to  divide  the  atake.  A 
usea  an  ordinary  die,  but  B,  when  his  turn  comes,  nsaa  a  die  marked 
2,  3,  4,  G,  6,  6  ;  show  that  B  thereby  incraases  the  value  of  his  expectation 
l^  6/18thB. 

Ifi.)  The  JVu  iM  ifoyaias  was  played  with  8  disea,  black  on  one  aide  and 
YOL.  II  2  P 
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white  on  the  other.  A  atMke  S  naa  named.  The  disca  were  tossed  up  b;  the 
player ;  if  the  number  of  blacta  tunied.  up  waa  odd  the  player  won  S,  if  all 
were  blacks  or  all  whites  be  won  2S,  otherwise  he  lost  3  to  hia  opponent. 
Show  that  the  expectations  of  the  player  and  opponent  are  1318/260  and 
I2SS/26S  reapactively.     (Uontmort.    See  Todh.,  BM.  Prob.,  p.  S5.) 

(7. )  A  promises  to  give  B  a  ghilliog  if  ho  throws  S  at  the  first  throw  with 
2  dice,  2  shillings  if  he  throws  6  at  the  second  throw,  and  so  on,  nntil  ■  6  ia 
thrown.     Calculate  the  value  of  B's  expectation. 

(3.)  A  man  ia  allowed  one  throw  with  2  ordinary  dice  and  is  to  gain  a. 
nnmber  of  shillings  eqnal  to  the  greater  of  the  two  numbers  thrown  ;  what 
ought  he  to  pay  for  each  throw  t  Generalise  the  result  by  supposing  that 
each  die  has  n  faces. 

(9.)  A  bag  contains  a  certain  number  of  balls,  some  of  which  are  white. 
I  am  to  get  a  shilling  for  every  ball  so  long  as  I  continue  to  draw  white  only 
(the  balla  drawn  not  being  replaced).  But  bu  additional  ball  not  white  having 
been  introdnced,  1  claim  as  a  compensation  to  be  allowed  to  replace  every 
white  ball  1  draw.     Show  that  this  is  fair. 

(10.)  A  pereon  thiDWS  up  a  coin  n  times  ;  for  every  sequence  of  m  (n  :|-  n) 
heads  or  nt  tails  be  ia  to  receive  2~  - 1  shillings ;  prove  that  the  value  of  hi* 
expectation  is  n(n  -I-  3}/4  shillings. 

(11.)  A  manufacturer  has  n  sewing  machines,  each  requiring  one  worker, 
and  each  yielding  every  day  it  works  q  times  the  worker's  wages  as  net  profit. 
The-machines  are  never  all  in  working  order  at  once  ;  and  it  is  equally  likely 

that  1,  2,  3 or  any  number  of  them,  are  out  of  repair.     The  worker's 

wages  mnst  be  paid  whether  there  is  a  machine  for  him  or  not.    Prove  that 
the  most  profitable  number  of  workers  to  engage  permanently  is  the  integer 
■   neittonj/d  +  lj-i.     (Math.  Trip.,  1876.) 

(12.)  A  blackleg  bets  £6  to  £i,  £7  to  £6,  £0  to  £5  against  horses  whoM 
chances  of  winning  are  f,  i,  i  respectively.  Calculate  the  moat  and  the 
least  that  he  can  win,  and  the  value  of  his  expectation. 

(13.)  The  odds  against  n  horses  which  start  for  a  race  are  a :  1 ;  a+ 1 : 1 ; 
.  .  . ,  a+n- 1 : 1.  Show  that  it  ia  passible  for  a  bookmaker,  by  properly 
laying  bets  of  different  amounts,  to  make  certain  to  win  if  n>(a  +  l){e  +  1), 
and  impossible  If  »«)(«- 1),  where  «  is  the  Napierian  base. 

(14.)  If  A,  denote  the  valne  of  an  annuity  to  last  during  the  joint  Uvea  of 
p  persons  of  the  same  age,  prove  that  the  value  of  an  equal  annuity,  to  con- 
tinue so  long  OS  there  ia  a  survivor  out  of  it  persons  of  that  age,  may  be  found 
by  means  of  the  formnla 

M,-*;--i)i,+*izfflizi>i._...±i. 

(IG.)  M  is  a  number  of  married  couples,  the  busbanda  being  m  yeara  of 
age,  the  wives  n  years  of  age.  What  is  the  number  of  living  pairs,  widows, 
widowers,  and  dead  pairs  after  f  years  T 

Workout  the  case  where  M=GO0,m=  40,  n  =  30. 

(16.)  If  Sa.t  have  the  meaning  of  S  IB,  show  that 
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<170,Find  the  probability  that  a  man  of  80  Burvire  ona  or  other  of  two 
men  of  SO  and  95  respectively. 

(18.)  If  ai,„,,,  .  .  .  deaote  the  ptesent  value  of  an  immediate  complete 
annuity  of  £1  on  the  joint  lives  of  a  set  of  men  of  2,  Tn,  n,  .  .  .  yean  of  age 
reapootively,  show  that  the  present  value  of  an  immediate  annuity  of  £1 
which  is  to  continue  bo  long  as  there  is  a  sarvivor  oat  of  Jt  men  whose  ages 
are  i,  III,  n,  .  .  .  reepectively  is 

2fl,-Sa,,„  +  2a,..,,-.  .  .     . 

(19.)  What  annual  jn^mium  must  a  married  conple  of  ages  m  and  n 
reapectively  pay  in  order  that  the  snrvivor  of  them  may  eqjoy  an  anntiity  of 
£1  when  the  other  dies  t 

(20.)  Calculate  the  annual  premium  to  insare  a  sum  to  be  paid  n  yean 
honco,  or  on  the  death  of  the  nominee,  if  he  dies  within  that  time. 

(21.)  Show  how  to  calculate  the  annual  premium  for  insuring  a  snm  which 
diminishes  in  arithmetical  progression  as  the  life  of  the  nomineo  lengthens. 

(22.)  An  anaaity,  payable  so  long  as  either  A  [m  years  of  age)  or  B  (n 
years  of  age)  survive  C  (;i  years  of  age),  is  Id  be  divided  equally  between  A 
and  B  so  long  as  bath  are  ^ive,  and  is  to  go  to  the  survivor  wbeu  one  of  them 
dies.     Show  that  the  present  values  of  the  interests  of  A  and  B  are 

Om-ia^.m-am.p+iltm.fi.p 

and  a. -i<im,,- a,,, +  !*,.„,, 

rospectivelj. 

(2S.)  If  the  population  increase  in  a  geometrical  progrenion  whoea  ratio  is 
r,  show  that  the  proportion  of  men  of  n  years  of  age  in  any  large  number  of 
the  community  talcen  at  Taudom  ia  (^r')/Z(I,^r"). 
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(L)  S04000.  (S.)  1210809600.  (S.)  720.  (t.)  12.  (B.)  6.  (8.)  G04D ; 
64864600.  (».)  12S6S20.  (10.)  6188  ;  8003  ;  31S6.  (11.)  40840S  ;  18  wajv 
of  setting  together  on  the  front,  10  iraya  of  setting  st  equftl  distances  all 
round.  (!"■)  {uC*iiC.  +  uC.uC,rf3i+i7C4uC,C  +  iAi.Ci.C,  +  »C A)*P^ 
(18.)  ioCi»Cj»Ci(i'«Ca..  (14.)  172800.  (IB.)  267148.  (IB.)  1814400,  if 
clock  and  i»nnteT.cIock  order  be  oat  distingnished.  (IT.)  2(2n'-  Sn  +  2)(2«  -  2)  t. 
(IB.)  BBO.  (19.)  sCK^tPt;  r^.7C,;P.,P^  (80.)  Sai^lSI)* ;  891/(18  !)•. 
(91.)  82lA12l)'8L  (la.)  61!/(21)"(8I)'32!.  (98.)  26;  188.  (94.)  289;  84. 
(SB.)  (p+j)l/p!?1;  (p  +  yrJ/pUp-)!;  n  little  over  6  yea™. 

II. 
(1.)   448286240^.      (9.)   -2098.       (S.)    2-.1.3'.  .  .  (2n-l)/jil.       («.) 
(-)-+*(2n)r/(n  +  r)!(«-'-)!.     (B.)  2*'.1.3  .  .  .  (4n-l}/(2n)l.     (••)  If  n  bo 
even,  the  middle  tera  is  {n!/(Jn)l};i:^ ;  if  n  be  odd,  the  two  middle  tenns 
an  {nl/i(n  -  l)li(n  +  \)\\^'-^V»  +  \pi^m\,  (u.)     (2^3  +  %f 

+  [2^3-3)^-1;  (2V3  +  8)*^'^(2V8-3)*^.  ("•)  Wn  +  1)-  (1».) 
2"-'(2  +  7i).  (9T.)r  +  l.  (98.)  10.  (38.)  i(n>  +  lln).  (88.)  190274064. 
(38.)  2(t'+72rfi  +  212a'6*,+  422a«Se  +  S5i:ffi*S'  +  1052:o*S'«  +  210Zirtni  + 
1402ffi'i'c  +  2102a'fi'(?  +  4202ii'ft'ai  +  6S0So'WAt     (ST.)  231/(4l)»a'. 

HI. 

(I.)  B44.  (9.)  20.  (3.)  (n  +  l)(n  +  2)(n  +  S)(n+4)(n  +  5)/61  it  the 
sepnrata  nnmbers  thrown  be  attended  to  ;  Sn  + 1  if  the  stun  of  the  nnmhers 
thrown  be  alone  attended  to.  (4.)  231.  («.}  ,fiC,.  (T.)  62.  (8.)  lE.C 
(11.)  (2n)!/2^I.  (18.)  (lT  +  a  +  i  +  i:-3)l/oI61eI.  (16.)  1  or  0  aoeordiug as 
niaevenoiodd;  {(1  + V6)'**-'-(l-V5)-+-'}/2-+'V6-  (lT.)2«_,Cr-i— iC,.i. 
(18.)  116280. 

V. 
(L)  !e\y  most  not  lie  between  1  and  y/n'.     (Z)  a:  must  lie  between 
i(7  -  V68)  and  1(7  +  '■jl%).      (8.)   x    between  (<fc  -  i")/(od  -  6c)  and 
(rf»-i»J)/(a4-M.  anil  V  between   (at  -  e')/(od  -  fc)   and   (i^-cd)l[ad-be). 
(18.)  Greater.     (IT.)  Lew.     (8».)  8^. 


D,a,l,zc.bvG00gIe 


RESULTS  OF  KXESCI8ES 


Tl. 


(1.)  Sate,  (l)  oJe/SVS.  (*.)  df/S"-^  ia  »  minimani  vftlne  if  in  do  not 
lis  between  0  and  1,  otlierwiM  a  msxiniam.  (C.)  MinJTuum  when 
ap^=bqyt  =  er^.  (T.)  There  ia  a  maiimnm  or  minimnm  when  (a  +  t)loga 
=(y -t-m) log b  =  (z-(-n.)  lege,  according  M  \Qga\ogbV%c  \t  poeitire  or  n^- 
tJTe.  (80  z=(Ji*/ma)''l»+-'.  (>.)  x=\,  1=88/15  give  maziiua  j  x=2,  k=$ 
minim*.  (10.)  ^lie.  (liO  Hinimnm  when  z=me/<>n-A),  y=M/(M~ii). 
(16.)  Minimnm  2V(a6)/(*  +  *). 

VII. 

(1.)  3,  «.  (a.)  9/4.  «.)  loglS/7.  (4.J  i«<»+l).  (6.)  0.  «.) 
tt-+--p-im/p,  (7.)  (("-"Ht/n.  (8.)  nj,a:,fli^  according  as  p>  = -eg.  {».) 
(m'-m*H-»*)/(m»+m«  +  n').  (la)  l/2i».  (11.)  dri^'rtqlp.  (IB.)  o*. 
(13.)18o/8.  (14.)!.  (16.)p.  (l».)ln(™ -!>-■■  (17.)tf-+*^iVm-»)/ 
"Vfp-?)-  (IB.)  («-l}/3a.  (It.)  logo.  («.)!.  (ai.)  1.  (M.)  1. 
(8S.)  1.  (3«.)  «.  (as.)  «irz=l-t-0,  0  if  z=1-0.  (3*.)^.  (ST.) 
0  if  n  be  negative,  if  n  be  positiTe  0  or  en  according  u  a ■<  >1.  (SS.)  1. 
(as.)  1.  (SO.)  0  or  CO  according  as  mxn.  (tl.)  oo  or  0  locoiding  « 
<»>«1.  (Sa.)  1.  (S3.)  e*.  (at)  00.  (58.)  V('»*)-  (M.)  Eip(2i'8). 
(ST.)  00  or  D  according  as  X](a^i-V'i)  is  podttve  or  uegatiTe.  (3S.)  1. 
(89.)  0.  («.)  1.  (41.)  2.  (4a.)  1.  (49.)  1.  (44.)!.  (4B.)  J*.  (48.)  0. 
(4T.)lM>B<i.  (48.)  0.  (49.)  -2.  (60.)  1.  (01.)  (.  (BB.)  1.  (88.)  1. 
(84.)  0.  (88.)  0.  (88.)  1.  (8T.)  logm/logn.  (68.)  1.  (8».)  1.  (80.)  1. 
((1.)  1.  (sa.)  *-*^.  (88.)  «-*-•'■•.  ■  (84.)  «»".  (8B.)  2/*.  (T4.)  Bee 
chap,  zzz.,  S  2S. 

VIII. 

(1.)  Div.  (a.)  DiT,  (8.)  Conv.  if  a  be  podtive.  (4.)  Conv.  (6.)  Dir. 
(8.)  DIt.  ifinodz>-a;  conr.  ifmodzs-a.  (T.)  Conv.  if!e<4;  div.  if»<t4. 
(8.)  Conv.  (».)  DiT.,  {a:<l).  (10.)  Conv.  (11.)  Div.  (13.)  Conv.  if  o>l; 
div.  ifaj-l.     (18.)  Div.     (14.)  Div.    (le.)  Abs.  conv.     (18.)  Div. 

IX. 

(1.)  (-j'-SB.l.l.B  .  .  .  (2r-6)/2.4.6.8...  Br.  (a.)  1.3 .  .  .  (2r-l)/ 
2.i  .  .  .  2r.  (8.)  S.7.11  .  .  .  (4r-l)/4.8.12  .  .  .  4r.  (4.)  2.1.4.7  .  .  . 
(8r-6)2W/l2.24. 38.48  .  .  .  12r.  (8.)  (-)'^n.2  .  .  .  {8r  -  4)o>*-'/rl. 
{«.)  -1.2.6  ..  .  {8r-4)ai-*'/3.8.9  .  .  .  3r.  (7.)  -(n-l)(2B-l)  .  .  . 
(nr-n-\)lT\.  (8.)  1.4.7  ..  .  (3r/2 - 2)/(r/2)  1  ifrbeeven;  0  if r be  odd. 
(9.)  {-)"nCn  +  l)...(n  +  i{r-n)-I)/{K'--»)}l.  (10.)  \  +  V.xla)  +  ^xlaf 
+  lf(ir/o)'.  (11.)  The  first.  (19.)  The  third.  (18.)  Tlia  fonrth  and  fifth. 
(14.)  The  eighth.  (18.)  If  n=l,  the2ndand  Srd  ;  if  n  =  2,  the  2iid  ;  if  iKS, 
thelrt.  (18.)  If  w^O,  S^o;  ifm^l,  8  =  6;  if«>l,  8=0:  ifjt-el  (  +  0) 
the  Beriea  is  divBrgent      (ai.)  1-  ^2.      (aS.)  If  m-tl,  8=»n<ni-l)2— '  j  if 
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2r  +  l  +  l/2-<-i.  (8.)  r.ifribeavBn;  r-l.ifr=4i  +  l;  r  +  l,ifr=«-l.  (e.) 
.H,s'-„C:.«H^,pr-'  +  -Ci--H,-,I.V^»+  .  .  .  (lB.)i(»  +  l)(»+2)(i.+8). 
(19.)  1-1.3  .  .  .  (2»-l)/2-«r.     (M.)  7.10  .  .  .  (S»+l)/8.8...(8»-8). 

XL 

(8.)  276/128.  (B.)  86MM/2B*.  (4.)  48  ;  0.  (B.)  11689306/2018,  (8.) 
{.)'j(r_l)  +  (r  +  6)/2^}.  (10.)  1-0001006084  ;  liHKM0OO8O6.  (11.)  Jintx. 
(U.)l+2i(l-f-)/(l-r).     (ll.)l+{-)-'x/2-. 

I  XII. 

(I.)  -387878.  (2.)  -04166.  (B,)  {l-i)V.  (6.)  8{«-l).  (T.)-«+l. 
(8.)  1/*.     (».)  16<i 

XIII. 

(4)917.  (B.)21og{(iB-l)/{*  +  l)}+logU«+2)A«-2)}.  {«.)  Iog(I2e). 
(T.)  (H-l/j!)log{l+a!)-l.  (8.)  i(z-«-')log({l  +  !r)/(l-a!)}+l.  (».) 
WhsD  x=l  tb«  ram  ie  IS-241og2.  (10.)  f  (13.)  Z(z>^/(8ft-2} 
+a!*'-i/(3»-l)-2x*'/8n}. 

XXV. 

(1.)  i«(»+l)+i('--2)n<n+l)(«-l).  (a.)  Jfl<"+1) ("+«)(»+ 6)-  (».) 
8/4-l/2n-l/2(7i  +  l).  (4.)l/16-l/fi(5>H-3).  (B.)  l/ia-]/*(2«+l){a«  +  8}. 
(•.)  l/18^I/8{7H-l)(n  +  2)(«  +  3).  (T.)  a/a  +  6/*-a/(n+2)^i/2(»  +  l){n  +  2). 
(8.)  I/B-(4n  +  8)/8(2n  +  l)(2n  +  3).  (8.)  7/8B-(3»  +  7)/(ti  +  l)(«+2)(»H-8). 
(10.)  ll/180-(6n  +  ll)/12(2n  +  l)(2n  +  3)(2n  +  6).  (11.)  8/4  +  « - (SlU- 3)/ 
2(n  +  l)(n  +  2).  (M.)  «,  =  (7i  +  m''  +  8)(n  +  S)/«(n  +  l).  . .  (n+e);  ip^y 
S  3,  ETample  4.  (13.)  an S  aecin+ 1)8 sec B.  (It.)  oot(S/S")/2"-CDtS. 
(IB.)  tan-'na".  (IB.)  tan-'l  +  tan-'I/2-tMi-'l/ii-t»n-'l/(7H-l).  (17.) 
(m  +  n)l/(M  +  l){f.-l)t.  (18.)  {l/{m-l)I-{»  +  l)!/(m  +  «-l)l}/(w-2). 
(lB.)(-)-«-,C,.  (91.){m-l-(«+l)f/«.i-'}/(m-2).  (M.)(ai-+'i/«'"'- 
ai-H')/(''-''  +  '-+l)-  im.)i<i"^-h"*^"-a!c'")Ha~c-r+l).  (84) 
i(a-l)i—'7<:'— "-(«+«)'— >V(c+«+l)i—>il/(m-l){a-e-l).  (IB.) 
Dedace  from  (84).  (28.)  Deduce  from  {«).  (87.)  2w{l-(-)^«-l) 
(m-2) . . .  (™-«}/1.8 . . .  {2«-  l)}/(2m-l). 

XXVI. 

(1.)  2^  +  i(8-^i-3).  (3.)  J{l  +  (-l).}+e-8{i*+'  +  (-0^>- 
Vt*'-C-fl"}.  {«.)  lMl-{4il)-«W{l-*r}-9{l-(&:)-t>}/tl-fa!l; 
(2  +  8a)/(l-7x+12a!l,  ic<l.  (4.)  3{l-(2a!)*ti}/{l-2j!} +2{l-(8z)»M}/ 
{l-8*(;  (6-18z)/(l-6x+&z?),  i«<i.  (8.)  i{l  -  (8«)-+'}/Ul-8»)  + 
l{l-(6z)»Mf/{i_5a,}.  (i-4a)/(l-8*+l&t'),  kJ.  (t.)  8{1-(2h!)'^}/ 
jl-2*}-2{l-»-*^n/fl-«};(l+'^)/(l-3«  +  2«'X«<i. 
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XXVII. 
(1.)  (l  +  2*^/(l-«')>.  (a.)  -[!og{(l-«)/(l+«+»fl}-V8t*ii-'{-v/««/ 
(2+ii)}V8j!;  iJB'  +  2«-»'coa(V3a:/2)).  (4.)  i[r^+e-'{oo8(VSar/2)  +  V* 
ainCV&e/a)!].  (B.)  i(2-  +  2<!os.m*/3);  iS-flcoB-mr/e.  («.)  1/2 -!/(»  + 2)!. 
(7.){2-«-l-(m  +  3Mm  +  4)/2!/(m  +  l){nv+2)(m+B).  (8.)  l/(l+x)- 
k«(l-fz).  i».)ieoae-ieoB2e.  (10.)  l-{2n+3}/(it-i-2)*.  (U.)  2-4Iog2. 
(14, )  un  mrlmw ;  cosh  m*. 

XXVIII. 

The  partUl  quotieats  are  as  follom : — 

(I.)  0,  4,  1,  6,  2.  (a.)  0,  2,  i,  8,  1«.  (».)  1,  15, 1,  1,  1,  Z,  1,  14,  1.  1, 
6.  (4.)  31,  1,  1,  1,  1,  1,  1,  1,  1,  8.  (B.)  2,  1,  S,  I,  1,  4,  1,  1,  e,  3,  12,  3, 
6,  1,  2.  (f.)  0,  126,  1,  1,  2,  1, 1,  e.  (7.)  1,  2. ,  (8.)  2,  4.  (9.)  3,  I,  6. 
(10.)  3,  S.  (ll.}8,  2,  3.  (19.)!,  4,  2.  (U.)  2,1,2.  (14.)  8,  1,  S. 
(M.)  D,  2,  !;  0,  !.      (17.)  ii,2,  2^;a~l,  2,  2(a-I). 

XXIX. 
(1.)  The  lit,  Sod,  Sid,  .  .  .  convergents  ara  1,  2/3,  9/18,  20/29,  29/42, 
78/llS,  .  .  .:  the  errora  coiruponding  less  than  1/3,  1/39,  1/377,  1/1218. 
1/4746,  1/17516, .  .  .  («.)  972/1393.  (8.)  2177/628.  (4.)  TouiatB  at 
the  same  node  vill  occur  8,  243,  .  .  .  jears  after :  after  8  years  Venus  will 
be  less  than  ]°'E  from  the  node.  (B.)  TranBiti  at  the  same  node  will  occar 
13,  33,  .  .  .  ;e*ra  after. 

XXXI. 


(1.)  10,  20  1 

(J.)0.    1,120.    2; 

0,  10, 

0.    0.    8*3.  8*3  ; 

t. 

64.  8*3.      i. 

W.)  1,    6,    8,    I,    8.    1,  3, 

5,   i; 

0,12,13,    8,12,12,8, 

13,  1*2 ; 

1*2,    S,    7,  20.    3,  20,  7, 

i. 

(«.)  0,  7,    i,  i,  8,  1,  2,  2,  1 

8,4,    1,1*4, 

0,0,  7,  e,  7,  e,  4,  3,  4 

5,7,    5,    7, 

61,  i,  12,  3,  4,  fl,  6,  5,  e 

4,  3,  1*2. 

(B.)  i,    2,10,    2,    1; 

<..)5.i 

1*0,  IS,  26,  25,  15  ; 

2.2 

25,  20,    5,  20,  2*5. 

ii. 

(7.)  2+rxrriT- 

(8.1  S  +  i 
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(10,)  a+2^  ;   o  +  (a"-i-.j9^")/(«"-(S"),   a    and   p   baing    the    rooU   of 

x>-'2ia:-l  =  0.  (11.)  J{a  +  ,/(a>  +  4)|  ;  (a»+'-^')/(ii--3"),  where  a snii 
j9arethfltoot80f  !"-(«- 1  =  0.  (U.)  l{o- V{a»-4)t ;  (a--,3-)/(a-*i_jS«-l), 
wheteaiindpttrBthBrootoof3«-a3!  +  l  =  0.  (13.)  {-a4  +  V(a'**  +  *«*)}/2o; 
if  a,  ^  be  the  roota  of  i'-(ai  +  2)i  +  l  =  0,  then  pa,  =  i{«"-^)/(»-iS), 
gi,  =  (a-+'-|9-t^-a-  +  |9-)/(a-P),  and  p^-i  =  I p^ - p^^/b.  q3^i  =  {qt.- 
?»n)/i.  (It.)  -l  +  VHS(a--^)  +  2(a-'-^'))/(a"H-i-^!)l  where  « 
and  ^  MO  the  root*  of  a? -;e- 1  =  0.  (ao.)  'in  + V[((in"  +  n)(a--i-^^')  + 
{1»*+1)(''"-'-^^  !/(="- ^)]i  where  a  and  ^»re  the  roots  of  a?-* -1  =  0. 

XXXII. 

(1.)  8  +  7(,  2-6t.      (1.)  17(+7,  lfli+6.     (3.)  2208 -7£,  IK -3309.    («.) 
1013i- 3021758,    lS67i-*07774S.       (B.)  13.       (B.)  280.       (7.)  6.       (S.)  If 
26  fT.=20a.,  41.       (*.)  Bny  300  of  each  and  spend  1021d.      (10.)  89.      (13.)    ' 
19.     (18.)  715.     (14.)  697. 

XXXIV. 

(1.)  Converges.  (3.)  Converges.  (8.)  Oscillates.  (4.)  CoQverges.  (8.) 
Converges.  (8.)  Converges.  (7.)  Convergeaif  it>2,  oecilUtoeif  jt3-2.  (8.) 
Converges.  (8.)  Oscillates.  (10.)  OsciUatea.  (18.)  Each  of  the  fractions 
conveiges to  1.     (SS.)  e.     (H.)  l/(l-«).     (9S.)  log,2.     (38.)  (S-<)/(e-2). 

XXXIX. 

(1.)  11/80.  (a.)  3/11,  28/44,  3/44.  (a.)  m(Bi  +  2n)/(m  +  n)',  »i(m  +  2n- 1)/ 
(m+ii)(m  +  n-I).  (4.)  (3BS.4»  +  1)/(1461}".  (B.)  4/9.  (T.)  66/672,  299/2688. 
(8.)  1/42.  (9.)  (n-l)/n(27i-l).  (10.)  (39 1)>/26 1 62 1 ,  4(39  !)'/2B162!.  (11.) 
2(r-l)/n(ft-l).     (18.)  7n/2,  or,  if  thU  be  not  integral,  the  two  integers  on 

either  side  ot  it       (14.)  S  r(r-l)«(j.-l). .  .  (n-r  +  2)/n'.      (18.)  18/81, 

8/31,  4/31,  2/31, 1/31.  (18.)  The  chance*  in  A'e  favonr  are  6/10,  7/10,  8/10, 
9/10,  when  he  is  1,  2,  3,  4  Qp  respectively.  (30.)  26  to  2.  (38.)  (l-l/n)/2, 
(l-l/»)/(2-l/«). 

XL. 
(1.)  £1:11:  e.     (3.)  His  expectations  are  lis.  6d.  and  lOs.  4^4.  respect- 
ively.    (8.)  £8 : 6 :  91,  £2 : 4 :  aj.     (4.)  »(1  - 1/20,  (1  - 1/20".     {1- )  ?*■  ^Id. ; 
(n  +  l){4n-l)/S».     (13.)  £B,£1,  £4:2:2i. 
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